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FOREWORD 


These  notes  have  been  prepared  for  a  course  entitled,  "The 
Technology  of  Underwater  Sound,  "  given  at  the  U.  S.  Naval  Air 
Development  Center  by  Mr,  Charles  L.  Bartberger.  As  originally 
written  they  were  intended  as  a  simplified  presentation  of  some  of 
the  material  contained  in  J.  W„  Horton's  book,  "Fundamentals  of 
Sonar,  "  published  by  the  U.  S.  Naval  Institute.  They  have  since  been 
revised  and  a  considerable  amount  of  new  material  hat?  been  added. 

It  will  be  evident,  upon  examining  the  contents  c<£  these  notes, 
that  the  approach  is  largely  theoretical.  The  intent  has  been 
primarily  to  present  basic  principles  and  for  this  reason  the  portions 
dealing  with  hardware  and  practical  applications  are  rather  sketchy. 

A  number  of  topics,  such  as  explosive  echo-ranging  and  pausive 
listening,  have  been  omitted.  It  is  hoped  tc  include  these  topics  and  to 
improve  the  organization  and  the  consistency  of  notation  in  a  later 
revision. 
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TECHNOLOGY  OF  UNDERWATER  SOUND 


INTRODUCTION 

1.  Uses  of  Under-water  Soqnd 

a.  To  detect,  track,  and  localize  submerged  objects  (chiefly  submarines 
and  mines). 

b.  Communication.  Sound  propagation  through  the  water  may  be  used  for 
voice  and  other  communication  between  submarines,  ships,  and  (with  the  aid 
of  sonobuoye)  aircraft. 

c.  Navigation.  Navigation  by  underwater  sound  is  becoming  increasingly 
important  as  submergence  time  increases. 

d.  Surveying.  In  the  field  of  oceanography,  sound  is  being  used  to  sur¬ 
vey  the  oceans  to  permit' underwater  navigation. 

In  this  course  we  shall  be  concerned  chiefly  with  the  detection  of 
submarines. 


2,  Methods  of  Detecting  Submarines 
a.  Electromagnetic 

(1)  Visual.  Up  to  the  present  time  the  eye  has  been  the  best  detector 
of  submarines.  Limited  to  surfaced  or  snorkeling  submarines  or  to  wakes 
behind  recently  submerged  submarines.  Optical  path  in  water  is  very  short. 
Limited  to  conditions  of  good  visibility. 

(2)  Radar.  Subject  to  same  limitations  as  visual  detection,  except 
that  radar  is  applicable  under  conditions  of  poor  visibility  (at  night,  etc. )  and 
provides  gre.ater  detection  ranges  under  favorable  conditions.  Back  scattering 
from  sea  surface  is  a  serious  limitation  on  snorkel  detection  in  high  sea  states. 
Radiation  emitted  by  radar  gives  warning  to  submarines  at  distances  beyond 
radar  detection  range. 
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d.  Active  Sonar  (Echo  Ranging).  Acoustic  energy  supplied  by  the  sonar  in 
the  form  of  a  pulse,  such  as  a  ping  or  an  explosion,  Pulse  is  transmitted  to 
target  and  is  returned  in  the  form  of  an  echo.  Two-way  transmission.  Signal 
depends  upon  the, .strength  of  the  pulse,  the  back- scattering  properties  of  the 
target,  and  the  two-way  propagation  loss.  Interference  consists  not  only  of 
sea  noise  and  self-noise  of  listening  platform,  but  also  on  amount  of  radiated 
energy  which  is  scattered  back  by  the  ocean  environment  -  reverberation. 

(i.)  A  Ivionostatic  echo  ranging  system  is  one  in  which  both  the  trans¬ 
mitting  and  receiving  elements  are  located  at  approximately  the  same  place, 

(2)  A  Bistatic  .echo  ranging  system  is  one  in  which  the  transmitting 
and  receiving  elements  are  separated  from  one  another, 

e.  Principal  Advantages  and  Disadvantages 

Passive  SQnar 

Advantages  Disadvantages 

Does  not  alert  target  Depends  upon  cooperation  of 

One-way  propagation  loss  target 

No  reverberation  Poor  range  information 

Ability  to  classify  target 

Active  Sonar 

Advantages  Disadvantage  s 

Good  vs.  a  quiet  target  Alerts  target 

Gives  accurate  range  information  Range  limited  by  two-way 

Speed  information  from  doppler  shift  propagation  loss 

Signal  strength  depends  on  target 
aspect 

Reverberation 

f.  Factors  Affecting  Sonar  Performance 

(1)  Frequency  of  Acoustic  Waves,  Frequency  ^ffects  attenuation  of 

v 

waves  in  the  ocean  medium,  High-frequency  waves  are  heavily  absorbed --high 
attenuation- -short  ranges.  Frequency  also  affects  size  of  equipment.  Low 
frequency  (required  for  long  ranges)  has  long  wave  length;  necessitates  large 
equipment r -bulky,  heavy,  expensive.  Frequency  also  affects  resolving  power 
(ability  to  distinguish  two  objects  located  close  together), 

3 


(2)  Velocity  of  Sound*  Velocity  of  sound  is  abQut  5000  ft/sec. 

Very  slow  compared  with  electromagnetic  waves.  Imposes  limitation  on 
information  rate, 

(3)  Refraction  of  Sound  Waves.  Variation  of  velocity  of  sound  with 
depth  causes  sound  rays  to  travel  in  curved  paths,  Creates  "shadow  zones.  " 
Severely  limits  detection  ranges  under  unfavorable  conditions, 

(4)  Location  of  Sonar  Elements,  Limitations  imposed  by  refraction 
can  be  alleviated  to  some  extent  by  locating  the  transmitting  and  receiving 
elements  at  the  optimum  depth.  The  problem  is  complicated,  however,  by  the 
fact  that  the  target,  unless  committed  by  tactical  considerations,  is  free  to 
choose  his  best  depth  to  avoid  detection. 

(5)  The  Sonar  Platform.  In  some  cases  the  self-noise  generated  by 
the  sonar  platform  itself  is  a  critical  item  limiting  sonar  performance.  An 
example  is  the  noise  generated  by  a  destroyer  or  by  a  helicopter  with  dipping 
sonar. 
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TECHNOLOGY  OF  UNDERWATER  SOUND 
(REVISED  NOTES) 


\ 

Physical  Properties  of  Acoustic  Waves  in  Water 
A.  One -Dimensional  Plane  Waves 
1 .  Introduction. 

We  shall  begin  our  discussion  of  acoustic  waves  in  water  by 
considering  the  simple  case  of  one -dimensional  plane  waves  in  an  ideal 
infinite,  homogeneous  ocean,  imagine  a  hypothetical  infinite  rigid  plane 
which  by  some  means  is  made  to  oscillate  back  and  forth  in  this  medium 
with  sinusoidal  motion,  the  direction  of  motion  being  at  right  angles  to  the 
plane.  If  the  water  were  totally  incompressible,  the  whole  ocean  would 
move  simultaneously  with  the  driving  plane.  This  would  correspond  to 
an  infinite  speed  of  propagation. 

Actually,  however,  water  is  slightly  compressible.  The 
inertia  of  the  water  tends  to  resist  the  motion  of  the  planed  When,  for 
example,  the  plane  moves  to  the  right,  it  compresses  the  immediately 

adjacent  water  particles  on  the  right.  This  increased  pressure  then  acts 

( 

on  the  particles  of  water  farther  to  the  right,  causing  them  to  move  and 
exert  pressure  on  the  particles  beyond  them.  The  increase  in  pressure  is 
thus  propagated  as  a  wave  through  the  water.  The  speed  of  propagation  is 
determined  by  the  density  and  elasticity  of  the  medium. 

When  the  plane  moves  toward  the  left,  it  causes  a  reduced 
pressure  tending  to  drag  the  water  particles  back  again.  The  motion  of 
these  particles  in  turn  reduces  the  pressure  on  the  particles  to  their  right, 
and  so  on.  The  wave  of  increased  pressure  is  thus  followed  by  a  wave  of 
reduced  pressure. 

By  this  action  the  driving  plane  transmits  its  sinusoidal  motion 
to  all  the  particles  of  the  medium.  Because  of  the  finite  speed  of  propaga¬ 
tion  the  phase  of  the  oscillations  is  delayed  by  an  amount  proportional  to 
the  distance  the  wave  has  traveled  from  the  source. 
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The  motion  of  the  particles  in  an  acoustic  wave  in  water  is 
parallel  to  the  direction  of  propagation.  Such  waves  are  called 
longitudinal  waves,  as  contrasted  with  the  transverse  waves  of  a 
vibrating  string  where  the  motion  of  the  particles  is  at  right  angles  to 
the  direction  of  propagation. 

2.  Differential  Equation  of  Motion 

Before  discussing  quantitatively  the  characteristics^plane 
acoustic  waves,  we  shall  first  derive  the  basic  differential  equation  and 
shall  then  show  that  its  solution  leads  to  a  mathematical  description  of 
the  observed  phenomena. 

For  this  purpose  let  us  consider  a  very  thin  slab  of  water 
bounded  by  two  planes  patailel  to  the  hypothetical  driving  plane.  Let  the 
area  of  the  faces  of  the  slab  be  A.  (The  value  selected  for  A  is  immaterial, 
since  by  our  hypothesis  the  motion  of  the  ivater  is  the  same  at  all  points 
over  the  entire  plane, )  In  the  absence  of  sound  waves  the  thickness  of  the 
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slab  is  dx,  the  left  face  being  at  a  distance  x  from  the  driving  plane.  The 
mass  of  the  slab  is  pAdx,  where  p  is  the  density  of  the  water.  The 
absolute  pressure  on  the  slab  is  PQ. 
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In  the  presence  of  acoustic  waves  the  slab  will  move  back 
and  forth  about  the  position  x,  and  in  addition  the  water  will  be  compressed 
and  expanded,  so  that  the  right-har.d  face  will  experience  a  slightly  different 
motion  than  the  left-hand  face.  Let  §  denote  the  displacement  of  the  left- 
hand  face  from  its  equilibrium  position  at  x.  If  we  were  to  photograph  the 
slab  at  a  particular  instant  of  time,  we  should  find  that  the  left-hand  face 
has  moved  from  x  to  x  +  I  and  the  right-hand  face  has  moved  from  x  +  dx 
to  x  +  dx  +  §  +  d§  .  The  pressure  on  the  left  is  now  PQ  +  p,  where  p  is 
the  fluctuating  component  of  the  pressure  due  to  the  presence  of  the  waves, 
called  the  acoustic  pressure.  The  pressure  on  the  right  face  is  PQ  +  p  +  dp. 

In  ordinary  sound  waves  encountered  in  the  sea,  as  distinguished 
from  the  shock  \yaves  resulting  from  explosions,  the  displacement  is 
exceedingly  small.  It  is  therefore  to  be  understood  that 

I  «  x 
d§  «  dx 

p  <<  P0 

We  are  now  in  a  position  to  calculate  the  acceleration  of  the 
slab  by  Newton's  second  law, 

F  =  ma 

The  net  force  acting  toward  the  right  is  the  difference  between  the  forces 
on  the  two  faces, 

F  =  (P  +  p)  A  -  ^P  +  p  +  dp)  A  =  -  Adp 

The  mass  xs 


m  =  pAdx 


The  acceleration  is 


a 


32S 
=  at2 


(It  will  be  noted  that  since  the  displacement  §  is  a  function  of  both  x  and  t, 
we  must  use  partial  derivatives  to  indicate  rates  of  change  with  time  at  a 
fixed  value  of  x, )  Therefore 

-  Adp  =  p  Adx  ^2- 


dp  32  S 

°  '  p 
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Note  that  the  ratio  of  dp  to  dx  is  also  a  partial  derivative,  since  the  pressure 
increment  corresponds  to  a  change  in  x  at  a  fi\.ed  instant  of  time.  This 
equation  says  that  the  force  exerted  on  a  unit  volume  of  the  liquid  is  equal 
to  the  (negative  of  the)  pressure  gradient. 

We  must  now  evaluate  the  pressure  gradient  in  terms  of  the 
elasticity  of  the  medium.  This  is  done  by  application  of  Hooke's  law: 

Stress  =  Constant  x  Strain 

In  the  present  situation  the  stress  is  the  difference  between  the  pressure  on 
the  slab  when  the  waves  are  present  and  the  equilibrium  pressure  in  the 
absence  of  waves 


Stress  =  (P0  +  p)  -  Po  -  P 

The  strain  is  the  corresponding  fractional  change  in  volume.  The  equilibrium 
(unstressed)volume  is 


Vn  =  Adx 


The  volume  when  the  waves  are  present  is 

V  =  A  (dx  +  d  §  ) 

Since  an  increase  in  pressure  causes  the  volume  to  decrease,  the  strain  is 


_ V0  -  V  _  Adx  -  A(dx  +  d  S  ) 

btrain  -  ■ '  r "  •  -  - 

V0  ■  Adx 


3x 


In  the  case  of  volume  compression  of  a  liquid,  the  constant  of  proportionality 
is  the  bulk  modulus  of  elasticity,  denoted  by  E. 

Hooke's  law  therefore  takes  the  form 

V0  -  V 


p  =  E 


Vo 


or 


aS 


P  =  -  *  5T7  (2) 

If  we  take  the  partial  derivative  of  (2)  with  respect  to  x,  we  obtain 


dP  _ 
dx  " 

Substitution  of  (3)  into  (1)  yields 

a*S 


is 
E  5? 


p  azs 

s?  ir 


(3) 


(4) 


which  is  the  basic  differential  equation  for  the  particle  displacement. 
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It  will  be  seen  from  equation  (2)  that  the  bulk  modulus  E  has  the  dimensions 
of  pressure,  which  is  force/area,  or  mass  •  acceleration/area.  Density 
is  mass/volume.  -..Using  the  symbols  M,  L,  and.  T  for  mass,  length,  and 
time  we  see  that 


ML  _ 

T2  L2  “  LT2 


and 


M 

P  =  JT 

E  _  M  L?  _  ]J 
p  =  LT2  X  M  T2 


[E 

io^  —  thus  has  the  dimensions  of  velocity.  It  in,  in  fact,  the  spqed 


The  ratio 

of  propagation  of  the  waves,  which  will  be  denoted  by  the  symbol  c 

c  =  fl 


(5) 


This  relation  was  derived  by  Sir  Isaac  Newton  several  centuries  ago  and 
within  the  past  50  years  has  been  repeatedly  checked  by  measurement  of 
all  three  physical  quantities. 

The  speed  of  sound  in  sea  water  is  of  the  order  of  5000  feet/ 
second.  Its  value  is  not  constant  everywhere,  but  depends  somewhat  upon 
the  temperature,  the  pressure  (which  of  course  is  a  function  of  the  depth), 
and,  to  a  somewhat  lesser  extent,  upon  the  salinity,  or  salt  content.  The 
maximum  variation  is  from  about  4700  to  about  5100  ft/sec.  Although  the 
variations  are  only  a  few  percent,  small  changes  in  the  speed  of  propagation 
are  capable  of  exerting  a  profound  influence  on  the  performance  of  under¬ 
water  acoustic  systems,  as  we  shall  see  later. 

Equation  (4),  which  we  may  now  write  in  the  form 

a2S  _  1  sa2§ 

dj?"  cF  d]?- 


(4a) 


is  valid  for  a  one  dimensional  wave  such  as  we  are  now  considering,  but 
it  does  not  hold  in  general  for  more  complicated  waves.  The  corresponding 
equation  involving  pressure  instead  of  displacement  is  generally  valid, 
however,  and  can  be  obtained  by  taking  the  first  partial  derivative  of  (l) 
with  respect  to  re  and  the  second  partial  derivative  of  (2)  with  respect  to  t. 
Thus 
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i  ■  ?5s4h>  v.  jt 


i 

n 
k-1 
r 5 

V  ’ 


y,  ,' 

3*  • 
fc  ■ 


and 


d2p 

Ox*" 

dt2 


a3§ 

p  3  x  dt2 


=  -  E- 


d3  § 


dt2 


l?' 

t'''"  ' 


$0 


r; 


so  that 


i!p 

dx2 


1  d2p 
c2  W 


(6) 


3.  Solution  of  the  Differential  Equation. 

Since  both  (4a)  and  (6)  have  the  same  form,  the  solutions  will 
be  similar.  There  are  two  types  of  solutions,  one  of  the  form 

<j>  (t  -  x/c) 

and  the  other  of  the  form 

<*>  (t  +  x/c) 

where  4>  can  be  any  suitable  function  having  continuous  derivatives.  To 
verify  that  these  are  solutions  of  the  differential  equation,  all  that  is 
necessary  is  to  take  the  derivatives  and  substitute  them  into  the  differential 
equation.  For  example,  in  the  case  of  the  first  function  <j>  (t  -  x/c),  let 

x 


w  =  t  - 


and 


Then 


=  i£- 


dw 


d<j>  d<f>  dw 
dx  dw  dx 


<J>"  = 


d<j>'  _  d2r* 
dw  dw2 


|!l  =  .1  =  4  d," 

A'ri  c  dw  dx  c4 


and 


d<j>  _  _d<j?  dw  _ 


dt  dw  dt 

<S-L-_d£!  ±l  -  A" 

a™  hi-  ~  'P 


so  that 


=  J?  4>"  =  7T  1^* 


1  d2d 


c“  dt2 


The  function  cj>  (t  -  — )  represents  a  wave  traveling  in  the  positive 

c 

x  direction.  To  see  this  we  note  that  the  function  has  a  constant  value  for 
all  values  of  x  and  t  which  satisfy  the  relation 
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constant 


c 

or  x  =  ct  +  cdngtant 

The  behavior  is  illustrated  in  the  following  sketch  which  shows  a  wave 
"photographed"  at  three  successive  instants  of  time  tj,  t2,  t3.  The  location 
of  any  given  point  on  the  wave,  such  as  the  peak  at  A,  progresses  fLom  Xj  at 
tj  to  x2  at  t2,  to  x3  at  t3,  etc. ,  where 

X1  "  ctl  ~  “  ct2  =  x3  "  ct3  =  constant 

Hence  the  shape  of  the  wave  remains  fixed  as  the  wave  progresses  uniformly 
along  the  x  axis  with  speed  c. 


The  function  <j>  (t  +  x/c),  on  the  other  hand,  represents  a  wave 
traveling  with  speed  c  in  the  negative  x  direction,  as  may  be  seen  from  the 
fact  that  the  function  has  a  constant  value  for  all  values  of  x  and  t  which 
satisfy  the  relation  <5 

x  =  -  ct  +  constant 

Since  the  two  waves  differ  only  in  the  direction  of  propagation, 
but  otherwise  have  the  same  physical  properties,  we  shall  for  the  present 
restrict  our  attention  to  the  first  type. 
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4.  Sinusoidal  Waves;  Acoustic  Pressure 

In  this  survey  of  underwater  acoustics  we  shall  be  concerned 
chiefly  with  sinusoidal  waves  or  with  more  complicated  waves  which, 
by  Fourier  analysis,  can  be  synthesized  from  sinusoidal  waves.  The 
pressure,  displacement,  and  other  related  characteristics  of  sinusoidal 
waves  are  expressed  in  terms  of  sines  and  cosines  of  the  angle 
2irf(t  -  x/c)  or  &)(t  -  x/c),  where  f  is  the  frequency  in  cycles  per  second 

4k  ' 

and  a)  =  2irf  is  the  "angular  frequency"  in  radians  per  second. 

Following  the  conventional  practice  in  a.  c.  circuit  theory,  we 
shall  use  the  complex  exponential  notation 

e2rr  jf(t-x/c)  or  ejw(t-x/c) 

which  is  useful  because  it  tends  to  simplify  the  mathematical  operations. 
The  relationship  between  the  exponential  and  the  sine  and  cosine  is  given 
by  the  basic  mathematical  theorems 


ei®  =  cos  0  +  j  sin  0 

(7) 

cos  6  =  |(e^®  +  e"J®) 

(8) 

sin  9  =  (e-J®  -  e"J®) 

(9) 

where 

c_i. 

II 

<s 

The  complex  exponential  ei®  is  thus  a  complex  number  whose  real  part 
is  cos  6  and  whose  imaginary  part  is  sin  9.  When  plotted  in  the  complex 


Real 


I 
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plane,  el®  is  seen  to  be  a  vector  of  unit  length,  making  an  angle  0  with 
the  positive  real  axis.  As  0  is  varied  from  0  to  2ir  radians,  the  tip  of 


the  vector  traces  out  a  circle  of  unit  radius. 

Of  particular  interest  are 

the  following  four  values  of  0: 

0 

0 

a 

degrees 

-90 

radians 

-  */2 

-j 

0 

0 

+  1 

It 

90 

tt/2 

+  j 

±  180 

±  IT 

-  1  ! 

i 

When  a  characteristic  of 

a  wave, 

•  t 

such  as  the  pressure,  is 

expressed  as  a  complex  exponential,  it  is  to  be  understood  that  the  actual 
physical  quantity  is  represented  by  the  real  part  of  the  complex  number. 
For  example,  if  the  pressure  is  given  as 

p  =  A  e  -  x/c)  (complex) 

where  A  is  a  real  number,  then  the  actual  physical  pressure  is 

p  =  A  cos  o)(t  -  x/c)  ^real) 

The  solution  of  a  second  order  differential  equation  involves  two 

t 

constants  of  integration.  In  a  continuous  wave  these  constants  can  be 
interpreted  as  the  amplitude  and  phase.  The  general  expression  for  the 
pressure  is  thus 

p  =  pm  ej4>  jf(t  -  c) 


where  pm  is  the  amplitude  and  <}>  is  the  phase.  The  real  pressure  is 

p  =  pm  co^[2Trf(t  -  f)  +  $J 

Note:  From  a  strict  mathematical  standpoint,  different  symbols  should  be 
used  for  the  complex  and  real  quantities.  However,  it  is  (bought  that  the 
additional  complexity  is  not  warranted  in  these  notes. 

From  a  practical  standpoint,  when  we  are  considering  a  particular 
physical  quantity  by  itself,  the  phase  angle  is  of  no  significance,  since 
without  loss  of  generality  it  can  be  eliminated  by  a  slight  shift  in  the  origin 
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of  t  (or  of  x).  However,  when  we  are  investigating  the  relationship 
between  one  physical  quantity  and  another,  such  as  pressure  and  displace¬ 
ment,  the  relative  phase  between  the  two  quantities  is  of  great  importance. 

For  our  present  discussion  we  shall  treat  the  pressure  as  having  zero  plvade. 
•w le-  *nd  sh>li  rcl'z.te  •yho 

-phases  of  all  other  quantities  to  that  of  the  pressure. 


The  complex  instantaneous  pressure  is  expressed  by  the 


formula 


e2rjf(t  "  -  v>  ejid(t  ’  ^ 

P  -  Pm  e  -  Pm  e 


the  real  part  being 


X  X 

P  =  Pm  cos  2irf(t - )  =  p^  cos  o)( t - ) 

c  0 


(10a) 


If  we  were  to  sit  at  a  fixed  location  in  space  and  were  to  measure  the 
instantaneous  pressure  as  a  function  of  time,  ve  should  see  that  it  oscil¬ 
lates  sinusoidally  between  -  pm  and  f  pm.  Conversely,  if  we  were  to 
"freeze11  the  wave  at  any  instant  of  time,  we  should  observe  that  it  varies 
sinusoidally  with  x,  as  indicated  in  the  following  sketch,  which  is  drawn  at 
time  t  =  0.  The  distance  corresponding  to  one  cycle  is  called  the 

U - X - vj 


wavelength,  To  determine  the  relation  between  the  wavelength  and 
other  parameters,  we  note  that  when  x  changes  by  an  amount  the 
phase  angle  in  (10)  and  (10a)  changes  by  2ir  radians.  Thus, 


2rrf  (t  -  ~ )  -  2irf  (t  -  ~~~~  )  -  2ir 


Xf  =  c 
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Equation  (li)  is  an  extremely  important  fundamental  relationship.  By 
use  of  this  formula,  the  phase  angle  is  frequently  expressed  in  a  variety 
of  equivalent  forms,  such  as 

2 it f (t  -  “)  =  W(t  -  ~) 

=  2tt  (f  t  -  ~  ) 

•  (12) 


U)t  -  kx 
k(ct  -  x) 


wnere 


=  the  wave  number 


All  of  the  above  forms  are  used  interchangeably. 

5.  Particle  Displacement  and  Particle  Velocity. 

The  particle  displacement  §  has  already  been  defined  as  the 
displacement  of  the  particles  of  water  from  their  static  equilibrium 
position  due  to  the  passage  of  a  wave.  Its  direction  is  parallel  to  the 
direction  of  propagation,  which,  in  our  one -dimensional  plane  wave,  is 
along  the  x  axis.  The  particle  velocity,  which  will  be  denoted  by  the 
symbol  u,  is  the  rate  of  change  of  I  with  respect  to  time, 

.  5  /« 


The  relationship  between  the  displacement  and  the  acoustic 
pressure  is  expressed  by  equation  (2).  In  applying  this  equation,  it  will 
be  desirable  to  express  the  bulk  modulus  E  in  terms  of  the  density  and  the 
speed  of  sound  by  substitution  of  (5).  Thus, 

2  as  (is) 

p  =  -pc 

We  know  that  since  §  is  a  solution  of  the  differential  equation  (4a),  it  will 


have  the  form 


5  =  Be 


j«(t  - 


The  unknown  constant  B  can  be  evaluated  by  differentiating  §  with  respect 
to  x  and  substituting  into  (15) 


Msu 


M 


x , 


_  _  ju)B  JWlt  -  ~)  _  _  j> 


pc- 


The  value  of  B  is 


Pm  j“»(t  "  r) 

— t*  e 

pc- 


Pa  _  .  Pm 

jUlpc  ^  ulpc 


The  factor  -  j  indicates  that  the  displacement  is  90  degrees  out  of  phase 
with  the  pressure.  If  we  let  denote  the  amplitude  of  the  displacement, 
we  have  .  v  v 

?  J?m  e 

from  which  it  is  seen  that 

„  _  Pm 


m  cc  pc 

To  observe  the  phase  relationship  we  note  that 


(16) 

(17) 


Hence 


-  J  =  e 


5  = 


The  term  -  ~  signifies  that  the  displacement  lags  behind  the  pressure  in 
phase  by  90°,  The  real  displacement  is 


§  =  §m  sin  M  "  c  ) 


(16a) 


Taking  the  derative  of  (16)  we  obtain  for  the  particle  velocity 

ju)(t  -  ) 


u  =  e 

m 


If  um  denotes  the  amplitude  of  the  particle  velocity,  so  that 


* 

1 

Mt  -c-) 

u  *  %  e 

(18) 

1- 

£ 

we  see  that 

f 

um  = 

(19) 

and  hence,  from  (17) 

f. 

Pm  =:  P°  um 

(20) 
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It  is  further  observed  from  (10)  and  (18)  that  the  pressure  and  particle 
velocity  are  in  phase,  so  that  the  preceding  relationship  holds  not  only 
for  amplitudes  but  for  the  instantaneous  values  as  well.  Thus, 

p  =  pcu  (21) 

We  shall  learn  later  that  although  equation  (21)  holds  for  plane 
waves,  it  does  not  hold  in  general  for  other  types  of  waves. 

6.  Pressure  Gradient 

The  pressure  gradient  is  the  rate  of  change  of  the  pressure  with 
respect  to  space  coordinates.  In  the  special  case  of  our  one -dimensional 
plane  wave,  the  pressure  gradient  is  simply  the  rate  of  change  of  p  with 
respect  to  x.  From  equation  (10)  we  have 


dp  _  JWPm  J«j(t  -  |) 
dx  c 

The  pressure  gradient  lags  the  pressure  90  degrees  in  phase.  In  terms  of 
its  amplitude  the  pressure  gradient  may  be  written 


the  real  part  being 


dp  .  .dP  •£) 

•r—  —  -  j  (5 —  )  e 

dx  J  'dx  m 


If  * 


op 

The  relation  between  (  )  and  pm  is 

ox  m  111 


(  dp\  _  U)pm 
dx  rn  c 


kp. 


m 


(22) 


(22a) 


(23) 


7.  Intensity 

The  utility  of  acoustic  waves  to  man  depends  fundamentally  upon 
their  property  of  propagating  energy  from  one  location  to  another.  In  order 
to  convey  information,  for  example,  one  must  transmit  a  certain  amount  of 
energy.  The  propagation  of  acoustic  energy  through  a  medium  is  expressed 
in  terms  of  acoustic  intensity,  which  is  defined  as  the  rate  of  flow  of  energy 
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across  a  unit  area  normal  to  the  direction  of  propagation.  To  be  more 
precise,  let  A  represent  the  area  of  a  small  portion  of  such  a  normal 
surface  surrounding  the  point  at  which  the  intensity  is  defined,  and  let 
dE/dt  represent  the  rate  of  flow  of  energy  across  A.  Then  the  intensity 
is 


Intensity  =  lim 
A-*  0 


dE/dt 

A 


This  definition  is  required  in  the  general  case  where  the  energy  flow 
varies  from  point  to  point  over  the  normal  surfaces.  In  the  special  case 
of  plane  waves,  of  course,  the  surface  normal  to  the  direction  of  propaga¬ 
tion  is  a  plane,  and  the  intensity  is  uniform  over  the  plane. 

The  relationship  between  the  intensity  and  other  properties  of 
the  wave  which  have  already  been  discussed  may  be  derived  from  two 
different  points  of  view.  Since  each  provides  a  different  insight  into  the 
situation,  we  shall  consider  them  both. 

First,  the  propagation  of  energy  along  the  wave  may  be  thought 
of  in  terms  of  the  work  done  on  a  sheet  of  water  particles  (in  a  plane 
normal  to  the  direction  of  propagation)  by  the  pressure  exerted  on  them 
by  their  neighbors  "upstream,  "  The  work  dW  by  a  force  F  acting  through 
a  distance  dx  is  Fdx,  and  the  power  expended  by  the  force  is  the  work  per 
unit  time, 

dW  dx 

dt  "  dt 

If  now  we  focus  our  attention  on  a  unit  area  of  the  sheet,  the  force  exerted 
on  unit  area  is  simply  the  pressure  p,  and  the  work  per  unit  area  per 
unit  time  is  the  intensity,  while  the  velocity  da/dt  is  the  particle  velocity  u. 
Hence  the  intensity  is 

I  ~  pu  (24) 

It  will  be  recalled  that  in  a  plane  wave  the  acoustic  pressure 
and  the  particle  velocity  are  in  phase,  so  that  a  positive  acoustic  pressure 
occurs  when  the  water  particles  are  moving  in  the  positive  x  direction, 
whereas  a  negative  acoustic  pressure  occurs  when  they  are  moving  in  the 
negative  x  direction.  In  other  wo-"ds,  the  particles  move  to  the  right  under 
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higher -than-normal  absolute  pressure  and  to  the  left  under  lower -than  - 
normal  absolute  pressure.  Eoth  of  these  conditions  are  accompanied 
by  a  transfer  of  energy  to  the  right.  At  the  instant  when  both  p  and  u  are 
zero  there  is  no  transfer.  The  propagation  of  energy  thus  occurs  in 
pulses  at  the  rate  of  two  pulses  per  cycle. 

It  is  interesting  to  note  that  if  we  were  to  consider  a  wave 
traveling  in  the  opposite  direction,  the  pressure  and  particle  velocity 
would  be  functions  of  t  +  x/c  instead  of  t  -  x/c,  and  we  should  find  that 
p  is  positive  when  u  is  negative,  and  vice  versa  (180  degrees  out  of  phase), 
confirming  the  physical  concept  that  energy  is  flowing  in  the  negative  x 
direction. 

In  the  second  approach  we  consider  the  energy  density  (i.e. , 
energy  per  unit  volume)  associated  with  the  wave  and  note  that  the 
intensity  is  equal  to  the  product  of  the  energy  density  and  the  velocity 
of  propagation.  Energy  is  present  in  two  forms  -  kinetic  and  potential. 

Kinetic  energy.  The  familiar  formula  for  kinetic  energy  is 
j(mass)  x  (velocity)2.  The  kinetic  energy  density  is  therefore 

5  (mass  per  unit  volumf#)  x  (velocity)2  =  £pu2 
This  result  can  be  written  in  terms  of  pressure  instead  of  density 
by  application  of  (21). 

K.  E.  density  =  ~  (25) 

Potential  energy.  It  will  be  recalled  that  the  passage  of  a  wave 
is  accompanied  by  a  periodic  compression  and  expansion  of  the  water.  It 
takes  work  to  compress  or  expand  the  water  from  its  original  volume  at 
the  equilibrium  static  pressure  to  the  new  volume  associated  with  the 
transient  pressure  due  to  the  wave.  The  incremental  work  required  to 
change  the  volume  from  any  value  V  to  V-dV  is  -pdV,  where  p  is  the 
acoustic  pressure  (differential  pressure)  corresponding  to  the  volume  V. 
The  total  work  required  is  computed  by  integrating  -pdV  over  the  range 
from  the  initial  to  the  final  volume.  The  computation  can  be  simplified 
by  noting  that  according  to  Hooke's  law  the  pressure  is  proportional  to 


19 


the  change  between  the  original  and  final  volume,  and  hence  the  average 

pressure  is  one-half  the  final  pressure.  The  total  work  done  on  an 

* 

original  volume  Vp  is  therefore 

2P  (VQ  -  V) 

Applying  Hooke's  Law 

V0  -  V 
?  V0 

and  noting  that  the  potential  energy  density  is  the  work  done  on  unit 
volume,  i.  e. ,  V0  =  1  unit,  we  obtain 

P.E.  density  =  W 

(equations  (5)  and  (21)). 

Comparison  of  (25)  and  (26)  shows  that  the  kinetic  energy 
density  and  potential  energy  density  are  equal,  and  the  total  energy  density 
is  pu/c.  The  intensity  is  obtained  by  multiplying  the  energy  density  by  the 
velocity  of  propagation  c,  leading  to  the  same  result  as  we  had  before. 

With  the  aid  of  equation  (21),  p  =  pcu,  the  intensity  may  be 


expressed  in  two  alternate  forms 


I  =  pu 


=  pcu4 


(24a) 

(24b) 


In  acoustic  measurements  it  is  not  the  usual  practice  to  measure 
intensity  directly.  Most  hydrophones  in  common  use  are  of  one  of  three 
types  -  sensitive  to  pressure,  particle  velocity,  or  pressure  gradient. 

The  intensity  must  be  computed  from  the  appropriate  formulas.  Actually, 
however,  intensity,  as  expressed  explicitly  in  units  of  rate  of  energy  flow 
per  unit  area,  is  seldom  used  in  underwater  acoustics.  The  baqic  measure¬ 
ment  is  one  of  pressure,  and  the  concept  of  intensity  is  involved  only 
implicitly  as  "that  intensity  which  is  equivalent  to  such  and  such  number  of 
microbars.  "  This  practice  appears  to  be  quite  satisfactory  for  those  already 
working  in  the  field,  but  it  is  a  little  awkward  from  the  standpoint  of 
indoctrinating  new  people. 
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8.  Note  on  Units  of  Measurement 

The  unit  in  which  underwater  acoustic  pressure  is  measured  is 
the  dyne/cm2  or  microbar  (the  two  units  are  equivalent).  Since  the 
dyne/cm2  is  the  unit  of  pressure  in  the  cgs  (centimeter-gram-second) 

system  of  units,  it  is  desirable  in  working  with  the  theoretical  formulas 

\ 

of  the  preceding  paragraphs  to  express  all  the  physical  quantities  in  the 
same  system  of  units.  The  various  quantities  and  their  respective  units 
are  as  follows: 

time,  t  -  sec 

frequency,  f  -  cycles/sec 

angular  frequency,  -  radians/sec 

linear  dimensions,  x,  §,  X  -  cm 

velocity,  u,  c  -  cm/sec 

acceleration  -  cm/sec2 

mass  -  gm 

density,  p  -  gm/cm3 

force  (masii  x  accel. )  -  gm  cm/sec2  =  dyne 
pressure,  p  -  dyne/cm2  =  microbar 
modulus  of  elasticity,  E  -  dyne/cm2 

pressure  gradient,  ^  -  dyne/cm3 

energy  (work)  -  dyne  cm  =  erg 
also,  1  joule  =  10^  erg 
energy  density  -  erg/cm3  or  joule/cm3 
power  -  erg/sec  or  watt 

1  watt  =  1  joule/sec  =  10^  erg/sec 
intensity,  I  -  erg/cm2  sec  or  watt/cm2 
1  watt/cm2  =  10^  erg/cm2  sec 

It  should  be  pointed  out  that  although  the  above  set  of  units  is 
useful  in  providing  a  consistent  basis  for  theoretical  computations,  most 
practical  measurements  of  distances,  wavelengths,  sound  speed,  etc. 
are  made  in  more  familiar  units,  as  will  be  discussed  later. 
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9.  Average  Values 

In  making  acoustic  measurements  we  are  in  general  interested 

in  average  values  rather  than  instantaneous  values.  Hydrophones  which 

are  sensitive  to  pressure  or  particle  velocity  measure  the  root  mean 

square  value  of  these  quantities.  The  root  mean  square  is  the  square  root 

,  ,  "Hiwc 

ot  tne^average  of  the  squares.  In  computing  the  square  of  a  quantity  we 
must  work  with  real  values  rather  than  complex  values,  since  the  square 

°f  th+ivi?aginary  Part  leadS  t0  a  real  number‘  The  mean  squa re  pressure 
is  the^average  of 

Pm  CCS,Z  w  (*  "  f  ) 

The  average  of  cos2  CO  (t  -  ~  )  over  a  cycle  is  j,  so  that 


1 


Similarly, 


Prms  =  J2~  Pm 


Urms  =  72  um 


(27) 

(27a) 


and 


^rms  7? 


(27b) 


(27c) 


The  instantaneous  value  of  the  intensity,  according  to  (24),  is 

1  =  Pm  um  cos*  1*  “  7  ) 

C 

Since  the  average  of  cos2  (t  »•  —  )  is  5,  the  average  intensity  is 


*av  ~  2  Pm  um 


(27d) 


Combining  these  results,  we  find  that  the  following  formulas 
apply  to  the  average  values 
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urms  =tu^rms 

(28) 

Prms  =  Pc  urms 

(29) 

/  aP  s  CjO  . 

ax  Jrms  =  c  Prms  "  p™s 

(30) 

2 

_  Prms  2 

*av  =  Prms  urms  "  j5C  ~  Pcurms 

(31) 

In  the  later  portions  of  this  course  we  shall  be  dealing 
exclusively  with  rms  values  and  shall  then  drop  the  subscripts  to  simplify 
the  notation.  For  the  time  being,  however,  we  shall  retain  the  current 
notation.  It  should  be  stressed  that  all  formulas  expressed  in  the  form 

jto(t  -  |  ) 

Instantaneous  value  =  (Amplitude)  e 
can  also  be  written  in  the  equivalent  form 

Wt-|) 

Instantaneous  value  =  /2  (RMS  value)  e 


10.  Acoustic  Impedance 

It  is  instructive  to  note  the  analogy  between  the  formulas  for 
acoustic  waves  electrical  a.  c.  circuits 


p  =  pcu 

e  =  Ri 

I  =  pu 

P  =  ei 

=  pcu2 

1! 

# 

H* 

to 

r.2  . 

=  s  /  pc 

e2 

=  e  /R 

The  acoustic  formulas  apply  to  plane  waves  and  the  electrical  formulas 

apply  to  a  purely  resistive  a.  c.  circuit. 

Note  the  correspondence: 

Acoustic 

Electrical 

pressure,  p 

voltage,  e 

velocity,  u 

current,  i 

intensity,  I 

power,  P 

pc 

resistance,  R 

It  is  seen  that  the  product  pc,  which  is  a  property  of  the  acoustic 
medium,  is  the  analog  of  electrical  resistance.  On  the  basis  of  this 


23 


analogy,  the  quantity  pc  is  called  the  specific  acoustic  impedance  of  the 
medium.  It  is  measured  in  units  of  specific  acoustic  ohms.  In  the 
fundamental  cgs  system  of  units  the  density  p  is  expressed  in  gm/cm* 
and  the  speed  of  sound  c  in  cm/sec,  so  that 

1  specific  acoustic  ohm  =  1  (gm/cm3) (cm/sec) 

Typical  values  in  sea  water  at  60 *F  and  in  air  at  20  *C  and  one  atmosphere 
pressure  are  given  in  the  following  table: 


Water 

Air 

p  i gm/cm3) 

1.026 

0.00121 

c  (cm/sec) 

150,000 

34,400 

pc  (sp.  ac.  ohms) 

154,000 

42 

The  specific  acoustic  impedance  is  a  very  important  factor  in  the  design  of 
sonar  equipment. 

Since  the  above  analogy  involves  only  resistive  (non-reactive) 

"iwfi&dartcft"  is  u-sef  v*H\-ev  -fha* 

circuits,  it  may  be  wondered  why  the  terrr^'resistance.  "  The  answer  is 
that  thus  far  we  have  been  considering  only  plane  waves.  When  we  come 
to  other  types  of  waves,  such  as  spherical  waves,  we  shall  find  that  the 
pressure  and  the  particle  velocity  are  no  longer  in  phase,  and  hence  the 
wave  is  analogous  to  an  electric  circuit  containing  both  resistance  and 
reactance.  The  ratio  of  pressure  to  particle  velocity  is  then  analogous 
to  an  impedance. 

11.  Standing  Waves 

It  frequently  happens,  both  in  the  ocean  and  in  transducer 
calibration  tanks,  that  reflections  from  the  boundaries  of  the  medium 
give  rise  to  additional  waves,  sc  that  waves  traveling  in  more  than  one 
direction  may  be  present  in  the  water  at  the  same  time.  This  phenomenon 
produces  marked  changes  in  the  acoustical  pattern  and  unless  suitable 
precautions  are  taken  can  introduce  significant  errors  into  acoustic 
measurements. 

To  illustrate  the  effect  we  shall  consider  the  ideal  case  of 
perfect  reflection  from  a  boundary  at  right  angles  to  the  direction  of 
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propagation,  producing  two  wave  trains  of  equal  intensity,  traveling  in 
opposite  directions.  (It  will  be  noted  that  to  achieve  such  a  condition  in 
practice  it  would  be  necessary  to  have  two  such  reflectors  separated  by 
the  proper  distance,  like  the  case  of  a  violin  string,  but  we  shall  not  be 
concerned  with  these  details  in  the  present  discussion. ) 

To  distinguish  the  two  waves  let  us  employ  the  subscript  1  to 
identify  the  wave  traveling  in  the  positive  x  direction  and  the  subscript  2 
for  the  wave  traveling  in  the  negative  x  direction.  For  the  first  wave  the 
pressure,  particle  velocity,  and  pressure  gradient  are 


ui  =  um  e 


jw  (t  -  i  ) 


j  (t-r) 


Pi  =  Pme 


(h.)  =_i  1*2.)  e 

1  dx  1  J  1  ax'm 


jw(t  -f) 


where 


Pm  =  Pc  um 


um  =  WSm 

=  kD 


m  c 

For  the  second  wave  the  pressure  is 


jul  (t  +  ~  ) 


P2  =  Pm  e 

In  deriving  expressions  for  the  other  quantities  we  follow  the  same 
procedure  as  before.  The  only  difference  between  the  two  results  is  that 
derivatives  with  respect  to  x  will  have  the  opposite  sign.  Since  one  such 
derivative  is  involved  in  each  case,  the  results  are 


u2  =  -uv 


m 


'lx# 


jco  (t  + 1 ) 


m 


The  sign  reversal  is  quite  logical,  since  both  the  particle  velocity  and 
pressure  gradient  are  vectors  whose  direction  is  the  direction  of  propagation. 


-isaffTT' 
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Pressure*  on  the  other  hand,  is^-a-  scalar  quantity,  independent  of 
direction;  According  to  Pascal's  law,  pressure  is  transmitted,  equally 
in  all  directions. 

The  resultant  pressure,  particle  velocity,  and  pressure 
gradient  are  obtained  by  adding  the  contributions  from  the  two  waves. 
The  orescure.  is 


P  =  Pi  +  P2 

j  (OX 


=  Pm[e 


3  ta  (t "  £•)  j  n)  (t  +  ~ )] 


JWX 


i-IS 


( t 


+  e 


)  e 


*-  e 


jwt 


J 


By  equation  (8) 
Similarly 


p  =  2 pm  cos  kx  e 


jut 


u  ~  -2j  um  sin  kx  e 

_ -  t 

dx 


jolt 


^  ,  3p  ,  .  ,  jo)t 

_ I  nl «  Lfir  Q  ^ 


"  -  -2  (  ~  )  sin  kx  e 
#m 


(32) 

(33) 

(34) 


where 


*c  -* 


2ir 


Considering  first  the  pressure,  it  will  be  seen  that  the  amplitude 
2  pm  cos  kx  is  a  sinusoidal  function  of  the  distance  x  along  the  wave.  At 
the  points  where 


,  tt  3tt  5tt 
2J  2J  2  J 


i. e.  ,  where 


x  = 


X  3X  5\ 


4'  4  >  4  >  *** 

the  amplitude  is  zero  and  there  is  no  acoustic  pressure  at  any  time.  These 
points  are  called  nodes,  pressure  nodes  in  this  case.  At  intermediate 
points  where 

x  =  o  —  v  3X 

*  “  2  >  2  > 

we  find  that  cos  kx  =  £  1  and  the  amplitude  is  a  maximum.  (A  negative 
amplitude,  of  course,  signifies  a  phase  reversal. )  Locations  of  maximum 
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amplitude  are  called  loops.  The  pressure  at:  a  loop  is  twice  the  pressure 

of  either  of  the  two  waves  separately.  This  pressure  field,  which  consists 

% 

of  a  stationary  pattern  of  loops  and  nodes,  is  an  example  of  the  well-known 
phenomenon  of  standing  waves.  The  presence  of  such  a  condition  in  a 
transducer  calibration  tank  can  lead  to  serious  errors  because  the  reading 
of  a  measuring  hydrophone  depends,  critically  upon  where  the  instrument 
is  located  relative  to  the  loops  and  nodes.  Therefore,  great  care  must  be 
taken  in  designing  calibration  facilities  to  avoid  interference  by  reflections 
from  the  water  boundaries. 

A  velocity- sensitive  hydrophone  will  also  experience  loops  and 
nodes,  but  the  pattern,  as  maybe  seen  from  (33)  is  different.  The  ampli¬ 
tude  of  the  particle  velocity  is  proportional  to  sin  kx  instead  of  Cojkx. 
Therefore,  velocity  nodes  occur  at  pressure  loops  and  velocity  loops  at 
pressure  nodes.  The  factor  -  j  in  (33)  indicates  that  the  particle  velocity 
oscillations  (with  respect  to  time)  are  90  degrees  out  of  phase  with  the 
pressure  oscillations. 

Equation  (34)  shows  that  the  pressure  gradient  has  loops  and 
nodes  at  the  same  places  as  the  particle  velocity  but  that  the  oscillations 
are  90  degrees  out  of  phase. 

As  a  final  observation,  it  will  be  noted  that  since  the  pressure 
and  particle  velocity  are  90  degrees  out  of  phase,  the  average  intensity 
is  zero,  just  as  zero  power  is  dissipated  in  a  purely  reactive  electric 
circuit.  This  is  readily  verified  by  writing  down  the  product  of  the  real 
parts  of  p  and  u 

1  =  4  pm  um  sin  kx  cos  kx  sin  Cot  cos  tot 

Note  that  2  sinCOt  cos  (J t  =  sin  2  (Jt,  whose  average  is  zero.  The  physical 
significance  of  the  zero  intensity  is  that  equal  amounts  of  energy  are  being 
carried  in  opposite  directions  by  the  two  waves. 
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TECHNOLOGY  OF  UNDERWATER  SOUND 
^REVISED  NOTES) 


Physical  Properties  of  Acoustic  Waves  in  Water  (cont'd) 

B.  Three  Dimensional  Waves 

In  this  section  we  shall  derive  the  differential  equation  in  three 
dimensions,  expressing  it  not  only  in  the  rectangular  but  also  in  the 
cylindrical  and  spherical  polar  coordinate  systems.  We  shall  discuss 
briefly  the  characteristics  of  plane  waves  in  two  and  three  dimensions, 
and  the  simplest  case  of  spherical  waves,  that  is,  waves  whose  properties 
are  a  function  only  of  the  radial  coordinate  and  are  independent  of  the 
angular  coordinates,  We  shall  also  say  a  few  words  about  cylindrical  waves. 

1 .  The  Differential  Equation. 

The  physical  concepts  involved  in  the  derivation  of  the 
differential  equation  in  three  dimensions  are  basically  the  same  as  in 
the  one -dimensional  case.  The  principal  difference  is  that  the  mathematics 
becomes  somewhat  more  complicated. 

The  basic  element  of  water  on  which  we  focus  our  attention 
is  an  infinitesimal  cube  with  dimensions  dx,  d'y,  dz,  located  at  the  point 
(x,  y,  z)  in  a  rectangular  coordinate  system;  These  remarks  pertain  to 
the  static  condition  of  the  cube,  i.  e. ,  in  still  water  with  no  waves  present. 
When  the  wave  is  present,  the  cube  is  displaced  from  its  static  position 
(x,  y,  z)  to  a  new  position  (x  +  §,  y  +  rj ,  z  +  C),  and  its  dimensions  are 
changed  from  dx,  dy,  dz  to  dx  +  d?,  dy  +  dr|,  dz  +  dC.  It  should  be  noted 
that  the  displacements  associated  with  ordinary  acoustic  waves  are 
exceedingly  small,  so  that 

?<<x,  rj  <  <  y,  C  <  <  z,  d§<<  dx,  etc. 

As  in  the  one -dimensional  case,  the  absolute  static  pressure  is  PQ  and  the 
absolute  pressure  in  the  presence  of  the  wave  is  P 0  +  p#  where  p  is  the 
acoustic  pressure. 
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The  method  of  procedure  is  basically  the  same  as  in  the 
one -dimensional  problem.  We  shall  formulate  two  equations:  the  first, 
based  on  Newton's  second  law  of  motion,  will  relate  the  pressure  gradient 

l 

to  the  acceleration  of  the  little  cube  of  water,  and  the  second,  based  on 

Hooke's  law,  will  relate  the  acoustic  pressure  to  the  change  in  volume. 

The  final  result  will  be  obtained  by  suitably  combining  these  two  equations. 

Since  force  and  acceleration  are  vector  quantities,  we  shall 

have  to  deal  with  three  components.  Consider  first  the  x-component.  The 

acceleration  of  the  cube  in  the  x-direction  is  caused  by  the  differential 

pressure  between  the  two  faces  perpendicular  to  the  x-axis.  Assuming 

that  d§,  dq,  dC  are  negligible  in  comparison  with  dx,  dy,  dz,  this 

dp 

difference  of  pressure  is  dx,  and  the  area  of  each  face  is  dy  dz.  The 

net  force  in  the  positive  x  direction  is  -  dx  dy  dz.  The  mass  of  the  cul>£  l£ 
pdxdye/l,  x 

^  is  °  yd t2  •  ln  equation  the  factor  dx  dy  dz  appears  on  both  sides 

and  may  be  cancelled  out.  Therefore  the  x-component  is 
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:<*T 


Sp  _  n  SJi 
‘  ■  p  dF 


(101) 


(which  is  identical  with  equation  (1)  of  the  one -dimensional  case).  A 
similar  argument  shows  that  the  corresponding  y-  and  z -components  are 

£  -  -  p  u«*> 

fc-'PSr  do*) 

By  the  use  of  conventional  vector  notation  these  three  equations  can  be 
combined  into  a  single  vector  equation.  The  displacement  is  in  reality 
a  vector  having  components  5,  q,  and  C.  If  we  denote  this  vector  by  d, 
it  may  be  written  in  the  form 

A_  A  A 

d  =  i§  +  jrj  +  kC  (104) 

AAA 

where  i,  j,  k  are  unit  vectors  oointing  along  the  x,  y,  z  axes.  To  simplify 
the  notation  let  us  indicate  time  differentiation  of  d  with  a  dot  (second 
derivative  with  a  double  dot).  The  three  component  equations  may  be  com¬ 
bined  to  give 


^  dp  ^  dp  ^  dp 


(105) 


The  commonly  used  symbol  for  the  vector  differential  operator  on  the 

left-hand  side  of  (102)  is  V  (de\) 

j_ ,  Ad  Ad  A  5 

V  =  +  j57  +  kd7  (106) 


When  this  vector  operates  on  a  scalar  function,  such  as  pressure,  the 
resulting  derivative  is  called  a  gradient.  Thus 

V p  =  grad  p 

so  that  (105)  may  be  rewritten  in  the  form 

grad  p  =  -  p  d  (105a) 

This  is  the  three-dimensional  equivalent  of  equation  (1).  The  gradient  is 
a  vector  describing  the  rate  of  change  of  a.  scalar  function  with  respect  to 
space  coordinates.  Its  direction  is  the  direction  in  which  the  rate  of  change 
is  a  maximum,  and  its  magnitude  is  the  value  of  that  rate  of  change. 
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In  the  Hooke's  law  equation  the  stress,  as  before,  is  the 
acoustic  pressure.  To  find  the  strain  we  note  that  the  original  (static) 
volume  is 


dV0  =  dx  dy  dz 

and  the  stressed  volume  is 


dV  =  (dx  +  d§)(dy  +  dt]  )^dz  +  dC )  =  (1  +  ^  )(1  +  ^)(l  - +  s~)  dx  dy  dz 

Since  these  derivatives  are  numerically  very  small  in  comparison  with 
unity,  products  of  two  or  three  of  them  may  be  neglected  giving 
approximately 

dV  =  (1  +  +  g~)  dx  dy  dz 

The  strain  is  therefore 

dVo  -  dV  _  <*«  ac  , 

dVD  dx  by  dz 

and  Hooke's  law  takes  the  form 


p  =  -e(|“+45+ 


ac 

dz 


(107) 


The  sum  of  the  three  derivatives  above  can  be  put  in  more  compact  form 
through  application  of  the  operator  V  .  It  is  in  fact  the  dot  product  (or 
scalar  product)  of  the  two  vectors  V  and  d.  The  dot  product  of  two 
vectors  A  and  B  is  defined  as  follows 

A  -  B*=  (i  Ax  +  j  Ay+^AZ)  •  (iBx  +  jBy+/kBz) 

=  Ax  Bx  +  Ay  By  +  Az  Bz  ^  °8^ 


The  dot  product  of  V  operating  on  a  vector  function  is  called  the  divergence 
of  the  vector.  Therefore 

V  -  d  =  divT=  ~  +  (109) 

and  (107)  may  be  rewritten  as 


p  =  -  E  div  d 


(107a) 


We  now  have  two  equations  (105a)  and  (107a)  Relating 
p  and  d.  We  shall  obtain  a  single  equation  in  p  by  eliminating  d,  To  do 
this  let  us  first  take  the  second  time  derivative  of  (107a),  obtaining 


d6n 

=  -  E  div  d 

Next,  we  take  the  divergence  of  (105a),  obtaining 

#  * 

div  grad  p  =  -  p  div  d 
Combining  this  with  (110)  yields 

p  d2p  |  S2p 

d^  grad  p  =  |  ^  = -2 


The  divergence  of  a  gradient  is 

div  grad  =  7*V  *  ^ 

A  d  A  d  A  a 
"  (l  dx  +  3  dv  +  k  dz 


(110) 


.  a  a  a3  a  d 
)  *  +  k3T ) 


d2  d2  dz 

dx2  dy2  *  dz2 

The  final  result  is  therefore 

d2p  .  d2p  dzn  I  d2p 

5^r+  d-p“+  d^-  =J2  ^r 


or,  in  vector  notation 


V2p  =  i_  !!e. 

V  p  c2  dt2 


(111) 


(112) 


(113) 


The  differential  equation  (112)  is  an  obvious  generalization 
of  the  one -dimensional  equation  (6),  However,  if  one  attempts  to  obtain  a 
vector  differential  equation  in  <Tby  eliminating  the  pressure,  one  does  not 
achieve  a  correspondingly  simple  result.  It  is  noted  in  passing  that  an 
equation  of  this  type  is  satisfied  by  a  function  called  the  velocity  potential 
defined  by  the  vector  equation 

-  grad  (veloc.  pot.)  =  particle  velocity 
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The  particle  velocity  is  the  time  derivative  of  the  displace- 

(114) 


-►  "jr  3d 

u  =  §T 


It  is  a  vector  whose  components  we  shall  designate  as  u,  v,  w. 

AAA 

u  =  iu  +  jv  +  kw 


(115) 


A  useful  relation  between  the  particle  velocity  and  the  pressure  is  obtained 
from  (105a),  namely 


. 

grad  p  =  -  p 


(116) 


One  of  the  benefits  which  accrue  from  the  use  of  vector 
notation  is  that  a  vector  has  a  fixed  magnitude  and  direction  independent 
of  the  coordinate  system  in  which  it  is  described.  The  components  are 
different  in  different  coordinate  systems,  but  the  vector  is  the  same.  The 
differential  equation  (113),  expressed  in  terms  of  the  vector  operator  V, 
is  an  example.  By  using  the  proper  expression  for  V2,  we  can  describe 
acoustic  waves  in  any  coordinate  system. 

The  two  most  widely  useful  non-Cartesian  coordinate  systems 
are  the  cylindrical  and  spherical  polar  systems.  The  cylindrical  coordin¬ 
ates  r,  <}>,  z  are  related  to  the  Cartesian  coordinates  as  follows 


x  =  r  cos  4* 
y  =  r  sin  4> 

(117) 

z  =  z 

Let  a  be  a  scalar  function  and  A  a  vector  function.  Then, 

in  the  cylindrical 

coordinate  system, 

A  6a  ,  £  1  6a  ,  A  6a 

grad  a  =  r  ^  +  a 

(118) 

mvA  =r  57(rA')  +  r  -rf+sr 

(H9) 

and  the  wave  equation  is 

V2p=1  d  (r  *£)  +  1  92p  +  d2p  =  1  32p 

^  r  5r  Sr  r2  d<j>2  dz2  c2  dt2 

(120) 

ir<  u*'ih  Vtcivts  in  ’H’U  iriJl»!;  h  *), 

*Hu.  u'f  A  TKjlj«  cl\y  e c-*h  cphS . 


d\/ex.+u»\s  res . 
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The  spherical  polar  coordinates  r,  0,  <|>  are  related  to  the 


Cartesian  coordinates  as  follows 


x  =  r  sin  0  cos  <j> 
y  =  r  sin  0  sin  <{> 
z  =  r  cos  0 


Here  we  have 


,  A  3a  ,  ^  1  3a  ,  *  1  da 

grad  a  =  r  +  9  7  5?  +  *  77ta-e  5* 


(121) 


(122) 


Cl  233 
(\  0-4) 


+  +  C * 233 

v  ^  =  ^  *  ^~ £&(*** l>e)  +  (\  0-4) 

Nti*-}  S'ph-enc*!  tc  o  r<J\  viv^cs  ar*  re  fa)  geographies/  co  a  reli^  o>»  'ii  u. 

y  IS  -tw  /^|>I  ceordmvk  0  is  fkt  Co  -  />f!  -Wc,  -frvyt  7/*  horfl 1 

pol^  >nu(  4>  IS  tkt  *  y'.  is>  :*  \)ecte>c  In  'Hw  c/iVfe.'hin^  0  ir 

a  u vi  1  *#-  v«tfoy  dwec-^A  alo^  a  1*  trials**.  *^vi  a„o(  $  i;  »w«iT 

V-tefur  -i)e>ry  %  j avail  el  of  *//>.«  easT. 

2.  Three-Dimensional  Plane  Waves. 

The  solution  of  (112)  in  terms  of  sinusoidal  functions  is 


P  =  Pm  e 


j20  jjt  -  ~  (ax  +  3y  +  Yzj] 


(125) 


Substitution  of  this  solution  into  the  differential  equation  yields  a  relation 
among  the  three  constants  a,  S.  Y. 

a2  +  9Z  +  Y2  =  1  (126) 

These  three  numbers  are  thus  the  direction  cosines  of  a  line  perpendicular 
to  the  plane 

Ox  +  Sy  +  yz  -  constant  (127) 

The  plane  defined  by  (127)  is  a  surface  ox  constant  phase,  that  is,  a  wave- 
front,  and  the  line  perpendicular  to  it  indicates  the  direction  in  which  the 
wave  is  moving*  Therefore  a,  p,  Y  are  the  direction  cosines  of  the 
direction  of  propagation. 
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The  pressure  gradient  is  found  by  taking  derivatives  of 
(125).  In  vector  notation  the  gradient  is 

grad  p  =  -  j  k  pm  (ia  +*j3  +  ky)  e  c  (ax+sy  +  Yz)j  (128^ 

It  is  seen  that  the  vector 

A  a  a 
ia  + jS  +  ky 

is  pointed  along  the  direction  of  propagation  and  has  the  magnitude 

/  a2  +  B2  +  Y*  =  1 

The  magnitude  of  the  pressure  gradient  is  thus  the  same  as  for  the  one¬ 
dimensional  wave,  (“fhai  ij^  4.^). 

The  particle  velocity  vector  can  be  obtained  from  the  pressure 
gradient  by  dividing  by  -  p  and  integrating  with  respect  to  time,  as  may  be 
seen  from  (l  1 6).  Integration  of  the  complex  exponential  with  respect  to 
time  yields  a  factor  l/j to  .  Hence 


u  =  -  - - 

jeop 


grad  p 


(129) 


or,  from  (128),  since  k  =  to/ c, 


u  =  2sl 
pc 


AAA 

(ia  +  j9  +  ky)  e 


jwjt-  jr  (ax  +  By  +  yzjj 


(130) 


The  particle  displacement  is  obtained  by  one  further  integration,  yielding 


'=  .  +  J9  +  fcy)  e  j“[‘  4  <«*  +  +  Y^O 

<0pc 


(131) 


Again  we  see  that  both  d  and  u  point  along  the  direction  of  propagation  and 
that  their  magnitudes  agree  with  the  previous  results  for  a  one¬ 
dimensional  wave. 

3.  Two-Dimensional  Plane  Waves. 

The  formulas  take  on  a  simple  and  useful  form  when  we  restrict 
the  problem  to  two  dimensions.  If  we  limit  the  motion  to  the  xy-plane, 
the  direction  cosines  can  be  expressed  in  the  form 


35 


a  =  cos  8 
8  =  sin  0 
Y  =  0 

For  this  case  the  time-space  factor  in  the  exponent  takes  the  form 

t  -  —  (x  cos  8  +  y  sin  0) 
c 

and  the  vector  indicating  direction  of  propagation  is 

A  A 

i  cos  0  +  j  sin  0 

These  changes  convert  equations  (125),  (128),  (130),  and  (131)  to  two 
dimensions.  We  shall  write  out  explicitly  the  equations  for  the  pressure 
and  the  two  components,  u  and  v,  of  the  particle  velocity 


jtaft  -  i  (x  cos  0  +  y  sin  0)1 
P  =  Pm  e  L  C  J 

u  =  ESLcos  Ge^f  -  ^  (x  cos  0  +  y  sin  0)J 
pc 

V  =  Pis.  sin  0  e  T  (x  cos  0  +  y  sin  ej ] 

pc 


(132) 

(133) 

(134) 


It  is  interesting  to  note  that  when  0  =  0  or  180  degrees,  the 
two-dimensional  wave  reduces  to  one  dimension.  When  0  =  0,  the  wave 
travels  in  the  positive  x  direction;  when  0  =  180  degrees,’  the  direction  is 
reversed. 

4.  Spherical  Waves. 

We  shall  consider  only  the  simple  case  in  which  the  waves 
are  functions  of  the  radial  coordinate  only.  Since  only  one  of  the  three 
space  coordinates  is  involved,  the  problem  is  reduced  to  one  dimension, 
and  vector  notation  will  not  be  required.  The  differential  equation  (124) 
reduces  to 

1  d 
r2  dr 


(r! 


2i)  =  ‘ 

dr  c2 


at2 


(135) 


u 


4. 


j: 

i 

v 
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The  solution  is 


A  j(«}t  -  ).r) 
p  =  —  e  J 
r 


(136) 


where  A  is  a  constant.  It  may  be  readily  verified  by  differentiation  that 
(136)  satisfies  the  differential  equation.  The  pressure  gradient,  as  may 
be  seen  from  (122),  is  the  derivative  with  respect  to  r. 


If  =  -pr  (!♦*.) 

The  particle  velocity,  according  to  (129).  is 


(137) 


Or 


u  =- 


U.  = 


jwp  3r 

A  (j  .  J_)  ej  (wt  “kr) 


(138) 


per  '  kr 

Here  we  see  two  respects  in  which  spherical  waves  differ 
from  plane  waves.  In  the  first  place,  the  amplitude  of  the  waves  varies 
with  the  radius.  Mathematically  speaking,  these  wave's  spread  out  from  a 
point  source  at  the  origin,  though  in  the  real  world  they  can  be  generated 
by  a  small  pulsating  sphere.  The  pressure  amplitude  varies  inversely 
as  the  first  power  of  the  radius. 

The  second  distinguishing  characteristic  is  a  phase  lag 
between  the  particle  velocity  and  the  pressure,  indicated  by  ti;e  complex 
amplitude  in  (138).  This  is  analogous  to  the  phase  shift  between  the 
current  and  voltage  in  an  electric  circuit  containing  both  resistance  and 
reactance,  and  leads  tc  the  concept  of  acoustic  impedance,  which  will  be 
discussed  below. 

The  (average)  intensity  is  the  average  of  the  product  of  the 
real  parts  of  p  and  u.  To  simplify  the  notation,  let 

A 


Pm 


so  that 


P  =  Pm  e' 


j  (to  t  -  kr) 


(139) 

(140) 
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The  real  pressure  is  then 


p  =  p  cor.  (ccit  -  kr) 


(141) 


an<i  the  real  particle  velocity  is 


Pm  .  ,  .  ,  Pm  .  ^  .  . 

u  = - cos  (Wt  -  kr.)  + — : sm  (wt  -  kr) 

pc  pckr  ' 


(142) 


The  second  term  in  (142)  is  90  degrees  out  of  phase  with  the  pressure  and 
corresponds  to  the  reactive  component  in  an  electrical  circuit,  which 
dissipates  no  power.  The  average  of  the  product  sin  (cu t  -  kr),cos  (wt  -  kr) 
is  zero.  The  average  of  cos2  (wt  -  kr)  is  5  and  the  intensity  is  therefore 


av  '  2  pc 

or,  in  terms  of  the  original  constant  A, 


(143) 


Iav  =2^-  (144) 

showing  that  the  intensity  varies  inversely  as  the  square  of  the  distance  from 
the  source.  This  is  an  illustration  of  the  well-known  inverse  square  law  or 
spherical  spreading  law. 


The  constant  A  may  be  evaluated  in  terms  of  the  total  power 
radiated  by  the  source.  Since  the  intensity  is  the  power  transmitted 
across  unit  area  of  a  sphere  of  radius  r,  and  has  a  uniform  value  over  the 
entire  spherical  surface,  whose  area  is  4irr2,  the  total  power  is 


Therefore,  from  (144), 


?  =  4tt  r2  Ia 


A2  -PCP 
■  2  IT 


(145) 


(146) 


In  our  study  of  plane  waves  we  derived  three  equivalent 

formulas  (equation  (31))  relating  the  intensity  to  the  rms  pressure  and  the 

rms  particle  velocity.  Recalling  that 

1  .  1 
Prms  ”  Ji  Pm  '  urms  “  y*T  um 
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(147) 


pcu 


2 

riiis 


Pcurms 


Thus  the  only  genera  lly  vsLd  formula  is  (147). 

A  few  remarks  are  in  order  regarding  the  magnitude  of  the 
effect.  The  ratio  of  the  imaginary  to  the  real  term  in  the  complex 
amplitude  of  u  is 

_1_  _  \ 

kr  r 
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For  a  phase  shift  of  5  degrees,  .which  may  be  considered  negligible, 
1/kr  is  approximately  0.087.  The  corresponding  value  of  r  is 

X 


r  = 


75  2X 


2ir  (0.087)  ~ 

At  distances  greater  than  a  few  wavelengths  away  from  a  point  sound 
source  the  phase  shift  due  to  the  l/kr  term  may  be  neglected  and  spherical 
waves  may  be  treated  as  plane  waves  whose  amplitude  varies  inversely 
as  the  first  power  of  the  distance  from  the  source  and  whose  intensity 
varies  inversely  as  the  square. 

The  phase  relationships  discussed  above  are  important  only 
in  the  immediate  vicinity  of  a  sonar  transducer,  (or  <s-fk»y 

5.  Cylindrical  Waves. 

The  solution  of  the  wave  equation  in  cylindrical  coordinates 
(120)  leads  to  Bessel  Js  functions  and  is  outside  the  scope  of  the  present 
discussion.  A  useful  approximate  solution  can  be  obtained,  however,  for 
large  values  of  the  radial  coordinate  r.  Let  us  assume  that  the  wave 
travels  radially  outward  from  an  infinite  line  at  r  =  0  and  is  independent 
of  the  other  two  coordinates,  <j>  and  z.  The  differential  equation  for  such 
a  wave  is 

(150) 


i-  l-r  lit  \  - 
r  3  r  '  dr  '  c^" 


The  approximate  solution  is 


„_A  j(»t-kr) 

P'7r  6 


(151) 


Taking  derivatives,  we  find  for  the  left  side  of  (150) 

1  d  /  dm  k“A  1  .  j  («t  -  kr) 

7d7(r5?=-/r  -4k5?)e 


and  for  the  right  side,  since  k  =  w/c, 


k2A  j  (tot  -  kr) 
c‘  ot-  /r 


1  dep 

c2  dt*  ’ 


If  (151)  is  to  be  a  good  solution,  the  condition  which  must  be  met  is 

1 

4  k2  r  * 
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<  <  1 


(152) 


1 


At  distances  beyond  two  wavelengths  from  the  source,  i.e. ,  r  >  2k, 
we  find 

kr  >  4tr 


4k2r2  <  647r2rv/  •°016 

The  error  term  is  less  than  0.2  percent.  Therefore,  at  large  distances 
of  many  wavelengths  the  solution  (151)  is  extremely  good. 

It  cav\  be  JbevA/vi  that  the  particle  velocity  of  the  wave  is 
*  „  _  A  jfcot  -  kr)  ... 


and  the  (average)  intensity  is 


A2 

2pcr 


(153) 


(154) 


At  large  distances  from  the  source,  cylindrical  waves  may 
be  treated  as  plane  waves  whose  amplitude  varies  inversely  as  the  square 
root  of  the  radius  and  whose  intensity  varies  inversely  as  the  first  power. 

In  the  ideal  problem  we  are  considering  the  source  is  an 
infinite  line.  The  intensity  (154)  is  the  rate  of  energy  flow  across  unit 
area  of  the  5*1  of  a  cylinder  of  radius  r.  If  Pj  is  the  total 

power  radiated  per  unit  length  by  the  line  source,  then 


Pj  =  2ttt  Iav 

and  the  relationship  between  the  power  and  the  constant  A  is 


(155) 

(156) 


We  may  also  obtain  a  solution  of  the  cylindrical  wave  equation 
for  the  more  general  case  where  the  direction  of  propagation  has  an  axial 
component  as  well  as  radial.  In  this  case  the  pressure  is  a  function  of 
z  as  well  as  r  and  the  approximate  solution  for  large  r  is 

P 


A  jjuit  -  k  (r  cos  8  +  z  sin  9)J 
/r 


When  viewed  in  the  rz  plane,  these  waves  behave  like  two-dimensional 


plane  waves  traveling  in  a  direction  making  an  angle  0  with  the  r  axis, 
n‘  If  (  i  jfz)  is  met. 
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except  of  course  that  the  intensity-  decreases  with  the  radial  distance. 

"Th-C,  a  rtf  Sflfzdi  yij  t?‘<i  s  Cf'ne. 

6.  Unit  Area  Acoustic  Impedance  and  Admitrance. 

The  analogy  between  acoustic  waves  and  electrical  circuits 

has  been  mentioned  several  times.  It  has  been  pointed  out  that  acoustic 

pressure  is  the  analog  of  an  a.c.  voltage,  particle  velocity  the  analog  of 

current,  and  intensity  the  analog  of  electrical  power.  For  plane  waves  the 

I 

ratio  of  pressure  to  velocity  was  found  to  be  pc,  a  property  of  the  medium. 

A 

This  is  the  analog  of  an  electrical  resistance  and  is  called  the  specific 
acoustic  impedance  of  the  medium. 

For  spherical  waves  the  ratio  of  the  complex  pressure  to 
the  complex  particle  velocity  is  a  complex  quantity  and  is  thus  analogous 
to  electrical  impedance.  We  may  therefore  define  an  impedance  by  the 
relation 


p  =  zau  (157) 

where  zTa  is  called  the  unit  area  acoustic  impedance.  The  bar  over  the 
za  denotes  a  complex  quantity.  (Strictly  speaking,  p  and  u  should  be 
similarly  marked.  )  Since  the  real  and  imaginary  parts  of  z"a  are 
analogous  to  resistance  and  reactance,  we  may  express  the  impedance 
in  the  conventional  form 

za  =  ra  +  J  xa  U-98) 

The  magnitude  of  the  impedance  is  the  absolute  value  of  z"a, 


za  =  lzal  ='/ra2  +  xaZ  (159) 

and  the  phase  angle  between  the  particle  velocity  and  pressure  is 


.1  xa 
d>  =  tan  1  — - 
*a 


so  that 


x. 


cos  d>  =  —  ; 
za 


sin  <j>  = 


An  alternate  expression  for  the  impedance  is 

J* 


za  =  za  e 


(160) 

(161) 

(162) 


* 
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The  magnitude  of  the  impedance  za  expresses  the  ratio  of  the  amplitudes 
of  the  pressure  and  particle  velocity,  and  likewise,  of  course,  the  ratio 
of  the  ms  values. 

Prms  =  za  urms  U63) 

The  angle  <}>  measures  the  phase  lag  between  the  particle  velocity  and 
pressure. 

To  compute  the  intensity  let  us  express  p  and  u  in  a  simpli¬ 
fied  form.  All  that  is  significant  is  that  the  rms  values  are  prms  and 
urms  and  that  they  differ  in  phase  by  an  angle  <$>.  Hence  we  may  write 

u  =/2  urms  cos  cot 

p  =/2  prms  cos  {tut  +  <j>) 

It  is  readily  shown  that  the  average  value  of  the  product  is 

ra 

lav  =  Prms  urms  cos  =  ~  Prms  urms  (*64) 

■*a 

Substitution  of  (163)  yields  the  two  alternate  forms 

ra  Prms  , 


(164a) 


av  -  xa  urms 


lav  =  ra  urms  (164b) 

For  a  spherical  wave  z"a  is  obtained  from  (136)  and  (138) 


and  is  found  to  be 


from  which 


kr 

=  pc  - 

1  +rr 


1  +T 1ZT 


(165) 


(166) 


r  -~v 


a  ,'r'1  /- 


pc 


(167) 


z 


a 


k2r2 


4> 


tan 


-1 


1 

kr 


(168) 


It  is  readily  shown  that  these  formulas  lead  to  the  results  derived 
previously.;  • 

The  form  in  which  the  pressure  and'particle  velocity  are 
expressed  in  (136)  and  (138;  suggests  a  more  natural  interpretation  in 
terms  of  the  complementary  concept  of  admittance.  In  electrical  circuit 
theory  admittance  is  defined  as  the  reciprocal  of  impedance,  so  that  in  the 
acoustic  case  we  have 

u  =  ya  P  (169) 

where  ya  is  the  unit  area  acoustic  admittance.  The  real  and  imaginary 
parts  are  the  conductance  ga  and  the  susceptance  ba. 


Ya  =  ga  +  J  ba 

(170) 

ya  =  |yaj  =  / Sa'1  +  6  a2 

(171) 

Comparing  the  admittance  with  the  impedance 

we  see  that 

_  _  1  1 

ra  "  J  xa 

(172) 

Ya  »a  “  ra+jxa  "  : 

ra2  +  xa‘ 

Therefore 

ra 

^  r  i 

*  a 

(173) 

^  •  ~  xa 

b&  ra2  +  xa2 

(174) 

and 

i  ba 

4>  =  -  tan’l  — 

8a 

(175) 

8a 

cos  4>  =  —  ;  sin  &  = 

ya 

_^a 

"  ya 

(176) 

-j  a> 

ya  =  ya  e 

(177) 

*4 

In  terms  of  admittance  the  pressure,  particle  velocity,  and  intensity  are 
related  thus 


urms  “  Ya.  Prms 

(178) 

*av  “  Sa  Prms 

(179) 

* 

Sa 

-  ~  Prms  urms 

Y  a 

(179a) 

-* 

ga  2 

y?  rms 

(179b) 

For  a  spherical  wave  the  admittance  takes 

on  a  simpler 

form  than  the  impedance. 

^a  ^  "  k7  ) 

(180) 

l 

ga  =  ^ 

(181) 

pckr 

(182) 

+TST  (•») 

It  is  readily  shown  that  these  formulas  lead  to  the  same  results  as  before. 


7.  Acoustic  Impedance  anc'l  Mechanical  Impedance. 

The  concept  of  unit  area  acoustic  impedance  (and  admittance) 
has  arisen  in  connection  with  a  study  of  the  propagation  of  acoustic  waves 
through  a  homogeneous  medium  (water).  The  sonar  designer  is  faced 
with  another  problem,  the  interaction  between  the  water  and  acoustic  hard¬ 
ware.  In  working  with  mechanical  radiating  elements  having  a  finite  area, 
one  encounters  the  concepts  of  force  and  volume  velocity.  The  relation¬ 
ship  between  the  force  on  a  transducer  face  and  the  acoustic  pressure  of 
the  adjoining  water  is  obviously 

F  =  pA 

where  A  is  the  area  of  the  face.  The  volume  velocity,  which  is  the  total 
volume  of  water  displaced  per  unit  time  by  the  area  A,  is  uA. 
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Two  types  of  impedance  are  encountered  in  the  interaction 

pressure  p  _  3a 


acoustic  impedance  = 


volume  velocity  uA  A 


mechanical  impedance  = 


force 


K 


lr 


particle  velocity  u 


^  =  Az. 


8.  Noise  Pressure;  Equivalent  Sine  Wave  Intensity 

Acoustic  noise  is  a  random  vibration  which  may  be  considered 
as  a  composite  of  sinusoidal  waves  of  different  frequencies,  travelling  in 
different  directions.  The  frequencies  are  spread  out  over  a  continuous 
spectrum  (discussed  later),  and  in  general  the  directions  are  spread 
out  continuously  in  space.  When  a  pressure-sensitive  hydrophone  is 
placed  in  such  a  sound  field,  the  reading  it  gives  is  the  resultant  of  the 
contributions  of  all  frequencies  within  the  bandwidth  of  its  response. 

To  investigate  the  nature  of  this  process  we  shall  use  a 
simple-minded  approach.  We  shall  first  consider  two  plane  waves  of 
different  angular  frequencies,  whose  rms  pressures  are  pi  and  p2.  The 
instantaneous  pressures  will  be  denoted  by  the  symbols  pj^  and  p^  .  If  Pij.etc. 
we  restrict  our  attention  to  a  fixed  location  in  space,  the  space  coordinates 
in  the  phase  angle  will  be  constant,  and  we  may  write  the  instantaneous 
pressures  in  the  simple  form 

Pil  =/2  p2  cos  (^it  +  ^j) 

pi2  =/2  p2  cos  {Uzt  +  <J>2) 

The  square  of  the  resultant  instantaneous  pressure  is 

(Pil  +Pi2)Z  =  2rPl2  cos2  (^it  +  fy) 

+  2pip2  cos  (wjt  +  <j>)  cos  (&>zt  +  <|>2)  +  P22  cos2  (u>2t  +  <j>2)J 

In  computing  the  time  average  of  this  quantity,  we  note  that  the  square  of  the 
cosine  averages  to  while  the  cross  term  averages  to  zero  if  the  two 
frequencies  are  not  the  same.  The  latter  statement  may  be  proved  from  the 
trigonometric  identity 
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COS  (6)jt  +  <J>|)  COS  +  4*3)  =  cos 


(col  +W2)t  +  (*!  +  <f>2) 


+  cos  [(^i  -  M>2)t  +  '  ^2)] 

Both  terms  on  the  right  average  to  zero  so  long  as  u)^*  The 
resultant  mean  square  pressure  of  the  two  waves  is  therefore 

P2  =  Pi2  +  P22 

If  there  are  present  additional  waves  of  other  frequencies, 
the'  mean  square  value  of  the  resultant  of  all  of  them  may  be  computed  in 
a  similar  way,  and  all  the  cross  terms  will  average  to  zero,  leaving 


p2  =  Pi2  +  p22  +  P32  +  *  *  *  -V  ?i 


(184) 


The  rms  resultant  pressure  is  of  course  the  square  root  of  this.  Thus, 
when  waves  of  different  frequencies  are  present,  a  pressure-sensitive 
hydrophone  measures  not  the  sum  of  the  pressures  of  the  individual 
waves,  but  the  square  root  of  the  sums  of  the  squares. 

If  both  sides  of  (184)  are  divided  by  pc,  we  obtain 

eL  =  £il  +  E2l  +  +  ...  (,b) 

pc  pc  pc  pc 

The  individual  terms  on  the  right-hand  side  of  (185)  represent  the 
intensities  of  the  respective  component  waves.  If  all  these  waves  were 
traveling  in  the  same  direction,  the  sum  would  represent  the  actual 
intensity  of  the  composite  wave.  Since,  however,  this  is  not  the  case 
in  a  noise  field,  the  sum,  pz/pc,  does  not  represent  the  intensity  of  a 
real  physical  wave.  It  is  called  the  equivalent  sine  wave  intensity.  It  is 
merely  a  hypothetical  intensity  inferred  from  a  pressure  measurement. 

As  indicated  above,  a  noise  field  consists  of  waves 
traveling  in  all  directions.  If,  fpr  example,  we  had  an  ideal  transducer 
having  a  very  narrow  beam  with  no  side  lobes,  we  should  receive  a  finite 
amount  of  energy  regardless  of  how  we  orient  the  transducer.  If  the 
characteristics  of  the  noise  field  are  such  that  we  receive  the  same  amount 
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from  every  direction,  the  noise  field  is  called  isotropic.  Ambient  sea 
noise  in  the  near-surface  region  is  approximately  isotropic. 

C.  Waves  with  a  Continuous  Distribution  of  Frequencies. 

X. .  Spectra 

Many  waves  encountered  in  the  sea  are  not  simple  sine 
'waves;  they  are  complex  in  form.  As  indicated  previously,  a  complex 
wave  may  be  considered  as  made  up  of  a  large  number  of  sine  wave 
components,  each  of  a  different  frequency.  The  distribution  of  these 
components  is  called  the  spectrum  of  the  wave. 

If  the  spectrum  consists  of  a  finite  number  of  discrete 
frequencies,  i.  e..,  not  a  continuous  distribution,  it  is  called  a  line 
spectrum. 

If  the  spectrum  has  a  continuous  distribution  of  frequencies, 
it  is  called  a  continuous  spectrum.  Those  components  which  lie  between 
any  two  specified  frequencies,  fa  and  fb»  are  said  to  occupy  a  frequency 
band.  The  difference  between. the  two  frequencies,  fb  -  fa>  is  called  the 
bandwidth.  The  ratio  of  the  two  frequencies,  fb#a  is  called  the  band  ratio. 
A  band  ratio  of  fb#a  *  2  is  called  an  octave.  A  band  ratio  of  fb/fa  *  1°  is 
called  a  denary  band.  (It  is  frequently  called  a  decade,  although  a  decade 

is  properly  defined  as  a  band  whose  width  is  fb  -  fa  =  10  cps. )  A  band  ratio 

of  fb/fa  =  v2  is  called  a  one-third  octave  band. 

A  more  precise  way  of  defining  a  continuous  spectrum  is  as 

follows.  Suppose  we  had  a  hypothetical  idea  filter  whose  bandwidth  we 

could  control  as  we  desired.  Consider  first  a  line  spectrum  and  begin 

with  a  bandwidth  large  enough  to  encompass  several  of  the  discrete 

frequencies;  then  reduce  the  bandwidth  gradually.  As  soon  as  one  of  the 

frequencies  Is  filtered  cut,  we  notice  a  sudden  drop  in  the  transmitted 

power.  As  this  process  is  continued,  the  frequencies  will  be- filtered  out 

one  at  a  tims  until,  when  the  last  one  disappears,  the  power  will  suddenly 

drop  to  zero.  On  the  other  hand,  if  the  nature  of  the  spectrum  is  such  that 

as  we  reduce  the  bandwidth  the  transmitted  power  decreases  continuously, 
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so  that  as  long  as  the  bandwidth  is  finite,  no  matter  how  small,  a  finite 
amount  of  power  is  transmitted,  the  spectrum  is  a  continuous  spectrum. 
2.  Power  per  Unit  Banc;  Intensity  per  Unit  Band 

Let  Pab  be  the  power  transmitted  in  the  frequency  band 
fb  -  fa*  Then  the  power  per  unit  band  is 


Power  per  TT  lim  ^*ab  _  dP 

Unit  Band  fb  -  f ^0  fb  -  fa  "  df 


(184) 


A  curve  of  power  per  unit  band  plotted  against  frequency  for  any  given  wave 
is  called  the  spectrum  characteristic  of  the  wave. 

Similarly,  if  Iab  is  the  intensity  in  the  frequency  band  fb  -fa, 
the  intensity  per  unit  band  is 


Intensity  per 
Unit  Band  fb1-?- 


ab 


‘ 0  fb-fa 


dl 

df 


(185) 


The  intensity  per  unit  band  may  be  expressed  in  another  form. 
Recall  that  the  intensity  is  the  power  transmitted  per  unit  area  normal  to 
the  direction  of  propagation.  The  relationship  between  power  and  intensity 
is  therefore 

I  .  Urn  £  -  g  (186) 

A-*-  o 

where  A  is  the  area,  and  therefore 


J 


dU 

dA 


(187) 


The  term  "intensity  per  unit  band"  is  seldom  used  in  under¬ 
water  acoustics.  It  is  usually  referred  to  as  the  "intensity  in  a  1  cps  band.  " 
Although  from  a  practical  point  of  view  these  terms  are  considered 
equivalent,  and  nobody  worries  about  it,  they  are  fundamentally  different. 
The  intensity  in  any  band,  whether  1  cps  band  or  otherwise,  has  the 
dimensions  of  intensity,  which  is  different  from  intensity  per  cps. 

Intensity  is  related  to  intensity  per  unit  band  in  the  same  way  as  displace¬ 
ment  is  related  to  velocity.  Also,  when  the  intensity  per  unit  band  varies 
with  frequency,  there  may  be  a  difference  in  the  numerical  values  of  the 
two  quantities. 
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3.  Note  on  Units:  For  practical  measurements  the  unit  of 
energy  is  the  joule  and  the  unit  of  power  is  the  watt.  These  units  are 
defined  as  follows: 

1  joule  =  10  erg 
1  watt  =  107  erg/sec. 

These  various  quantities  are  summarized  in  the  following 

table : 


1 

Quantity 

Symbol  Relationship 

Practical  Units 

f 

r  % 

Energy 

W 

joule 

jp 

i 

>- 

Time 

t 

sec. 

Area 

A 

cm2 

[  * 
r’ 
w 

Frequency 

f 

cps 

Power 

P  =  dW/dt 

watt 

f. 

% 

Intensity 

I  =  dP/dA 

watt/cm2 

r 

Power  Unit  Band 

U  =  dP/df 

watt/cps  =  joule/cyc 

X 

p 

} 

Intensity  Unit  Band 

J  =  dl/df  =  dU/dA 

watt /cm2  cps  =  joule/cm2  eye 

The  corcept  of  "per  unit  band"  applies  only  to  a  continuous 
spectrum,  In  the  case  of  a  pure  sine  wave,  a  finite  amount  of  power  is 
transmitted  at  a  single  discrete  frequency.  In  this  case  the  power  per  unit 
band  is  infinite,  the  bandwidth  is  zero,  and  the  Product  of  the  two  is  finite. 


k  ; 


n 
*  ; 


li 


fS 

n'V  . 
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TECHNOLOGY  OF  UNDERWATER  SOUND 
(REVISED  NOTES) 

Relative  Magnitudes  and  Transmission  Loss 

Note:  All  pressures  referred  to  in  this  section  are  to  be  interpreted  as 
rms  values  and  all  intensities  as  average  values. 

*  •  Introduction 

To  introduce  the  subject,  let  us  consider  the  process  involved  in  echo¬ 
ranging.  Sound  waves  are  generated  by  a  transducer  ar  S.  Spreading  out 
from  S,  they  travel  to  a  target  located  at  T,  at  a  distance  r  away.  Some  of 
this  sound  energy  is  scattered  by  the  target.  It  spreads  out  from  T  and  a 
part  of  it  travels  back  to  the  transducer  at  S. 


in  terms  of  the  intensities  at  certain  key  points  along  the  route,  beginning  with 

the  so-called  source  intensity,  or  index  intensity,  at  a  standard  distance  of 

one  yard  from  the  source.  These  are  as  follows' 

I|  =  intensity  of  outgoing  pulse  at  1  yard  from  source 

Ir  =  intensity  of  outgoing  pulse  at  target 

I| 1  =  intensity  of  reflected  pulse  at  1  yard  from  target 

Ir'  =  intensity  of  reflected  pulse  received  at  transducer 
(echo  intensity) 


« 


$ 


) 

f 

) 

5 

l 
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To  compute  the  echo  intensity  we  begin  with  the  source  intensity  and  pro¬ 
gressively  multiply  by  intensity  ratios 


)  =  i: 


(201) 


Let  us  illustrate  with  some  typical  numerical  values. 

6.3  x  10“3  •  4.0  x  10-8  •  5.0  x  10  •  4.  0  x  10~8  =  5.0  x  10"16  (201a) 

watt/cm2  watt/cm2 

Numerical  computations  could  be  greatly  simplified  if  we  were  to 

express  (201)  in  such  a  form  that  the  answer  is  obtained  by  adding  terms 


rather  than  muitiplvinc 


i.  This  is  the  property  of  logarithms,  since 


log  a  b  =  log  a  +  log  b 

Strictly  speaking,  however,  whenever  we  are  working  with  physical  quantities, 
we  must  always  take  logarithms  of  dimensionless  ratios.  Examination  of 
(201)  or  (201a)  shows  that  we  are  starting  and  ending  with  actual  values  of 


intensity 


Ij  watt/bm2  and  lr'  watty'cm2,  The  transmission  processes 


between  the  two  are  expressed  as  dimensionless  ratios.  We  can  express 

I 

Ij  and  'Ir'  also  as  dimensionless  ratios  if  we  select  some  arbitrary  value  of 


intensity  I0,  ar.  for  example 


and  divide  (201)  by  this.  Thus 


Ip  =  1  watt/cm2 


Xi  X-  Ij'  I  '  I  ' 

<iT  <TT>-<ir)-(i7,  =  (V) 


(202) 


We  may  now  take  the  logarithm  of  (202).  However,  instead  of  working 
with  the  logarithm  directly,  it  has  become  standard  practice  to  multiply  the 
logarithm  by  10.  Common  logarithms  (to  the  base  of  10)  are  used  for  this 
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purpose.  Equation  (202)-  and  its  numerical-  example  thus. become 


1l  *r  I'l  Ir' 

10  log  - —  +10  log  —  +  10  log  - —  +  10  log  — ; 


Ir 


Lr 


Ir 

10  log  -f- 
*o 


(203) 


and  (approximately) 


-22  -74  +  17  -74  =  -153  (203a) 

The  units  in  which  equations  (202)  and  (202a)  are  expressed  are  called 
decibels.  We  shall  have  more  to  say  about  this  in  the  following  paragraphs. 


2.  Relative  Magnitudes 

The  transmission  of  power  in  acoustic  systems,  as  illustrated  by  the 
previous  example,  is  expressed  in  terms  of  ratios  of  physical  quantities. 

Once  the  actual  value  of  the  power  (or  intensity)  at  one  point  in  the  system 
is  specified,  th^  actual  values  at  other  points  can  be  obtained  by  ratios. 

Such  ratios  are  called  relative  magnitudes.  The  actual  values  of  the  quantities 
are  called  absolute  magnitudes.  * 


3.  Transmission  Loss  -  The  Decibel 

The  unit  employed  by  electrical  engineers  for  measuring  the  trans¬ 
mission  loss  in  a  power  transmission  system  is  the  decibel.  If  Pjn  is  the 
input  power  to  any  given  part  of  the  system  and  Pout  t*16  output  power 
from  the  same  part,  the  transmission  factor,  which  is  really  a  measure  of 
the  efficiency,  is  Pout/Pin*  The  transmission  loss,  N,  expressed  in  decibels, 
is  defined  in  terms  of  logarithms  to  the  base  10  as  follows: 

„„  .  _  ,  1  ...  Pin  ,  _  ,  I5  out 

N  =  10  log  - t p—  =  10  log  -  =  -  10  log  —7—  (204) 

-^out/^in  -^out  *in 

Note  that  to  obtain  the  transmission  loss  we  take  the  logarithm  of  the 


f 

i 


I! 

£  i 

a  1 


reciprocal  of  the  .transmission  factor.  A  positive  transmission  ;loss  means 
that  the  output  power  is  less  than  the  input  power. 

The  ratio  r  corresponding  to  one  decibel  is 

10  log  r  =  1  decibel  (db) 
or 

r  = 100*1  =  1.2589  (205) 

The  relationship  between  ratios  and  decibels  is  illustrated  in  the  following 
table : 


Ratio 

% 

£b 

Ratio 

1 

0 

0 

1 

2 

Y 

3.01 

3 

1,995 

3 

4.77 

6 

3.981 

4 

6.02 

10 

10. 

5 

6.99 

13 

19.95 

10 

10. 

16 

39.81 

20 

13.01 

20 

100. 

50 

16.99 

23 

199.5 

100 

20. 

26 

398.1 

200 

23.01 

30 

1000. 

etc. 


etc. 


Although  it  is  convenient  to  express  any  ratio  in  terms  of  10  times  the 
logarithm,  the  name  decibel  is  properly  applied  only  to  ratios  of  energy, 
power,  and  related  quantities,  such  as  intensity,  power  per  unit  band,  and 
intensity  per  unit  band.  In  certain  specific  cases  this  application  can  be 
extended  somewhat.  For  example,  the  acoustic  intensity  can  be  expressed 
as  p^/pc.  The  ratio  of  two  intensities  Ij  and  I2  is 

lL  -  P2/p2  c2 

’I  ' 

1/pl  C1 

So  long  as  we  are  dealing  with  sea  water  where  changes  in  p  and  c  are  rela¬ 
tively  small,  the  specific  acoustic  impedance  may,  for  intensity  computations, 
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pressure  ratio,  we  must  use  20  log  (pressure  ratio),  because  the  intensity 
is  proportional  to  the  square  of  the  pressure.  Remember  also  that  these 
formulas  do  not  appiy  to  the  transmission  of  sound  across  boundary  between 
two  media  having  different  values  of  pc,  such  as  water  and  air. 

It  should  be  noted  that  the  concept  of  the  decibel  has  physiological 
significance,  because  the  response  of  the  eye  and  ear  to  changes  in  light  and 
sound  intensity  is  logarithmic. 

There  is  no  generally  accepted  terminology  for  expressing  10  log  of- 
ratios  in  general.  Dr.  J.  W.  Horton  in  his  book.  Fundamentals  of  Sonar, 
suggests  the  name  logit.  For  example,  suppose  we  wished  to  consider  the 
ratio  of  two  frequencies,  fj  =  20,  000  cps  and  £%  =  1000  cps.  Then  we  would 
say 

10  log  %  =  10  log  =  10  log  20 

=  13  frequency  logits 

Similarly,  for  the  ratio  of  tW<?  velocities,  Vj  =  30  knots  and  v ^  =  10  knots, 
we  would  say 

v2  30 

10  log  =  10  log  —  =4.8  velocity  logits 


In  these  notes  we  shall  rarelytuse  the  term  logit.  We  shall  from  tim'e_to  time 
have  occasion  to  work  with  logarithms' of  bandwidth  (frequency)  ratios,  and 
since  these  will  be  associated  with  intensity  computations,  we  shall  follow 
the  common  practice  of  calling  them  decibels. 

4.  Transmission  Level 

The  concept  of  transmission  less  is  associated  only  with  a  ratio  of 
transmitted  powers;  it  says  nothing  about  the  absolute  magnitude  of  either 
power-  If  we  wish  to  specify  the  actual  power  at  any  point  in  the  system, 
we  must  select  some  arbitrary  reference  value  and  work  with  the  ratio  of 
the  actual  power  to  the  reference  power.  For  example,  suppose  the  power 
at  some  point  in  an  electrical  transmission  system  is  P  watts  and  the 
reference  value  is  PQ  watts.  Then  the  actual  i/alue  of  P  is  expressed  in 
terms  of  a  ratio  in  the  following  manner 

F-=(~-)P0  watts  (208) 

“  o 

Equation  (208)  says  that  the  actual  power  P  is  greater  (cr  less)  than  the 
reference  value-  PQ  by  a  factor  (P/!P0),  When  the  power  at  this  point  is 
expressed  in  decibel  notation,  it  is  called  the  transmission  level  or  power 
level  and  is  written  as  follows: 

L  =  10  log  —  db//P0  watts  (209) 

*o 

where  L  is  the-pbwer  level  corresponding  to  P  watts.  We  use  a  double 
slant  line  in  this  application  to  indicate  that  the  symbol  following  it  denotes 
the  reference  value  on  which  the  ratio  is  based. 


Similarly,  if  we  wish  to  express  an  intensity  I  in  watts/crn2  relative  to 
a  reference  intensity  ID  watts /cm2,  we  write  • 


I  =  (r)Io  vw.tr  s /cm2 
In 


(210) 


L  =  10  log  —  db//lQ  watts /cm2 
In 


(2U) 


In  this  case  the  level  is  called  an  intensity  level. 

To  illustrate  this  concept,  let  us  return  to  the  example  in  section  i  above. 
Note  that  in  (201)  and  (201a)  the  ir>d°"  intensity  Ij  and  the  echo  intensity  I-J. 
appear  as  ab<=^luLo  values,  whereas  the  other  factors  appear  only  as  intensity 
ratios.  In  order  to  express  this  equation  in  decibel  form,  we  first  divided 
both  sides  by  the  reference  intensity  Io  watts/cm2,  as  shown  by  (202),  and  then 
took  logarithms,  obtaining  (203),  The  numerical  values  shown  in  (203a)  are 
based  on  IQ  =  i  watt/cm2. 

The  first  term  is  an  intensity  level 

,  1  A  1  ^1  _  .  t  ?  .r. 


LJ  =  10  log 


-2  2db  //watt  /cm2* 


The  other  terras  on  the  left  are  pure  loss  terms  and  are  expressed  simply  as 
db  (no  reference).  Thus,  for  the  outgoing  wave  the  transmission  loss  is 

N  =  -10  log  =  -10  log  (4  x  10  “8)  =  +  74  db 
(Note  that  in  the  sonar  equation  the  loss  is  subtracted  from  the  source  level. ) 
Finally,  the  term  on  the  right  side  of  the  equation  is  an  intensity  level 

Lr'  s  10  log  {—■)  -  -133  db//v;att/cm2 
Io 

Note  also  that  in  an  algebraic  equation  such  as  (201a)  the  units  must 
balance;  watts/cm2  on  the  reft  must  equal  watts /cm.2  on  the  right.  Similarly, 
in  the  decibel  equation  (203a)  the  units  of  the  reference  must  balance.  There 


*  When  the  number  of  units  is  not  specified  for  the  reference,  it  is  under¬ 
stood  to  be  one,  just  as  in  algebra  x  stands  for  lx.  Thus,  db//watt/cm2 
signifies  db//l  watt/cm2. 
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is  one  term  on  the  left  with  a  reference  in.  watts/cm2,  and  one  term  on  the 
right  vith  a  similar  reference.  All  other  terms  are  purely  relative.  In 
other  words,  a  leveL'inust  equai  a  level. 

In  the  above  example  we  may  find  the  level  at  any  intermediate  point  in 
the  system.  For  example,  at  the  point  where  the  outgoing  wave  strikes  the 
target  the  intensity  is 

Ir  =  6.3x10"^  •  4.0x10"®  =  2. 5  x  10"*®  watt/cm2 

and  the  intensity  level  is 

I_  7  5  v  1Q“10 

L„  =  10  log  =  10  log  - - - =  -  96  db//l  watt/cm2 

r  lo  1 

This  same  result  can  be  obtained  more  simply  by  starting  with  the  source 
level  and  subtracting  the  transmission  loss.  Thus 

Lj.  =  -22  db //i  watt/fcm2  -  74  db 
=  -96  db//l  watt/cm2 

In  fact,  the  intensity  level  at  any  point  in  the  system  can  be  obtained  by 
starting  with  the  source  level  and  progressively  subtracting  losses  up  to 
that  point. 

5.  Sound  Pressure  Level 

Most  acoustic  measurements  are  made  with  pressure-sensitive  hydro¬ 
phones  and  are  expressed  units  of  pressure  (microbars).  For  this  reason 
it  has  become  the  usual  practice  in  underwater  acoustics  to  refer  levels 
to  a  pressure  of  one  microbar  (although  some  measuring  instruments  are 
calibrated  in  terms  of  0.0002  microbar).  If  we  let  pQ  represent  the 
reference  pressure,  then  from  (207)  we  see  that  the  level  is  expressed  as 
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L  =  20  log  S-  db//|>0  (lb  (212) 

Po 

A  level  expressed  in  this  manner  is  called  a  sound  pressure  level.  For  a 
single  plane  wave  traveling  in  a  single  direction,  sound  pressure  leyel  and 
intensity  level  are  equivalent  and  can  be  converted  from  one  to  the  other  by 
adding  or  subtracting  the  proper  number  of  decibels.  In  more  complicated 
noise  fields,  as  has  been  pointed  out  earlier,  the  pressure  measured  by  a 
hydrophone  is  in  many  instances  the  resultant  pressure  due  to  many  waves 
traveling  in  different  directions,  and  the  intensity  p2/pc  computed  from  this 
pressure  does  not  represent  an  actual  energy  flow  in  any  one  direction.  It 
is  termed  an  ^equivalent"  intensity  (equivalent  to  the  intensity  of  a  single 
hypothetical  wave  having  the  same  pressure).  In  such  a  sound  field  the  rela¬ 
tion  between  the  sound  pressure  level  and  the  equivalent  intensity  level  is  to 
be  interpreted  in  the  same  manner. 

It  is  interesting  to  note  that  in  air  acoustics  the  reference  used  for 
intensity  levels  is  10”^®  microwatt/cm2  (or  10"9  erg/cm2sec),  while  the 
reference  for  sound  pressure  level  is  0.0002  dyne/fcm2  (or  microbar).  Since 
the  specific  acoustic  impedance  of  air  under  standard  conditions  is  pc  =  4?. 
specific  acoustic  ohms,  the  intensity  corresponding  to  this  pressure  is 

El  =  1-  °^2J!  =.  0.95  x  10"9  erg/cm2  sec 
pc  42  ° 

The  two  references  are  thus  almost  identical. 

In  underwater  acoustics,  levels  are  almost  never  referred  to  intensity 
units.  They  are  commonly  expressed  as  sound  pressure  levels,  usually 
referred  to  a  pressure  of  one  microbar,  and  occasionally  0,0002  microbar. 
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The  latter  is  rather  widely  used  iu  reporting  radiated  noise  measurements 
of  ships,  apparently  because  the  measuring  equipment  is  calibrated  that 
way.  The  .0002  pb  reference  is  a  carry-over  from  air  acoustics. 

6.  Note  Regarding  the  Pressure  Reference 

Although  the  practice  of  referring  transmission  levels  to  pressure  units 
is  widely  used,  it  leads  to  some  confusion  --  or  at  least  to  some  pedagogical 

problems  --  when  extended  to  the  concept  of  spectrum  level  (which  will  be 

,  ,  ,  .  ,  r&f  sf-td-rn*  ievtl 

discussed  below).  It  turns  out  that  the  pressure  reference's  applied  to  a 

physical  quantity  which  is  not  pressure  at  all,  but  something  different. 

In  the  discussion  which  follows  we  shall  point  out  this  difficulty  and  shall 

overcome  it  by  using  a  slightly  different  notation  which,  although  more 

complicated,  reflects  more  accurately  the  physical  concepts  involved. 

Since  the  actual  energy  flow  in  an  acoustic  wave  is  proportional  to  the 

square  of  the  pressure,  it  is  more  logical  to  work  in  units  of  p2  than  p, 

and  equation  (212)  is  more  logically  expressed  in  the  form  ’ 

L=  10  log  ^  db/Mnb2  (213) 

For  a  reference  pressure  of  1  pb,  we  are  expressing  intensity  levels  in 

decibels  referred  to  1  ^b2 

The  only  difference  thus  far  is  that  we  use  l  p,b2  in  place  of  I  pb.  No  other 
change  is  involved.  The  number  of  decibels  is  the  same. 


7.  Change  of  Reference 

When  the  same  level  (i.  e. ,  the  level  corresponding  to  the  same  actual 
intensity)  is  expressed  in  decibels  referred  to  different  references,  it  will 
have  different  numerical  values.  To  change  from  one  level  to  another  we 
must  add  or  subtract  a  constant. 

Let  us  consider  the  change  from  1  pb  to  0.0002  pb.  Suppose  the 
pressure  is  1  pb.  Then  the  level  referred  to  1  pb2  is 

L|  =  10  log  j  =  0  db//l  pb2  (214) 

and  the  level  referred  to  (0.  0002  pb  )2  is 

Ij.  0002  pb  =  10  log  (T0002F 

=  74  db//(.0002  pb)2*  (215) 

From  this  we  see  that  levels  expressed  in  db//(.Q002  pb)2  are  74  db  higher 
than  levels  expressed  in  db//l  pb2.  (The  1  in  front  of  pb2  may  be  ignored. ) 

A  level  of,  say^  10  db//pb2  would  be  equivalent  to  a  level  of  84  dby/(.  0002  pb)2. 

Next,  let  us  consider  the  change  from  1  pb2  to  1  watt/cm2.  In  sea  water 
with  a  specific  acoustic  impedance  of  154,000  ohms  the  intensity  correspond 
ing  to  one  microbar  is 

I  =  ^  =  T5T000  5xl0"6  erg/cm*  sec  (216) 

-  6.  5  x  10" I3  watt/cm2  (216a) 

The  reference  intensity  is 

I0  =  1  watt/cm2 
so  that  the  level  corresponding  to  0  db//pbz  is 

Lw/cmJ  =  10  log  ~  =  10  log  (6.  5  x  10-13) 

*  -  121.9  db/Avatt/cm2 


(217) 


Levels  referred  to  1  watt/fcm2  are  approximately  122  db  lower  than  levels 
referred  to  1  pb2. 


8.  Spectrum  Level;  Band  Level 

The  energy  distribution  in  a  continuous  spectrum  is  described  in  terms 
of  the  intensity  per  unit  band,  J,  which  we  have  defined  as  the  rate  of  change 


of  intensity  with  frequency 


(219) 


In  terms  of  watts,  J  has  the  dimensions  watfc/fem2  cps  (or  its  equivalent, 
joule/fcm2  cycle).  The  decibel  equivalent  of  intensity  per  unit  band  is  called 


the  spectrum  level,  Ls.  It  is  defined  by  the  relation 


Lg  =  10  log  db//jD 


(220) 


If  J  is  expressed  in  the  units  indicated  above,  the  logical  reference  value  is 

JQ  =  1  watt/cm2  cps 

To  A  the  relation  between  spectrum  level  and  intensity  level,  we  see 
that  the  amount  of  energy  being  propagated  depends  upon  the  range  of 
frequencies  involved,  that  is,  upon  the  bandwidth.  The  intensity  I  in  a 


band  of  frequenpies  from  fa  to  f^  is  obtained  by  integrating  J.  Thus 

fb 

I  =  5  J  df 

fa 


(221) 


For  the  present  let  us  make  the  simplifying  assumption  that  J  is  constant, 
so  that 


where 


I  =  J  (4  -  "  JW 


W  *  fjj  -  £a  =  the  bandwidth 


(222) 
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If  J  is  not  constant,  we  could  use  an  average  value  over  the  band  in  (222). 
The  intensity  in  a  band  is  thus  the  product  of  the  intensity  per  unit  band 
and  the  bandwidth.  The  reference  quantities  are  related  by  the  equation 

T0  =  Jo  wo 

If  we  select 


IQ  =  1  watt/cm2 

and  JQ  =  1  watt/cm2  cps 

we  see  that  WQ  =  1  cps 

A  dimensionless  equation  is  obtained  by  dividing  by  the  reference  values 


The  corresponding  levels  are 

10  log—  =  10  log  ■—  +  10  log  rjp 
±o  J  o  w  o 

or,  since  WQ  has  a  numerical  value  of  1, 

L  =  Ls  +  10  log  W  (223) 

In  the  above  expression  L  is  the  band  level,  or  intensity  level  in  the  band 
of  width  W.  Strictly  speaking,  the  term  10  log  W  should  be  expressed  in' 
frequency  logits//l  c.ps,  but  it  is  usually  expressed  simply  in  decibels. 

In  the  preceding  discussion  we  have  defined  the  various  physical 
quantities  in  terms  of  watts  and  have  carefully  avoided  the  use  of  microbars. 

ti  a 

We  must  now  return  to  the  real  world.  By  virtue  ol  the  relation 

i  =  ~ 

pc 

the  intensity  in  any  band  is  proportional  to  the  square  of  the  pressure  in  that 
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band.  This  is  true  for  any  number  of  small  bands  which  make  up  a  large 
band.  If  we  were  to  measure  the  pressures  pj,  pg,  Pg  ...»  in  each  of 
the  small  bands,  and  the  resultant  pressure  p  in  the  large  band,  we  should 


find  that 


P2  =.  Pj  +  PZ2  +  P2  + 


If  we  were  to  break  up  the  largo  band  into  more  and  more  bands  of  smaller 
and  smaller  bandwidth,  we  should  ultimately  arrive  at  the  concept  cf 
(pressure)2  per  unit  bandwidth,  and  this  quantity  would  be  proportional  to 

the  intensity  per  unit  bandwidth,  as  indicated  by  the  following  equation. 

_  (pressure)2  per  unit  band  (224) 

pc 

Urfortunately  this  quantity  does  not  appear  to  have  any  official  recognition 

and  no  symbol  exists  for  it,  but  nevertheless  it  is  the  fundamental  basis 

upon  which  spectrum  levels  (when  expressed  in  terms  of  microbars)  rest. 

sf- 

For  pressures  measured  in  microbars  the  unitsAare  p,b2/cps.  Thus,  the 
pressure  equivalent  of  equation  (222)  is 


p2  =  ^(pressure)2  per  unit  band]*W 


and  the  units  are 


pb2  =  (nb2/cps)*cps 

On  the  basis  of  the  above  discussion,  we  see  that  intensity  levels  should 
be  expressed  in  db//p,b2  and  spectrum  levels  in  db/%ib2/cps,  and  they  are 
related  to  each  other  by  equation  (223),  which  is  reproduced  below  with  the 


reference!  specified. 


L  db//iib2  =  Ls  db//;b2/cps  +  10  log  W 


(223a) 
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In  most  of  the  literature  on  underwater  acoustics  both  intensity  levels 
and  spectrum  levels  are  expressed  simply  as  db//{ib.  Although  the 
meaning  of  these  symbols  is  understood  by  workers  in  the  field,  and  the 
objection  to  them  is  probably  not  serious  enough  to  justify  a  change,  they 
are  nevertheless  sloppy  and  can  be  confusing  to  newcomers.  It  is 
encouraging  to  see  the  more  precise  notation  being  used  by  a  few  writers. 

The  same  conversions  apply  to  spectrum  level  as  to  intensity  level, 
namely 

Ls  db//(.  0002  n,b)2/cps  =  Ls  db//{ib3^pf  f74  db  (226) 

Ls  db// watt/ cm2  cps  =  Ls  db/^ib^  — 121. 9  db  (227) 


9.  Band  Level  Correction 

In  the  preceding  discussion  of  spectrum  level  and  band  level  we  made 
the  assumption  that  the  intensity  per  unit  band,  J,  is  constant  over  the 
band  or,  if  not,  we  assumed  we  knew  the  average  value.  In  real  noise 
fields  J  is  not  constant,  nor  is  its  average  value  accurately  known.  The 
normal  practice  is  to  use  the  value  Jm  at  the  geometric  mean  of  the  upper 
and  lower  frequencies  of  the  band;  that  is,  at  the  frequency  fm  such  that 

fm  =  (228) 


where  b  and  a  refer  to  the  upper  and  lower  frequencies,  respectively. 

One  does  not  use  the  actual  J,  of  course,  but  the  corresponding  spectrum 
level.  For  example,  if  in  equation  (223)  we  wished  to  compute  the  intensity 
level  in  a  band  from  1  to  3  kc,  we  should  use  the  spectrum  level  at  a 


frequency  of 


fm  "  /TSTS  =  1,73  kc 
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aK‘3aw^s»s»- 


If  the  spectrum  level  at  this  frequency  were  t35  db//(ib2/cps,  the  intensity 
level  in  the  band  would  be 

L  =  -35  +  10  log  2000  =  -2  db/yfib2 
Although  this  procedure  is  sufficiently  accurate  for  most  practical 
applications,  it  is  in  general  only  an  approximation,  as  we  shall  now  show. 
Over  most  bands  of  practical  interest,  J  can  be  considered  as  varying  with 
some  constant  power,  n,  of  the  frequency.  Ambient  sea  noise,  for  instance, 
varies  as  the  -1.7  power  over  a  wide  range  of  frequencies.  Let  Ja,  J^, 
and  Jm  denote  the  values  of  J  at  frequencies  fa,  fjj,  and  fm.  The  relation 
between  J  and  f  may  then  be  expressed  in  the  form 


f  *  <  r>n 

Ja  *a 

The  average  value  of  J  over  the  band  from  fa  to  ffc,  is 


(229) 


J  = 


- 5 _  f  fn  df 

.{,)£  n  J  1  ai 
Aa )  Aa  f 
Aa 


which  integrates  to 


J  = 


(£b 

Ja  (£bn+i~£anil) 
(n+  l)(fb  “  fa)  fan 


if  n  -1 


or 


Ja  fa  ,  fb  . 

logP  (  7~)  ^  n  =  _1 


£b-U 


The  value  cjf  Jm  t's  found  \>y  w  (22.9,) 


J, 


£mn 

£an 


(230) 
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To  simplify  the  writing,  let 


(231) 

(232) 

(233) 


2 


t 


K=/f^Ja. 

so  that  =  K  fm 

and  fa  =  £tn/& 

Substituting  (230),  (232)  and  (233)  into  the  expressions  for  J,  we  obtain 

«"*-*  <-> 

or 

J  =  Jm[^Tl  *  2i°geK]  if  n  =  -1  (235) 

The  factor  in  brackets  represents  the  correction  which  must  be  applied 
to  Jm  to  obtain  the  correct  average  value  J.  Let  this  factor  be  called 
F(K,  n)*  and  let  the  spectrum  level  at  the  mean  frequency  fm  be  called  1^, 
Then  the  band  level  equation  (223)  becomes 

L  =  Lm  +  10  log  W  +  10  log  F  (K,  n)  (236) 

The  last  term,  10  log  F(K,  n),  is  called  the  band  level  correction.  The 
correction  is  zero  when 

n  =  0  or  -  2 

as  may  be  verified  by  substitution  in  (234),  The  condition  n  =  0,  of  course, 
corresponds  to  J  =  constant.  The  correction  function  10  log  F(K,  n)  has 
been  plotted  by  Horton  in  Fundamentals  of  Sonar.  The  value  of  n  for  most 
noise  sources  lies  between  0  and  -3 ^  ahd  if  the  bandwidth  does  not  exceed 
an  octave  or  so,  the  band  level  correction  amounts  to  less  than  one  decibel. 
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10.  Source  Level;  Index  Level 


?.  '  '  :  ? 


In  underwater  acoustic  systems  the  magnitude  of  the  acoustic 
output  of  a  bound  source  is  specified- ih  terms  of  the  intensity  at  a  standard 
distance  iOfvtone  yard  from  the  soured.-  This  is  known  as  the  source  intensity, 
or  index  intensity  of  the  source.  The1  corresponding  transmissionvlevel  is 
called  the  source  level  or  index  level. 

For  the  present  we  shall  limit  the  discus siemto  omnidirectional 
sources,  that  is,  sources  which  radiate  equally  in  all  directions,  so  that 
the  intensity  has  a  uniform  value  over  the  entire  surface  of  any  small 
sphere  surrounding  the  source.  Let  P  denote  the  total  power  in  watts 
radiated  by  the  source,  Ij  the  source  intensity  in  watts/cm2,  and  rj  the 
standard  1  yard  reference  distance,  expressed  in  cm.  Then  if  the  source 
is  a  point  source  (or  if  its  dimensions  are  very  much  less  than  ons  yard), 
the  intensity  is  equal  to  the  ratio  of  the  power  to  the  area  of  a  sphere  of 
radius  ri  (see  equation  (145)).  Thus 

I,  .  4T£r  (237) 

Substituting  the  numerical  value  of  rj,  i.e. , 

X 

rj  =  1  yd  =  91 . 44  cm, 
into  (237)  yields  for  the  source  intensity 

II  =  4~~ =  0.  952  x  10"5P  waty&m2 
The  source  level  S0  for  an  omnidirectional  source  is 


(238) 


S  =  10  log—  (ID.  =  1' watt/cm2) 

SD  =  10  log  P- 50.  2  db//watt  cm2 
To  convert  to  db//(ib2  we  add  121. 9  db,  obtaining 

S0  =  10  log  P+  71.7  db/Aib2  (239) 

The  above  formulas  for  SQ  apply  only  to  omnidirectional  sources.  The 
modifications  required  for  directional  sources  will  be  derived  later. 

Even  though  these  results  were  derived  for  point  sources,  they  may 
be  applied  to  extended  sources  as  well,  so  long  as  their  significance  is 
understood.  The  concept  of  source  level  is  concerned  with  the  process  of 
describing  the  flow  of  energy  from  a  source  to  a  distant  receiver.  At 
distances  of  many  hundreds  or  thousands  of  yards,  the  waves  from  even  a 
large  source  appear  to  be  spreading  out  from  a  point.  The  standard  reference 
distance  is  to  be  interpreted  as  being  one  yard  from  this  apparent  point  source. 

Note  on  the  Bandwidth  of  a  l/i  Octave  Band 

The  bandwidth  of  any  band  may  be  expressed  in  terms  of  the  geometric 
mean  frequency  fm  and  the  ratio  K  by  subtracting  (233)  from  (232). 

W  =  fb-fa  =  (K-i)fm  (240) 

K  V, 

The  value  of  K  for  a  i/3  octave  band  is  2  0  and  the  bandwidth  is 

V,  -U 

W  =  (2  3  ~  2  /3)fm  =  0.2316  fm  (241) 

or 

10  log  W  -  10  log  fm  -  6.4  db  (242) 
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TECHNOLOGY  OF  UNDERWATER  SOUND 
(REVISED  NOTES) 


The  Propagation  of  Underwater  Sound 


r 

£  > 


A.  Propagation  Loss 
1.  Definition 

The  flow  of  acoustic,  energy  from  a  source  to  a  receiver  is 
described  in  terms  of  the  intensity  at  a  standard  distance  of  one  yard  from 
the  source,  and  the  reduction  in  intensity  between  this  point  and  the  receiver. 
The  transmission  level  corresponding  to  the  source  intensity  is  called  the 
source  level  and  has  been  discussed  earlier.  The  transmission  loss 
corresponding  to  the  reduction  in  intensity  between  the  reference  point  and 
the  receiver  is  called  the  propagation  loss. 

If  Ij  denotes  the  source  intensity  and  I  the  intensity  at  any 
distant  point,  the  propagation  loss  to  that  point  is 

Nw  =  10  log  (301) 

The  level  L  at  the  distant  point  is  obtained  by  subtracting  the  propagation 
loss  from  the  source  level  SQ» 


I'  a 

b  l 


I 

i 


L  =  SQ  -  Nw  (302) 

It  should  be  noted  that  the  choice  of  the  standard  reference 
distance  Is  purely  arbitrary  and  in  no  way  affects  the  value  of  the  intensity 
level  at  the  distant  point.  The  choice  of  one  yard  is  convenient  because 
ranges  are  customarily  measured  in  yards  (or  thousands  of  yards).  If  a 
different  reference  distance  were  chosen,  the  numerical  values  of  both  the 
source  level  and  the  propagation  loss  would  be  changed  by  the  same  amount. 
For  example,  if  a  distance  of  10  yards  were  selected  for  the  reference,  the 
intensity  at  10  yards  would  be  l/i00  as  large  as  the  intensity  at  1  yard 
(inverpe  square  law).  The  source  level  would  thus  be  20  db  smaller,  but 
the  propagation  loss  would  also  be  20  db  smaller,  so  that  the  difference 


t 


i 

,  i 


70 


between  the  two,  which  gives  the  level  at  the  distant  point,  would  remain 
unchanged.  A  reference  distance  of  1  meter  is  sometimes  used  in  scientific 
work. 

2.  General  Discussion 

The  propagation  loss  is  affected  by  a  number  of  factors,  of 
which  one  of  the  most  important  is  the  spreading  loss.  As  the  waves  spread 
out  from  a  source,  the  surface  across  which  the  energy  is  being  propagated 
becomes  larger  and  larger.  Even  if  no  energy  is  lost  by  absorption  or 
scattering,  the  energy  becomes  diluted  as  it  spreads  over  larger  and 
larger  areas,  and  the  intensity  is  correspondingly  reduced.  Near  a  source 
the  spreading  is  spherical  and  the  intensity  is  proportional  to  the  inverse 
square  of  the  distance.  At  larger  distances  the  spreading  is  affected  by 
refraction,  which  causes  the  rays,  or  paths  along  which  Jhe  waves  travel,  to 
curve.  Refraction  is  capable  of  producing  drastic  changes  in  the  spreading 
loss,  including  focusing  effects  and  shadow  zones.  This  phenomenon  will  be 
discussed  in  a  later  section. 

A  second  factor  affecting  propagation  loss  is  the  attenuation 
loss.  Attenuation  usually  refers  to  a  gradual  loss  of  energy  from  the  wave 
as  it  moves  through  the  medium.  Attenuation  is  caused  both  by  absorption 
and  scattering.  Absorption  refers  to  the  process  of  converting  acoustic 
energy  into  heat  and  is  associated  largely  with  frictional  effects.  Scattering, 
as  the  name  suggests,  refers  to  the  process  whereby  objects  in  the  water 
(bubbles,  marine  life,  or  other  foreign  particles)  cause  a  portion  of  the 
energy  in  a  wave  to  be  deflected  in  various  directions  in  the  form  of 
incoherent  radiation  and  thereby  rendered  useless.  The  processes  included 
ur.der  the  heading  of  attenuation  normally  possess  the  characteristic  that  the 
rate  of  loss  per  unit  distance  traveled  is  proportional  to  the  amount  of 
intensity  present,  and  this  leads  to  the  familiar  exponential  decay  law.  The 
attenuation  loss  is  dependent  upon  the  acoustic  frequency  and  is  very  severe 
at  high  frequencies. 
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Propagation  loss  is  also  affected ’by  reflection  from  the 
surface  and* bottom  of  the  ocean.  This  process  is  more  correctly  described 
as  scattering,  since  when  a  sound  wave  impinges  on  either  of  these  bound¬ 
aries,  a  certain  amount  of  energy  is  scattered  in  all  directions.  Usually, 
however,  the  greater  part  of  the  scattered  energy  is  scattered  forward  in 
the  direction  of  specular  reflection  (angle  of  reflection  equal  to  angle  of 
incidence).  Multiple  reflections,  especially  in  shallow  water,  tend  to  produce 
cylindrical1  spreading  at  ranges  appreciably  larger  than  the  water  depth. 

There  is  a  propagation  loss  associated  with  each  reflection 
from  the  ocean  boundaries.  This  loss  is  due  in  part  to  the  scattering  of 
sound  in  other  directions  and  in  part  to  transmission  of  a  portion  of  the  energy 
into  the  adjoining  medium.  The  reflection  loss  at  the  surface,  which  is  due 
almost  entirely  to  scattering,  is  influenced  by  the  roughness  of  the  surface 
and  is  therefore  a  function  of  the  sea  state.  It  tends  to  be  rather  small, 
of  the  order  of  1  db  or  so  under  most  conditions.  The  bottom  loss  is  strongly 
affected  by  the  nature  of  the  bottom,  the  angle  of  incidence,  and  the  acoustic 
frequency.  Hard  bottoms,  such  as  sand  and  rock,  are  good  reflectors.  Soft 
mud  is  a  poor  reflector.  Roughness  causes  losses  due  to  increased  scattering. 
Bottom  losses  are  usually  small  at  angles  of  incidence  near  grazing  but  in¬ 
crease  rapidly  at  steeper  angles.  Beyond  20  to  30  degrees  they  tend  to  level 
off.  The  loss  increases  with  increasing  frequency.  Bottom  losses  can  be 
quite  severe  -  sometimes  as  much  as  20  db. 

The  reflection  loss  at  a  boundary  causes  a  discrete  jump  in  the 
propagation  loss.  It  is  a  lump-sum  item  which  is  added  to  the  propagation 
loss  each  time  a  reflection  occurs.  However,  in  shallow  water  and  in  long- 
range  transmission  of  low  frequency  sound,  where  a  large  number  of 
reflections  occur,  the  discrete  losses  are  practically  equivalent  to  a 
continuous  attenuation  process  and  are  often  treated  as  such. 
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3.  Spreading  Loss 

In  this  paragraph  we  shall  consider  only  the  ideal  cases  of 
spherical  and  cylindrical  spreading,  postponing  a  discussion  of  the  effects 
of  refraction  until  a  later  section.  For  spherical  waves  the  intensity  is 
inversely  proportional  to  the  square  of  the  distance  from  the  source.  Let 
Ij  represent  the  source  intensity  at  the  standard  distance  rj  (=  1  yard),  and 
let  I  represent  the  intensity  at  any  distance  r  (normally  hundreds  or  thousands 
of  yards). 


Then  by  the  inverse  square  law  the  intensity  ratio  is 
I  _  rj2 

h~  p~ 

and  the  spreading  loss  is 

I 
N 


(303) 


1 


fspr  =  10  loS  —  =  20  log  — 


If  r  is  measured  in  klloyards  (thousands  of  yards),  then 
Tj  =  10"3  kyd 

and 

Nspr  =  60  +  20  log  r  db  (304) 

Note  that  spreading  loss  (and  propagation  loss  as  well)  involves 
merely  a  ratio  cf  two  quantities  and  is  therefore  expressed  simply 
in  decibels  without  any  reference. 


Under  certain  conditions  the  propagation  of  sound  in  the  ocean 
can  be  represented  fairly  well  with  a  model  in  which  the  spreading  is 
spherical  out  to  some  range  an<*  cylindrical  beyond.  For  a  cylindrical 
wave  the  intensity  varies  inversely  as  the  first  power  of  the  distance.  If 
It  is  the  intensity  at  the  range  and  I  is  the  intensity  at  fee  range  r 
(>  r-,),  then 


I? 

fc* 

h 


and  5-  =  — 
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so  that 


and  the  spreading  loss  is 


L2  r2 


li  -  lL 

r  r  or 


Nspr  =  20  lo§—  +  10  lo§ 
or,  if  the  ranges  are  expressed  in  kiloyards, 


NSpr  =  60  +  10  log  r^  +  10  log  r  db  (305) 


4.  Attenuation  Loss 

In  the  attenuation  process  the  loss  .of  intensity  dl  which  occurs 
when  the  wave  traverses  a  distance  dx  is  proportional  to  dx  and  to  the 
existing  intensity  I.  For  a  plane  wave  traveling  in  the  x  direction  the 


reduction  is 


dl  =  -  a'  I  dx 


where  a!  is  a  constant  of  proportionality.  This  differential  equation  solves 
to 

loge  I  =  -  a'  x  +  constant 

The  constant  of  integration  may  be  evaluated  if  we  know  the  intensity  Ij  at  a 
fixed  point  xj.  Thus 

logg  =  -  a'  (x  -  Xj)  (306) 


I  -  a'  (x  -  x  i ) 

or  —  =  e  1 

h 

The  intensity  decays  exponentially  with  the  distance  traveled. 
The  attenuation  loss  between  xj  and  x  is 

Nait  =  10  log 


(307) 


(308) 


where  the  logarithm  is  taken  to  the  base  10.  The  change  of  base  is  accom¬ 
plished  by  the  well-known  formula 
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■  h  l«  if 

l°glO  ~  =  ^loSiO  e)  (ioSe  Y~ )  s  °*434  lo8e  f 


(309) 


Therefore,  combining  (306),  (308),  and  (309) 
Natt  =  (i0  loSiQ  e)lo8e  J~ 


=  4. 34  a'  (x  -  xj) 


Let 


a  =  10  a1  log10  e  =  4.34  a'  (310) 

Then  the  attenuation  loss  is 

Natt  *  a  (x  "  xl)  (3il) 

The  coefficient  a  is  called  the  attenuation  coefficient.  It  is  usually  expressed 
in  decibels  per  kiloyard,  db/kyd.  The  distance  x,  of  course,  must  be 
expressed  in  kyd. 

Although  (311)  was  derived  for  plane  waves,  it  may  be  applied 
with  negligible  error  to  spherical  or  cylindrical  waves  in  the  ocean. 

5.  Combined  Loss  -  Spreading  plus  Attenuation 

Although  we  have  treated  spreading  and  attenuation  separately, 
both  effects  are  present  together  in  the  propagation  of  waves  in  the  ocean. 

If  the  index  intensity  is  Ij  at  the  standard  reference  distance  r^,  the  intensity 
of  a  spherically  spreading  wave  at  distance  r  is  obtained  by  combining  (303) 
and  (307) 

t  rr  _«t  \ 

(312) 


_I_ 

h 


rl  e  -a'  (r  -  rx) 
r2 


The  corresponding  propagation  loss  is  ^ 

Nw  =  10  log  j- 

Nw  =  60  +20  log  r  +  a  (r  -  rj) 

In  the  usual  applications  to  underwater  acoustic  systems  we  are  concerned 
with  propagation  over  distances  of  the  order  of  one  or  more  kiloyards.  Since 
the  reference  distance  r^  is  only  one  yard  or  0,001  kyd,  it  may  usually  be 
neglected  in  comparison  with  r.  Therefore,  for  practical  purposes  the 
propagation  loss  for  spherical  spreading  is 
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Nw  =  60  +  20  log  r  +  ar 


(313) 
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6.  The  Measurement  of  Propagation  Loss 

Because  the  attenuation  coefficient  varies  with  the  acoustic 
frequency,  it  is  advisable  to  measure  propagation  loss  using  sinusoidal 
waves  of  a  fixed  frequency.  To  measure  the  propagation  loss  between  two 
points  it  is  necessary  to  measure  the  intensity  level  at  both  points.  The 
level  at  the  .far  point  is  measured  with  a  calibrated  hydrophone.  The  level 
at  the  one  yard  point  may  be  determined  either  by  calibrating  the  sound 
projector  or  by  measuring  with  a  calibrated  hydrophone.  When  using  the 
hydrophone,  it  is  of  course  not  practical  to  measure  the  pressure  at  one  yard. 
Measurements  are  taken  at  some  larger  distance  (still  close  enough  that  the 
spreading  is  spherical  and  the  attenuation  may  be  neglected)  and  the  inverse 
square  correction  is  applied. 


7.  Evaluation  of  the  Propagation  Loss  Components 

From  a  single  measurement  of  propagation  loss  it  is  impossible 
to  determine  how  much  of  the  loss  is  due  to  spreading  and  how  much  to 
attenuation.  In  order  to  separate  the  one  from  the  other  it  is  necessary  to 
take  measurements  at  a  number  of  different  ranges.  In  the  general  case 
where  the  spreading  varies  as  the  inverse'n**1  power  of  the  range  (n  =  2  for 
spherical  spreading),  the  propagation  loss  is 

Nw  =  30  n  +  10  n  log  r  +  ar  (315) 

The  nature  of  the  log  function  is  such  that  it  increases  rapidly 
with  r  at  short  ranges,  but  slowly  at  long  ranges.  i|ie  10  n  log  r  term  tends 
to  be  dominant  at  short  ranges  and  the  ar  term  at  long  ranges. 
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Therefore,  if  we  plot  Nw  vs  log  r,  we  should  expect  to  get  a 
straight  line  having  a  slope  of  10  n  at  short  ranges.  At  longer  ranges  the 
attenuation  term  will  begin  tc  take  over,  causing  the  line  to  curve  in  the 
direction  of  higher  losses.  The  spreading  loss  component  can  be  determined 
from  the  slope  of  the  straight-line  portion  of  this  curve. 

On  the  other  hand,  if  we  plot  Nw  vs  r,  we  should  expect  to  get  a  . 
straight  line  with  slope  a  at  the  longer  ranges.  At  shorter  ranges  the 
•spreading  loss  term  will  begin  to  take  over,  causing  the  loss  to  decrease 
more  rapidly  than  linear. 

Typical  curves  showing  these  effects  are  given  by  J.  W.  Horton 
in  Fundamentals  of  Sonar,  pp  78,  79. 

It  should  be  pointed  out  that  conditions  in  the  ocean  are  seldom 
conducive  to  accurate  separation  of  the  two  effects. 

8.  Values  of  the  Attenuation  Coefficient 

It  has  been  known  for  a  long  time  that  in  pure  water  the  attenua¬ 
tion  of  sound  waves  is  due  to  viscous  friction  of  the  water  molecules.  Measure¬ 
ments  have  confirmed  the  theory  developed  by  G.  G.  Stokes  a  century  ago 

which  predicts  that  the  attenuation  coefficient  should  vary  as  the  square  of 

( 

the  frequency.  In  sea  water  an  additional  effect  is  observed  at  low  frequencies. 
This  is  due  to  the  dissolved  salts.  When  both  effects  are  included,  the  attenua¬ 
tion  coefficient  can  be  expressed  by  an  equation  of  the  following  form, 

a  =  -ML  +  Cf2  (316) 

where  f  is  in  kc.  The  constants  A,  B,  and  C  are  functions  of  temperature 
such  that  a  decreases  with  increasing  temperature.  The  U.  S.  Navy 
Underwater  Sound  Laboratory,  on  the  basis  of  extensive  measurements  in 
the  Atlantic  Ocean  (Project  AMOS),  gives  the  following  values: 

A  =  0.651  fx 

B  =  fTz  (317) 

C  =  0.0269/fT 
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where 


(318) 


f,  _2ioo___n 

vt  "  T  +  459.6J 


=  1. 23  x  10 
T  =  temperature,  °F. 
For  T  =  50 °F  these  equations  lead  to 


A  =  An  A-  R  =  R7AD ; 


(319) 


M.  J.  Sheehy  and  P.  Kalley  found  from  measurements  of 
sound  generated  by  an  underwater  atomic  explosion  in  the  Pacific  Ocean  that 
the  attenuation  coefficient  at  very  low  frequencies  from  16  to  250  cps  can  be 


expressed  as 


3/2 

a  =  0.033  f 


db  /kyd 


(320) 


According  to  Horton,  when  losses  due  to  reflections  at  the 
surface  and  bottom  are  included,  the  attenuation  coefficient  is  considerably 
larger  at  low  frequencies.  He  gives  the  following  formula  for  the  overall 
coefficient 

a  =  0.  20  f  +  0.00015  f2  (321) 


The  following  table  summarizes  the  value  of  a  computed  from 
the  various  formulas. 


Attenuation  Coefficient  (db  kyd) 
f 


(kc) 

AMOS  Data,  50°F 

Eq.  (320) 

Eq.  (321) 

0.1 

.00007 

.0010 

.  020 

0.2 

.00029 

.0029 

.040 

0.5 

.0018 

.0117 

.  100 

1.0 

.0073 

.033 

.200 

2.0 

.0291 

.401 

3.0 

.0655 

.601 

5.0 

.  1815 

1.004 

10.0 

.720 

2.01 

20.0 

2.79 

4.06 

30.0 

5.96 

6.  14 

The  largest  discrepancies  occur  at  very  low  frequencies  where 
the  coefficient  is  very  small.  It  is  extremely  difficult  to  measure  a  small 
coefficient,  since  the  sound  must  travel  very  large  distances  before  it  is 
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attenuated  appreciably,  and  in  dcing  so  it  undergoes  repeated  reflections 
from  the  ocean  boundaries.  The  3/2  power  law  has  been  observed  more 
recently  by  other  observers  and  appears  to  represent  reasonably  well 
the  attenuation  of  low  frequency  waves  over  long  distances  in  the  ocean. 

The  AMOS  values,  on  the  other  hand,  represent  the  attenuation  due  only  to 
the  sea  water  itself  and  do  not  take  into  account  any  other  effects. 

An  important  conclusion  that  can  be  drawn  from  the  above 
information  is  that  in  order  to  achieve  large  sonar  detection  ranges  it  is 
necessary  to  operate  at  low  frequencies;  otherwise  the  attenuation  loss 
becomes  prohibitive. 

9.  Fluctuations  in  Sound  Level 

Sound  levels  in  the  sea  are  subject  to  extremely  large  rapid 
fluctuations.  It  is  thought  that  an  important  cause  of  these  fluctuations  is 
the  interference  between  waves  arriving  by  different  paths.  One  bit  of  evidence 
for  this  conclusion  is  that  when  several  frequencies  are  transmitted  simul¬ 
taneously  over  the  same  path,  the  fluctuations  in  the  different  waves  occur  at 
different  timea.  Fluctuations  have  also  been  observed  on  longer  time  scales. 
Variations  have  been  observed  in  the  average  level  over  a  period  of  several 
minutes  or  even  several  hours.  Values  obtained  for  propagation  loss  are 
based  on  the  statistical  average  of  a  large  number  of  measurements. 

10.  Propagation  Anomalies 

It  is  convenient  to  consider  spherical  spreading  plus  normal 
attenuation  as  a  nominal  standard  for  computing  propagation  loss.  Any 
deviations  from  this  nominal  standard  which  are  observed  in  acoustic  propa¬ 
gation  in  the  sea  are  often  spoken  of  as  propagation  anomalies.  These  may  be 
of  two  types:  spreading  anomalies  (i.e. ,  other  than  inverse  square 
spreading)  and  attenuation  anomalies. 


79 


TECHNOLOGY  OF  UNDERWATER  SOUND 
(REVISED  NOTES) 

The  Propagation  of  Underwater  Sound  (cont’d) 

B.  Refraction 

- —  -  4 

1,  The  Ray  Solution  of  the  Wave  Equation;  Introduction 

In  the  real  ocean,  where  the  speed  of  sound  varies  as  a 
function  of  the  space  coordinates,  solution  of  the  basic  differential 
equation  -  the  "wave  equation"  - 

3  ,  3,  _  _L  £1  (4oi)* 

axv  +  r  cv-  St1- 

generally  involves  insurmountable  mathematical  difficulties.  There 
are,  however,  several  techniques  for  obtaining  very  useful  approximate 
solutions.  One  of  the  most  valuable  of  such  techniques  is  the  method  of 
rays.  The  concept  of  rays  follows  logically  from  the  characteristics  of 
wave  solution.  Families  of  rays  are  obtained  as  the  solution  of  a  simpler 
differential  equation,  called  the  eikonal  equation,  which  in  special  cases 
is  itself  a  solution  of  the  wave  equation  and  under  rather  broad  conditions 
is  a  very  good  approximation  to  a  solution.  The  relation  of  ray  acoustics 
to  wave  acoustics  is  similar  to  the  relation  of  geometric  optics  to  physical 
optics. 

2.  Plane  Waves  and  the  Ray  Concept 

To  introduce  the  subject  we  shall  review  the  solution  of  the 
wave  equation  which  we  obtained  previously  in  the  special  case  where  the 
speed  of  sound  c  is  constant.  The  solution  is  of  the  form 

p  *  F^Zirf  $$)]  J  (402) 

*  This  equation  was  designated  previously  as  (112). 
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where  the  expreseion  in  braces  is  the  argument  of  the  function  F  and 
represents  the  phase  of  the  wave,  and  <x,  8,  Y  are  constants  satisfying 
the  relation 


<xV  = 


(126) 


It  is  clear  that  the  wave  has  a  constant  phase  for  all  values  of  x,  y,  z,  and 
t  satisfying  the  relation 


t  “  \  (fit*  4-  $ J  +■  )  *■  (403) 


Focusing  our  attention  on  the  wave  at  a  fixed  instant  of  time,  we  see  that 
the  plane 


cx  x  f fiy  +-  y  g.  s.  S  =■  cj>  a  slin- 


(404) 


is  the  locus  of  points  of  constant  arrival  time.  Such  a  surface  is  called 
a  wave  front.  If  we  now  watch  the  wave  front  move  forward  in  time,  we 
see  from  (403)  that 


difax  +  fy- >r2)  =  H  =  ^ 


(405) 


The  wave  moves  forward  with  speed  c.  The  direction  in  which  the  point 
(x,  y,  z)  on  the  wave  front  moves  is  the  direction  of  the  gradient  of  s. 


grad  s  =  l  Sk  +J  fy  +  *  “ 


"a* 

=  j  pi  JlY 


(406) 
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This  is  a  unit  vector  defining  a  line  whose  direction  cosines  are  a,  S,  Y. 
and  which  is  therefore  perpendicular  to  the  plane  defined  by  (404).  The 
direction  of  propagation  is  therefore  normal  to  the  wave  front. 

We  thus  see  that  as  time  increases,  any  given  point  on  a  wave 
front  moves  with  speed  c  along  a  line  normal  to  the  wave  front.  The  line 
along  which  the  point  moves  is  calJed  a  ray.  For  the  plane  wave  discussed 
above,  the  rays  are  parallel  straight  lines. 

3.  The  Eikonal  Equation 

In  the  real  ocean  our  basic  assumption  that  c  is  a  constant  is 
not  true.  The  speed  of  sound  varies  with  the  space  coordinates,  chiefly 
with  the  depth.  When  c  is  variable,  equation  (402)  is  no  longer  a  solution 
of  the  wave  equation.  Howevei,  if  the  variations  of  c  are  small,  then  (402) 
should  be  a  reasonable  approximation  to  a  solution.  Let  us  assume  this  to 
be  true  and  investigate  its  properties  under  the  hypothesis  that  c.  is  a 
function  of  the  space  coordinates  x,  y,  z. 

The  immediate  consequence  is  that  a,  3,  Y  are  also  variables 
and,  in  fact,  are  no  longer  the  direction  cosines  of  the  normal  to  the  wave 
front.  The  wave  fronts  are  no  longer  planes  but  warped  surfaces,  and  the 
rays  are  no  longer  straight  lines  but  curved  lines  in  space. 

For  mathematical  convenience  let  us  express  the  frequency  f 
in  terms  of  a  constant  reference  value  of  the  sound  speed  cD  and  its 
associated  wavelength  \Q  (\cf  =  c0),  so  that  the  phase  of  the  wave  is 

*£[«•*  - 

A  wave  front  is  a  surface  on  which  the  entire  second  term  in  the  a.bove 
expression  has  a  constant  value,  and  it  propagates  at  speed  c.  Since  c 
has  different  values  at  different  locations  along  the  wave  front,  some 
portions  of  the  front  move  faster  than  others.  A  picture  of  a  wave  front  at 
two  instants  of  time  close  together  might  look  as  shown  in  the  sketch. 
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The  perpendicular  distance  between  the  two  surfaces  is  c  At. 

Since  the  space  -inction  in  the  preceding  expression  for  the 
phase  angle  has  lost  its  simple  interpretation  as  a  plane,  we  may  just  as 
well  designate  it  as  a  general  function  W(x,  y,  z)  so  that  the  phase  angle  may 


be  written 


CQt  -  W(x,y,  z)J 


(407) 


As  any  particular  wave  front  moves  along,  the  phase  remains  constant,  so 
that  the  value  of  the  function  W  increases  linearly  with  time,  i.  e.  , 

W  =  C0t  +  constant 


% 

& 


If  -  Co  <«*> 

Now,  any  point  on  the  wave  front,  as  we  have  seen,  moves  along  a  ray  path 
at  speed  c,  so  that  if  s  designates  the  distance  traveled  by  this  point,  then 


and  hence 


(409) 


(410) 


‘wri'/  'V?  ’  ’  ^  X?  /  •  , 


Equations  (408)  and  (40V)  say  that  while  the  wave  front  is  moving 

physically  through  space  at  speed  c,  the  value  of  the  function  W(x,  y,  z) 

increases  at  a  constant  rate  cu. 

We  must  now  determine  the  rate  of  change  of  Yt  with  respect 

to  s.  Recalling -that  the  direction  of  a  ray  path  is  normal  to  the  surface 

W(xry,  z)  =  constant,  we  see  that  the  rate  of  change  we  seek  is  given  by 

dW 

the  gradient  of  W,  whose  magnitude  is  —  ■  and  whose  direction  is  the  * 
direction  of  the  ray  path.  The  gi*adient  is 


i  *  3VV  a  W  j  3W 

3^  W  =  i-  ^  +j  y  f'k  -x 


The  magnitude  A  of  any  vector 


~y  a  a  * 

A  =  i  Ax  +  j  +  k  Az 


A  =  /Ax2  1  Ay2  +  Az2 


(411) 


Therefore 


/>5Wvv  a3W\^i 

"  \/U*  '  +  (ay)  +(a?) 


(412) 


and  the  direction  cosines  of  the  ray  path  arc 

dW  aw  g>W 

3*  ay 

~  AJL  1  'h'L 

<*S  *5  ds 


(413) 


Inserting  (412)  into  (410)  and  squaring  yields  the  desired  differential 


equation 


\  »x)  jy/  K  s?J  "  — 


(414) 
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Equation  (414)  is  called  the  eikonal  equation.  It  is  of  funda¬ 
mental  importance  because  it  is  the  basis  upon  which  ray  theory  rests. 
Families  of  rays  are  derived  as  solutions  of  this  equation. 

Before  proceeding  to  apply  these  results  to  a  practical 
problem,  we  shall  inquire  into  the  question  of  the  validity  of  the  eikonal 
equation. 

4.  Criterion  for  the  Validity  of  the  Eikonal  Equation 

It  has  been  pointed  out  that  the  function  (402)  is  not  a  solution 
of  the  wave  equation  when  c  is  variable,  but  is  a  good  approximation  if  c 
does  not  vary  too  rapidly.  The  same  comments  apply  to  the  eikonal  equation 
which  was  derived  from  it.  In  this  section  we  shall  attempt  to  determine 
what  is  meant  by  "not  too  rapidly.  "  To  this  end  we  shall  assume  a  general 
solution  to  the  wave  equation,  of  the  form 

p  p  ~  I'J  His) 


where  the  amplitude  A  is  an  undetermined  function  of  the  space  coordinates. 
When  we  take  the  necessary  derivatives  and  substitute  them  into  the  wave 
equation  (401),  we  get  both  real  and  imaginary  terms  which  must  be  equated 
separately.  The  two  resulting  equations  are 

Co  _  _aL  (it  it  .it  \ 

V  dxJ  dyj  +  \  dgj  “  cv  “  ^  9%V  (416) 


it  aV  it  +-  2-(  It  ,  it  it  .  ££  djft/  \  _ 

+  ^  M  dy.  *x  +  ay  *y  t  ^  d%)  ®  ° 


(417) 


Comparison  with  (41 4)  shows  that  if  W  satisfies  the  eikonal 
equation,  it  will  also  be  a  solution  of  the  wave  equation  only  if  the  term  on 
the  right-hand  side  of  (41 6),  i.  e. , 
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is  zero.  This  will  be  true  in  general  only  in  the  limit  of  very  high 
frequencies  where  K  —*•  0,  The  approximation  will  be  goods  however,  if 
this  term  is  small  compared  with  (or  with  ^ )  4  (  ^  ^ 

which  amounts  to  the  same  thing). 

A  rough  idea  of  how  small  X0  must  be  can  be  obtained  by  some 
order -of -magnitude  computations.  We  saw  earlier  (412)  that  the  sum  of  the 
squares  of  the  space  derivatives  of  W  is  equal  to  the  square  of  tne  derivative 
along  the  direction  of.  maximum  variation.  The  same  general  concept  may 
be  applied  to  the  other  groups  of  derivatives  appearing  in  (416)  and  (417). 
Since  we  are  interested  only  in  the  order  of  magnitude,  we  can  loosely  treat 
the  sum  of  the  three  partial  derivatives  as  a  single  derivative  with  respec* 
to  some  space  coordinate,  even  though  we  do  not  know  its  direction.  A 
first  derivative  will  be  indicated  by  a  prime  symbol  and  a  second  derivative 
with  a  double  prime.  Because  of  the  roughness  of  the  estimates  we  may 
ignore  the  constants  4ir2  and  2.  Under  these  conditions  (336)  and  1.337 )  may 


be  written  as  follows 


(w)2  -  (%)*  xt  *£ 


(418) 


.....  W  A1 

W "  +  — - -  ~  0 

A 


(419) 


The  variation  of  c  amounts  to  only  a  few  percent,  so  that  if  we;  select  a 
representative  value  for  cQ  the  ratio  c0/c  is  of  the  order  of  unity.  This 
fact,  together  with  the  eikonal  equation  shows  that 

(W1)2  n*  (~  )2  ~  1 


yn  rv.  1 

c 

From  this  we  fie'e  that  our  criterion  is 


\  z  AIL 

*°  A 


<  <  1 


(420) 


(421) 


This  result  needs  to  be  expressed  in  more  tangible  terms. 

To  do  this,  let  us  obtain  A"  by  taking  the  derivative  of  (419).  In  all  of 
these  operations  it  must  be  noted  that  algebraic  signs  have  no  significance 
since  we  do  not  know  the  signs  of  the  various  quantities.  The  object  is  to 
determine  which  terms  are  significant  and  which  are  not.  Taking  the 
derivative,  ignoring  signs,  and  noting  that  W  ^  1,  we  obtain 


f-  ~  W'"+  A_a_  +(  a_)2 


(422) 


We  now  wish  to  express  W'"  in  terms  of  derivatives  of  c  and  to  show  that 
the  last  two  terms  are  negligible..  The  derivative  of  (420)  is 


c„c' 


W"  r-*J 


'“V 


and  from  (419) 


A  c 


(423) 


(424) 


Thus  the  last  two  terms  of  (422)  are  each  of  the  order  of  magnitude  of 
{c'/c)z.  Since  the  fractional  rate  of  change  in  c,  that  is  c'/c,  is  normally 
quite-small,  we  may  neglect  its  square,  so  that  (422)  becomes 


A" 

A 


W' 


Finally  we  take  the  derivative  of  W",  neglecting  the  term  involving  (c/c)z 
obtaining 


.  1 1 


W 


hi 


The  criterion  (421)  is  thus  roughly  equivalent  to 


X  2  c" 
o 


<  <  1 


(425) 


(426) 


Now  c'  is  the  sound  velocity  gradient,  which  is  commonly 
denoted  by  the  symbol  g.  c"  is  the  rate  of  change  of  the  gradient,  and 
X0c"  is  the  change  in  the  gradient  over  the  space  of  one  wavelength,  which 
might  logically  be  written  as  Ag.  The  condition  (426)  is  then 

Vs 


<  <  1 


(427) 
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From  these  results  we  see  that  the  validity  of  the!  ray 

' ,  i 

solution  rs  dependent  upon  the  rate  of  change  of  the  velocity  gradient.  So 
long  as  the  change  in  the  gradient  over  a  wavelength  is  small  (compared 
with  c/ko)i  ray  diagrams  will  give  a  good  description  of  the  sound: field. 

On  the  other  hand,  in  regions  of  rapid  change,  the  extreme  example  of 
which  is  a  boundary  between  different  media,  ray  theory  breaks  down. 

5.  Application  to  Typical  Ocean  Conditions  -  Vertical  Velocity 

Gradient 

In  most  oqean  areas  the  speed  of  sound  varies  chiefly  as  a 
function  of  the  depth,  the  changes  in  the  horizontal  directions  being  relatively 

small.  We  shall  apply  the  eikonal  equation  to  the  ideal  case  where  c  depends 

< 

only  upon  the  y  coordinate.  It  will  turn  out  as  a  consequence  of  this  assump¬ 
tion  that  sound  rays  are  refracted  only  in  a  vertical  plane  -  no  horizontal 
refraction.  The  problem  therefore  reduces  effectively  to  two  dimensions. 

We  shall  designate  the  horizontal  coordinate  as  x  and  the  vertical  coordinate 
as  y,  and  the  z  coordinate  will  drop  out.  Our  basic  assumption  is  that  c  is 
a  function  only  of  y. 

We  shallemploy  the  following  conventions  and  notation 
x  =  horizontal  distance  from  sound  source, 
y  =  vertical  distance  measured  downward  from  the  ocean 

surface, 

s  =  distance  measured  from  source  along  ray  path, 

t  =  travel  time  from  source  along  ray  path, 

01  =  angle  of  ray  path  relative  to  the  horizontal,  measured 

positive  downward,* 

(jc 

g  -  ~  =  velocity  gradient,  a  function  of  y  only. 

*The  symbol  81  is  used  in  this  section  to  denote  the  angle  measured 
positive  downward.  We  shall  reserve  the  plain  symbol  0  to  denote  the 
angle  measured  positive  upward. 
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The  accompanying  sketch  shows  a  wave  front  W(x,  y)  = 
constant,  and  a  ray  AB  which  intersects  the  wave  front  at  the  point  P, 
where  it  is  perpendicular  to  the  wave  front.  The  angle  of  the  ray  with  the 
horizontal  at  this  point  is  8'. 


In  the  analysis  which  follows  we  shall  seek  to  determine  the 
characteristics  of  a  ray  path  by  deriving  relations  among  the  variables 
x,  y,  s,  t,  and  0'.  We  shall  begin  with  the  function  W(x,  y)  defined  by  the 
eikonal  equation  and  shall  derive  a  set  of  differential  equations  whose 
solutions  yield  the  desired  relationships.  Analytical  solutions  can  be 
obtained  if  certain  simplifying  assumptions  are  made.  The  differential 
equations  will  be  expressed  in  terms  of  full  (rather  than  partial)  derivatives, 
it  being  understood  that  all  differentials  dx,  dy,  ds,  etc. ,  refer  to  incre¬ 
ments  taken  along  the  ray  path. 

The  sketch  below  shows  an  enlarged  view  of  the  portion  of  the 
preceding  diagram  in  the  vicinity  of  the  point  P.  Let  ds  be 


an  elemert  of  length  along  the  ray  and  let  dx  and  dy  be  its  components 

r  /  w 

along  the'x  and  y  axes.  Then 

dx  =  ds  cos  0'  (428) 

dy  =  ds  sin  0'  (429) 

The  rate  of  change  of  0'  along  the  ray  may  be  expressed  in  terms  of 
partial  derivatives  with  respect  to  x  and  y. 


dj!  _  Z&'djl  Z&'iL 


lx"**' 


a e' 

3j 


sm  e 


(430) 


"We  now  return  to  the  W  function.  Since  the  problem  has  been 
reduced  to  two  dimensions,  the  wave  front  W(x,  y)  =  constant  is  a  curved 
line  in  the  xy-plane  and  the  gradient  of  W  is  a  vector  (in  the  xy-plane) 
which  points  in  the  direction  of  the  ray;  and  whose  magnitude,  according 
to  (410),  is 

dW  _  fo 

ds  c 

1 

The  direction  cosines  of  the  ray,  i.  e. ,  cosines  of  the  angles  with  the  x  and 
y  axes,  are  cos  0'  and  sin  0'  respectively,  and  these  must  be  equal  to  the 
respective  direction  cosines  of  the  gradient;  as  given  by  (413).  Therefore, 
relative  to  the  x  axis  we  have 

aw  aw 

_i>L  -  ax 

dw  c, 

t*-3  "& 

or 

dvV  „ 

ax 

and  relative  to  the  y  axis 

<3w 

3J 


Co  c ose' 


c0sine/ 


(431) 


(432) 
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If  we  take  the  partial  derivative  of  (431)  with  respect  to  y  and  the  partial 
derivative  of  (432)  with  respect  to  x,  we  obtain  in  each  case  the  second 
partial  of  W  with  respect  to  x  and  y,  and  resulting  expressions  will  be 
equal.  Recalling  that  c  is  a  function  of  y  only,  we  obtain 

—  /  d 

—  c  dX 

dc  n  ' 

~  Ty  “2S 


d*w  _  _  CaSme/3g/  CoGQS&'jc 
By  c  3jr'  c v  dy 

„  /dd/  ,  V  _ 

C(j^O)S©  +  Jy  rin90  = 


Substitution  of  (430)  gives 


c 


de7 

4s 


dc 


css  e ' 


(433) 


and,  from  (429) 

g)C  _  Si/TgJ  d  87 

"c  ~  “  Cjjj  9'/  ■  (434) 


Equation  (434)  integrates  directly  to 

log  c  -  log  cos  8'  +  constant 
If  we  write  the  constant  as  log  cv,  we  obtain 

c  =  cv  cos  0*  (435) 

Equation  (435),  which  says  that  the  cosine  of  the  ray  inclination  angle  is 
proportional  to  the  speed  of  sound,  is  of  fundamental  importance  in  ray 
acoustics.  It  is  a  generalized  form  of  Snell's  Law,  which  is  familiar  to 
students  of  geometric  optics.  The  more  familiar  form  of  Snell's  Law 
is  encountered  when  a  wave  travels  across  a  discrete  boundary  between  two 
homogeneous  media  having  distinctly  different  speeds  of  propagation,  and 
experiences  a  sharp  change  in  direction.  Equation  (435)  applies  not  only  to 
this  type  of  discrete  refraction  but  also  to  the  continuous  refraction  which 
results  when  the  speed  of  propagation  varies  in  a  continuous  manner  within 
the  medium.  The  derivative  dc/dy  is  the  (vertical)  velocity  gradient  g. 
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Inserting  this  symbol  in  (433)  and  applying  Snell's  Law,  we  obtain  a 
relation  between. ds  and  d8'. 

c.. 


ds  =  -  —  d8' 
g 


(436) 


Equations  for  dx  and  dy  in  terms  of  d8'  are  obtained  by  applying  (428)  and 
(429). 


dv  - - cos  8'  d 8 1 

-*  x  g 


dy  - - sin  81  dS* 

g 


(437) 

(438) 


Finally,  the  increment  in  travel  time  is 

ds  ds 


dt  = 


cv  cos  81 


or 


dt  = 


d0’ 


(439) 


g  cos  8* 

Equations  (436),  (437),  (438),  and  (439)  are  particularly 
useful  in  the  special  case  where  the  gradient  is  constant,  since  they  may  be 
integrated  directly  to  give  a  set  of  parametric  equations  expressing  x,y,  s, 
and  t  as  functions  of  the  angle  81. 

6.  Snell's  Law 

Snell's  Law  may  be  derived  in  its  more  fajniliar  form  by  con¬ 
sidering  the  passage  of  a  wave  across  a  boundary  separating  two  homogeneous 
media,  such  as  water  and  air,  in  which  the  speed  of  propagation  has  distinctly 
different  values.  The  effect  here  is  to  cause  a  sudden  change  in  the  direction 
of  propagation,  as  can  be  seen  in  the  case  of  visible  light  when  a  straw  is 
placed  at  an  oblique  angle  in  a  glass  of  water.  This  is  the  basic  meaning  of 
the  word  refraction,  although  the  meaning  has  been  extended  to  include  the 
continuous  curving  of  rays  which  occurs  when  the  speed- of  propagation 
changes  gradually  within  a  medium. 

In  the  sketch  below,  the  line  OO'  indicates ?the  boundary  between 
two  homogeneous  media,  Ths  speed  of  propagation  is  cj  in  the  first  medium 
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and  C£  in  the  second.  A  plane  wave  is  traveling  downward  in  the  first 
medium  at  an  angle  8^  with  the  boundary.  The  wave  front  at  the  instant 
when  the  ray  AB  reaches  the  boundary  is  shown  by  the  line  BB',  which  is 


perpendicular  to  AB.  As  the  wave  crosses  the  boundary  the  speed  of  propa¬ 
gation  is  suddenly  changed  from  c^  to  c^.  Therefore,  while  the  ray  A'B'C'D'  is 
traversing  the  d  IStaliC  c  B’C',  the  ray  ABCD  traverses  a  different  distance 
BC.  When  the  ray  A'B'C'D'  reaches  the  point  C',  the  wave  front  will  lie 
along  the  line  CC'.  To  locate  the  point  C,  we  swing  an  arc  of  radius  BC 
about  the  pointS,  and  then  draw  a  tangent  line  from  C'  to  this  arc.  This 
procedure  will  determine  the  direction  02  in  which  the  ray  BCD  must  travel 
in  the  second  medium  in  order  to  be  perpendicular  to  the  wave  front  CC'. 

The  travel  time  from  B  to  C  is  the  same  as  from  B'  to  C', 
and  is  equal  to  the  distance  divided  by  the  speed.  Hence 

BC  _  B'C1 
c2  '  C1 

But 


and 


BC  "  BC'  cos  02 
B'C  =  BC'  cos  8X 
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Therefore 


BC'  cos  82  _  BC  cos  01 


cos  82  _  coo  9j 


(440) 


Equation  (440)  is  the  conventional  form  of  Snell's  Law.  It  is 

* 

clear  that  if  there  were  other  media  in  the  form  of  parallel  layers,  whose 
boundaries  were  parallel  to  OO1,  the  above  relation  would  hold  for  a  ray 
traveling  through  all  of  them,  so  that 


cos  0 }  cos  0£  cos  83 


=  •  •  •  =  constant  =  cv 


(441) 


Suppose  now  that  in  the  ocean  the  speed  of  sound  varies 
continuously  with  the  depth.  We  could  approximate  the  true  situation  by 
dividing  the  ocean  into  a  number  of  layers  in  each  of  which  the  speed  cf 
sound  is  assumed  to  be  constant  and  to  have  a  value  corresponding  to  the 
center  of  the  layer.  Equation  (441)  would  then  apply.  We  may  now  go 
through,  a  limiting  process  of  letting  the  number  of  layers  go  to  infinity  and 
the  thickness  of  each  layer  go  to  zero,  and  thereby  arrive  at  a  continuous 
variation  of  G  with  c,  given  by 

c  =  cv  cos  9  (4:35) 

This,  of  course,  is  the  same  result  which  we  obtained  from  the  eikonal 
equation.  * 


*The  prime  symbol  on  9  has  been  omitted  here  because  we  are  not  concerned 
about  whether  the  angle  is  positive  upward  or  positive  downward.  As  a 
matter  of  fact  the  cosine  is  the  same  whether  the  angle  is  positive  or  negative. 
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Two  facts  must  be  borne  in  mind  in  applying  Snell'3  Law. 

First,  equation  (435)  is  valid  only  in  physical  situations  where  the  speed  of 
sound  is  a  one -dimensional  space  function.  The  angle  9  is  measured 
relative  to  the  direction  along  which  c  is  constant.  In  the  ocean,  c  must 
vary  only  with  depth  and  0  is  measured  from  the  horizontal. 

Second,  the  constant  cv  applies  only  to  a  particular  ray. 

When,  for  example,  we  wish  to  consider  a  family  of  rays  which  spread  out 
4i  feire*f!~Y2'/s  ■'!  Hav-e. 

from  a  sound  source, ^different  values  of  Cv>  depending  upon  the  angle  at 
which  they  leave  the  source.  The  physical  significance  of  cv  may  be  seen 
by  letting  0  =  0.  From  this  it  is  seen  that  cv  is  the  speed  of  propagation  at 
the  depth  at  which  the  ray  is  horizontal.  As  we  shall  see,  the  existence  of  a 
velocity  gradient  causes  rays  to  curve  either  upward  or  downward.  An 
upward -curving  ray,  for  example,  will  descend  to  a  maximum  depth,  at 
which  it  is  horizontal,  and  will  then  curve  back  upward  toward  the  surface. 
The  point  at  which  a  ray  reaches  a  maximum  or  minimum  depth  is  called 
a  vertex,  and  the  speed  of  sound.  cv»  at  this  depth  is  called  the  vertex 
velocity.  It  is  clear  that  rays  which  leave  a  source  at  different  angles 
(relative  to  the  horizontal)  will  vertex  at  different  depths  and  will  therefore 
have  different  values  of  cv. 

Snell's  Law  applies  not  only  to  the  refraction  of  sound  rays  in  a 
stratified  ocean,  but  also  to  reflection  from  the  top  and  bottom  (assuming, 
of  course,  that  the  reflection  is  specular).  An  interesting  problem  arises 
in  the  case  of  a  sloping  bottom,  which  violates  the  basic  requirement  that  c 
be  independent  of  the  horizontal  coordinate.  In  this  case  the  reflected  ray 
acquires  a  new  value  of  cv  which  depends  upon  the  tilt  angle  of  the  bottom. 

Refraction  at  Boundary;  Critical  Angle 

To  investigate  further  the  properties  of  refraction  at  the 
interface  between  two  different  media,  let  us  assume  that  the  speed  of 
propagation  in  the  second  medium  is  larger  than  in  the  first,  that  is, 

C£  >  cj,  as  implied  by  the  preceding  diagram.  From  (440)  we  see  that 


cos  02  >  cos  0i .  Since  the  cosine  decreases  from  1  to  0  ab  the  angle 
increases. from  G  to  90  degrees,  it- is- evident  that  83  <  0j.  Thus,  when 
a  ray  passes  from  a  medium  of  low  sound  speed  to  a  medium  of  high  sound 
speed,  it  is  bent  toward  the  plane  of  the  interface.  Conversely,  when  a  ray 
travels  into  a  medium  of  lower  souno  speed,  it  is  bent  away  frorrrthe  plane 
of  the  interface.  Since  sound  travels  faster  in  water  rhan  in  air,  sound 
rays  traveling  from  air  into  water  will  be  bent  toward  the  horizontal., 
and  sound  rays  traveling,  from  water  into  air  will  be  bent  away  from  the 
horizontal.  It  is  interesting  to  note  that  the  reverse  is  true  for  rays  of 
light. 

Rewriting  Snell's  Law  in  the  form 
c2 

cos  0?  =  —  cos  0, 

c  ci  1 

we  see  that  whenever  cos  0.  >  Cy/c^,  cos  ©3  >  1.  Since  the  cosine  of  a 
real  angle  can  never  exceed  one,  the  angle  ©3  ceases  to  exist  in  this  case.  • 
The  angle  0j  =  0C  in  the  slower  medium,  where 


C°6  ec  =  —  .  (ci  <  c2) 


(442) 


is  called  the  critical  angle.  The  corresponding  angle  02  in  the  faster 
medium  is  given  by 

cos  02  - 1 
or 

02  =  0 

The  physical  interpretation  of  these  results  is  as  follows. 

When  a  ray  in  the  slower  medium  (e,  g. ,  air)  is  incident  upon  the  boundary 
at  an  angle  >  0C  with  the  horizontal,  the  ray  enters  the  faster  medium 
(e,  g. ,  water)  and  is  bent  toward  the  horizontal.  At  the  critical  angle  0C 
the  refracted  ray  travels  along  the  interface  (02  =  0).  When  the  incident  ray 
is  more  nearly  horizontal  titan  the  critical  lay,  that  is,  when  Oj  <  0C,  the 
ray  does  not  enter  the  faster  medium  at  all,  but  is  totally  reflected. 
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When  a  ray  is  incident  from  the  faster  medium,  there  is 
no  critical  angle.  Refraction  occurs  for  all  angles  of  incidence,  and  the 
angle  between  the  refracted  ray  and  the  horizontal  will  never  be  less  than 

ec* 

As  an  illustration,  let  us  select  typical  values  for  air  and 

water. 

ca£r  =  1100  ft/sec 
cwater  =  5000  ft/sec 

Snell;s  Law  states 

cos  0air  =  0.22  cos  9water  (443) 

The  critical  angle  (in  air)  is 

0C  =  cos"*  0.22  =  77.3  degrees  (444) 

Thus,  if  a  sound  source  is  located  in  the  air  above  an  ideally  smooth  water 
surface,  as  illustrated  in  the  following  sketch,  only  those  rays  which  lie 
within  a  narrow  cone  of  12.  7  degrees  from  the  vertical  will  penetrate  into 
the  water.  All  rays  outside  this  cone  are  totally  reflected  back  into  the  air. 


Virtual  Sources  (images) 

It  will  be  observed  that  the  rays  shown  in  the  water  in  the 
preceding  sketch  appear  to  be  spreading  out  from  some  point  in  the  air 
which  is  closer  to  the  water  than  the  real  source.  This  is  the  same  effect 
that  one  finds  in  optics  -  the  formation  of  an  image  or  virtual  source. 
Actually,  if  the  rays  in  the  water  are  projected  back  beyond  the  interface, 
they  do  not  all  converge  to  exactly  the  same  point,  but  for  every  small 
bundle  of  rays  such  as  would  be  intercepted  by  a  hydrophone  there  is  an 
image  source  somewhere  in  the  air  above. 

The  simplest  case  to  consider  is  the  case  of  vertical  incidence. 
If  a  hydrophone  is  located  in  the  water  directly  underneath  a  source  in  air, 
where  is  the  image  located  ?  It  is  obvious  that  the  image  must  be  located 
somewhere  on  a  vertical  line  through  the  source,  because  a  vertical  ray 
(at  normal  incidence)  does  not  experience  a  change  in  direction.  To 
determine  where  the  image  is  located  on  this  line  it  is  not  enough  to  con¬ 
sider  a  single  ray.  We  must  examine  a  bundle,  or  narrow  cone,  of  rays 
and  find  the  point  from  which  they  appear  to  be  spreading  after  they  enter  the 
water.  For  this  purpose  the  bundle  can  be  represented  by  two  rays  separated 
by  an  infinitesimally  small  angle.  We  shall  select  the  vertical  ray  as  one 
of  the  two  and  shall  select  for  the  other  a  neighboring  ray  which  leaves  the 
source  at  a  small  angle  A0a  with  the  vertical. 

The  geometry  of  the  situation  is  shown  in  the  following  sketch. 
The  true  source  is  located  at  the  point  O  at  a  height  H  above  the  water.  The 
vertical  ray  is  OPQ.  The  neighboring  ray  is  OP',  which  upon  entering  the 
water  is  bent  away  from  the  vertical  and  becomes  P'Q',  making  an  angle 
A0,,,  with  the  vertical.  (The  angles  A0a  and  A0W  have  been  grossly 
exaggerated  in  the  sketch. )  When  P'Q1  is  extended  back  into  the  air,  it 
intersects  the  vertical  ray  at  the  point  O'  at  a  height  H'  above  the  water. 

O'  is  the  image.  Knowing  H,  A9a,  and  the  sound  speeds  ca  and  cw  in  air 
and  water,  we  must  now  determine  H'. 
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The  angles  employed  in  our  formulation  of  Snell's  Law  are 
measured  relative  to  the  horizontal.  Therefore 

®a  8  |  “  A8a 


6w  =  2  ‘ 

Also,  since  A0a  and  A9W  are  exceedingly  small, 

cos  0a  =  sin  A0a~  A0a 

cos  0W  =  sin  A9W^  A 0W 

Snell's  Law  takes  the  form 

A 9a  ca 
A0W  ~  cw 

(In  the  limit  as  A9a  and  A 0W  go  to  zero,  this  equation  becomes  exact. )  From 
the  figure  it  is  seen  that 

PP1  =  H  tan  A0a  =  H'  tan  A9W 

or,  since  the  tangent  of  a  small  angle  is  very  nearly  equal  to  the  angle 
itself  (in  radians), 
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A6a 

H'  ~  H 
AGW 

°r  H!  =  —  H  (445), 

CvV 

For  the  case  of  air  and  water  ca/cw  =  0.  22  and 

H'  =  0.22  H  (445a) 

At  vertical  incidence  the  height  of  the  virtual  source  above  the  water  is 
about  l/5  the  height  of  the  true  source. 

We  shall  not  analyze  the  general  case  of  oblique  incidence. 
However,  the  results  of  such  an  analysis  show  that  as  the  angle  of  the 
incident  ray  (relative  to  the  horizontal)  is  decreased  from  90  degrees  to 
the  critical  angle,  the  image  point  traces  out  a  smooth  curve  which  begins 
with  infinite  slope  along  the  vertical  ray  and,  when  the  critical  angle  is 
reached,  ends  with  zero  slope  at  a  point  on  the  air -water  interface  at  a 
horizontal  distance 


from  the  vertical  ray.  For  air  and  water  the  denominator  in  (446)  is  almost 
equal  to  one,  so  that  at  the  critical  angle  the  image  is  displaced  laterally 
at  the  surface  by  a  distance  approximately  equal  to  the  height  above  the  sur¬ 
face  in  the  case  of  vertical  incidence. 

In  addition  to  knowing  the  direction  in  which  rays  are  refracted 
at  a  boundary  we  are  also  interested  in  knowing  how  much  of  the  incident 
energy  is  transmitted  into  the  adjacent  medium  and  how  much  is  reflected. 
Unfortunately  ray  theory  does  not  give  us  answers  to  this  question.  Further 
discussion  of  this  subject  will  be  found  in  the  section  on  reflection. 
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7.  The  Speed  of  Sound  in  the  Ocean;  Velocity  Gradients 

(Note:  There  is  much  confusion  about  the  terms  speed  and 
velocity  as  applied  to  wave  propagation.  When  one  is  concerned  about  not 
only  the  speed  but  also  the  direction  in  which  a  wave  is  moving  through  the 
water,  the  word  "velocity"  is  appropriate.  However,  when  one  is  con¬ 
cerned  only  about  the  properties  of  the  medium,  as  we  are  at  present,  the 
direction  of  propagation  is  of  no  concern.  If  c  has  a  value  of,  say, 

4950  ft/sec  at  a  certain  place  in  the  ocean,  then  a  wave  at  this  place  will 
propagate  at  4950  ft/sec  regardless  of  the  direction.  The  proper  word  to 
describe  this  property  of  the  medium  is  therefore  "speed,  "  although  the 
two  terms  are  used  indiscriminately  in  the  literature.  Gradients  of  c 
are  almost  universally  called  velocity  gradients,  and  in  spite  of  the 
inconsistency,  we  shall  use  this  term  also.  ) 

Extensive  measurements  have  been  made  of  the  speed  of 
sound  in  sea  water  at  various  temperatures,  pressures,  and  salinities, 
and  highly  accurate  empirical  formulas  have  been  derived.  The  most 
accurate  results  have  been  obtained  by  Wayne  Wilson  of  the  Naval  Ordnance 
Laboratory.  However,  since  Wilson's  formulas  are  exceedingly  complicated, 

t 

we  shall  use  an  earlier  formula  which  is  far  simpler  and  sufficiently 
accurate  for  the  purpose  of  these  notes. 

c  =  4422  +  0.0182y  +  11.25T  -  0.045T2  +  4.3  (sal  -  34)  (447) 

where 

c  =  sound  speed  in  ft/sec 
T  =  temperature  in  °F 
y  =  depth  in  feet 

sal  =  salinity  in  parts  per  thousand 
Except  in  areas  where  mixing  of  fresh  water  and  salt  water 
occurs,  the  salinity  term  in  (447)  is  relatively  unimportant,  and  we  shall 
neglect  it  in  these  notes.  We  shall  also  make  the  assumption  that 
variations  in  temperature  in  the  horizontal  direction  are  negligible,  00 
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that  T  is  assumed  to  be  a  function  of  y  only.  Under  these  assumptions 

{ 

the  speed  of  sound  is  also  a  function,  only  of  the  depth.  The  gradient  of 
c  therefore- has  only  a  vertical  component.  On  the  basis  of  (447), 
neglecting  the  salinity  term,  the  velocity  gradient  is 

g  =  0,0182  +  (11.25  -  0.09T)  ~  (448) 

where 

g  =  ~  =  velocity  gradient  in  sec“* 
clT 

—  =  temperature  gz-adient  in  *F/it 

When  c  or  T  increases  with  increasing  depth,  the  corresponding  gradient 
is  positive;  if  it  decreases  with  depth,  the  gradient  is  negative. 

The  first  term  in  (448)  is  the  pressure  term.  The  pressure 
increases  linearly  with  depth,  and  therefore  its  contribution  to  the  velocity 
gradient  is  constant.  This  means  that  where  the  temperature  and  salinity 
are  constant  there  is  always  a  positive  velocity  gradient  of  0.0182  sec”*. 

The  second  term  is  the  temperature  term.  It  is  seen  that 
the  temperature  contribution  is  proportional  to  the  temperature  gradient 
dT/dy.  Because  of  the  parabolic  relationship  between  sound  speed  and 
temperature,  the  coefficient  of  dT/dy  is  itself  a  function  of  temperature. 

It  is  seen  that  at  high  temperatures  the  temperature  gradient  has  less 
effect  on  g  than  at  low  temperatures.  It  is  also  seen  that  where  there  is  a 
constant  temperature  gradient,  the  temperature  varies  linearly  with  depth 
and  hence,  according  to  (448)  the  velocity  gradient  cannot  be  constant. 
Actually,  however,  such  non-linearities  are  usually  quite  small  -  smaller 
than  the  errors  in  measurements  -  and  it  is  generally  assumed  that  a 
constant  temperature  gradient  produces  a  constant  velocity  gradient. 
Temperature  gradients  in  the  ocean,  especially  in  the  near  surface  region 
(down  to  1000  to  2000  feet),  exert  a  strong  influence  upon  sound  propagation 
and  thus  have  a  powerful  effect  upon  the  performance  of  underwater  acoustic 
systems. 


,4 
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In  isothermal  water  the  velocity  gradient  is  positive, 

due  to  che  pressure  effect.  A  sufficiently  negative  temperature  gradient 

will  cause  the  velocity  gradient  to  become  negative.  The  limiting  value 

of  the  temperature  gradient  required  to  balance  the  pressure  effect  and 

produce  iso -velocity  water  (g  =  0)  is 

dT  _  Q.  0182 

dy  "  11.25  -  0.09T 

Its  numerical  value  at  a  temperature  of  50  °F  is 


dT 

dy 


0.0182 
6.  75 


0.0027  °F/ft 


(449) 


We  see  that  an  extremely  small  change  in  temperature  -  less  than  0.3°F 
in  100  feet  -  is  sufficient  to  change  the  velocity  gradient  from  positive  to 
negative. 


Measurements  of  the  Speed  of  Sound 

Oceanographic  measurements  of  the  speed  of  sound  have  in 
the  past  been  made  indirectly  —  by  measuring  the  temperature,  pressure, 
and  salinity,  and  computing  the  sound  speed  from  empirical  formulas, 
such  as  (447).  The  classical  techniques  U3ed  by  oceanographers  for  making 
these  measurements  are  somewhat  camber  some,  and  for  this  reason  measure¬ 
ments  are  usually  made  only  at  a  limited  number  of  depths.  The  standard 
depth  intervals  are  frequently  too  large  to  give  an  adequate  picture  of  the 
velocity  structure  in  the  variable  near -surface  region. 

Shortly  before  World  War  II  a  continuous  recording  tempera¬ 
ture  instrument  known  as  the  bathythermograph  was  developed  at  the  Wood's 
Hole  Oceanographic  Institution  for  use  in  the  near -surface  region  down  to 
several  hundred  feet.  The  record  of  temperature  vs.  depth  is  inscribed 
on  a  smoked  glass  slide  held  on  a  moving  carrier  in  a  cylindrical  body. 

As  the  instrument  is  lowered,  the  graph  is  traced  by  a  stylus  moved  along 
the  arc  of  a  circle  by  a  radial  arm.  The  angle  of  the  arm  is  controlled  by 
the  temperature,  while  the  position  of  pivot  is  controlled  by  the  pressure 
by  means  of  a  Bourdon  tube. 
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The  bathythermograph  gives  a  quick  and  fairly  precise 
record  of  the  temperature  profile  in  the  near -surface  region  and  has 
become  standard  equipment  on  ships  engaged  in  undersea  warfare. 

As  a  result  of  the  development  of  the  sound  velocimeter  in 
recent  years,  sound  speeds  may  now  be  measured  directly.  This  instru¬ 
ment  measures  the  time  required  for  a  pulse  to  travel  a  fixed  distance. 
Direct  measurement  of  the  speed  of  sound  not  only  saves  time  and  labor, 
but  also  makes  it  possible  to  determine  the  effects  of  bubbles  and  foreign 
particles. 

Velocity  Structure  of  the  Oceans 

The  variability  of  the  speed  of  sound  in  the  ocean  is  due 
chiefly  to  temperature  variations.  Conditions  are  most  variable  in  the 
first  thousand  feet  or  so,  as  a  result  of  surface  effects,  such  as  the  sun, 
wind,  waves,  surface  currents,  etc.  In  most  ocean  areas  there  exists  a 
surface  layer,  called  the  isothermal  layer,  in  which  the  temperature  is 
substantially  constant.  The  isothermal  layer  arises  from  a  mixing  action 
at  the  surface  and  its  thickness  varies  with  the  season  of  the  year.  During 
the  fall  and  winter  when  the  surface  is  cooled,  the  water  at  the  top  becomes 
more  dense  than  the  water  underneath.  This  is  an  unstable  condition,  and 
the  mixing  which  results  contributes  to  the  formation  >of  the  isothermal 
layer.  Other  factors  such  as  the  wind  also  contribute.  In  the  North  Atlantic 
the  average  thickness  of  the  layer  varies  from  about  500  feet  in  winter  to 
between  0  and  100  feet  in  summer.  The  isothermal  layer  is  a  region  of 
positive  velocity  gradient. 

An  interesting  variation  frequently  occurs  during  the  daytime. 
Heating  of  the  surface  due  to  the  sun  produces  a  shallow  negative  gradient 
layer  late  in  the  day,  which  has  been  observed  to  influence  the  performance 
of  sonars  with  shallow  transducers.  It  disappears  during  the  night.  This 
is  known  as  the  afternoon  effect. 
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Below  the  isothermal  layer  there  is  typically  a  layer  in 
which  the  temperature  drops  rapidly.  This  is  called  the  thermocline. 

It  is  a  region  of  large  negative  velocity  gradient. 

Occasionally  there  exists  below  the  thermocline  a  layer  in 
which  the  temperature  increases  with  depth  before  dropping  again.  The 
combination  of  a  positive  gradient  below  a  negative  gradient  produces  what 
is  known  as  a  sound  channel.  In  this  case  it  is  called  a  depressed  sound 
channel.  Abnormally  long  detection  ranges  are  obtained  when  both  the 
sonar  and  the  target  are  in  a  channel.  By  virtue  of  surface  reflections 
the  surface  isothermal  layer  acts  as  a  very  efficient  sound  channel.  It  is 
frequently  called  a  surface  duct. 

At  greater  depths  the  temperature  continues  to  drop,  but  at  a 

diminishing  rate,  and  gradually  approaches  an  isothermal  condition  toward 

the  bottom.  At  a  depth  of  several  thousand  feet  (typically  3000  to  4000  feet 

in  the  mid -latitudes)  there  is  a  point,  where  the  thermal  effect  balances  the 

pressure  effect,  producing  a  zero  velocity  gradient.  •  Here  the  speed  of 

sound  is  a  minimum;  above  it  the  velocity  gradient  is  negative  and  the 

sound  speed  increases  (with  decreasing  depth)  due  to  temperature;  below  it 

\ 

the  velocity  gradient  is  positive  and  the  sound  speed  increases  (with  increas¬ 
ing  depth)  due  to  pressure.  The  deep  ocean  thus  behaves  as  a  sound  channel  - 
called  the  deep  sound  channel  or  SOFAR  channel.  The  depth  of  minimum 
sound  speed  is  the  axis  of  the  deep  sound  channel. 

At  depths  below  about  5000  feet  most  deep  ocean  areas 
throughout  the  world  have  substantially  the  same  velocity  structure  (c  vs. 
depth),  and  there  is  virtually  no  change  with  the  season  of  the  year.  The 
accompanying  diagram  shows  several  typical  velocity  profiles  for  the  North 
Atlantic  Ocean.  To  locate  the  deep  sound  channel,  draw  a  vertical  line  from 
the  point  of  maximum  sound  speed  near  the  surface  to  the  point  where  this  line 
intersects  the  lower  portion  of  the  curve.  The  interval  of  depths  between 
these  two  points  is  the  channel. 
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The  strongest  thermoclines  generally  occur  where  the 
surface  temperature  is  the  highest  -  in  the  lower  latitudes  and/£>r  during 
the  summer.  In  polar  regions  the  surface  temperature  is  usually  so  low 
that  the  water  is  nearly  isothermal  from  top  to  bottom.  In  such  locations 
a  positive  velocity  gradient  exists  at  all  depths  and  the  entire  ocean  acts 
as  a  efface  duct.  The  presence  of  an  ice  cover  in  the  Arctic  region 
produces  a  peculiar  effect.  Low  frequency  sound  propagates  very  well,  but 
high  frequency  sound  suffers  high  attenuation  due  to  the  roughness  of  the  ice. 
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TECHNOLOGY  OF  UNDERWATER  SOUND 
REVISED  NOTES 


The  Propagation  of  Underwater  Sound 
B.  Refraction  (continued) 


8.  Ray  Paths  in  a  Constant -Gradient  Medium 

A  simple  analytic  solution  of  the  differential  equations  can  be 
obtained  in  the  special  case  where  the  velocity  gradient  is  constant.  In 
deriving  the  solution  we  shall  reverse  sign  of  the  ray  angle  and  shall  use 
the  symbol  0. 

0  =  -  0! 

The  angle  0  is  measured  positive  upward,  although  the  depth  coordinate  y 
is  still  measured  positive  downward.  With  this  change  the  four  differential 
equations  (436)  to  (439)  relating  x,  y,  s,  and  t  to  0  take  the  form 

^"V 

dx  =  —  cos  0  d0  (450a) 

dy  =  -  y  sin  0  d0  (450b) 


V 

ds  =  —  d0 
g 


^450c) 


dt  =- 


d0 


g  cos  9 


(450d) 


Note  also  that  the  slope  of  the  ray  is 

dy 

—  =  -  tan  0 
dx 

If  g  is  constant,  the  solutions  are 

cv 

x  =  —  sin  0  +  const. 


'V 


y  =  —  cos  9  +  const. 


(451) 


(451a) 

(451b) 


107 


(45ic) 


ev 

g 


6  +  const.  (fc  in  radians) 


i  ,  1  +  sin  0 

t  =  log  - : — —  +  const. 

2g  1  -  8 in  0 


(451d) 


For  the  moment,  for  illustrative  purposes,  let  us  translate  the 
origin  of  x  and  y  tc  such  a  point  that  the  constants  ox  integration  in  (45  Si  )>  arid 
(451b)  are  zero.  We  shall  call  the  translated  variables  x'  and  y'. 

Then  (451a)  and  (451b)  become 


x1  =  —  sin  8 
2 

cv 

y'  =  —  cos  8 


^452a) 

(452b) 


It  is  quite  clear  that  the  ray  is  an'  arc  of  a  circle  of  radius  — .  Since  g  may 

S 

be  either  positive  or  negative,  the  radius  may  likewise  be  either  positive  or 

negative.  Let  us  consider  for  the  moment  an  isothermal  medium,  in  which 

g  has  a  positive  value  0.  0182  sec~*.  Reasonable  values  of  cv  would  be  in  the 

neighborhood  of  4800  to  5000  ft/sec.  To  make  the  arithmetic  simple,  suppose 

Cy  -  4914  ft/sec.  Then 

fv  =  IWftAec.  ,  2  000  f  • 

g  .0182  sec 

-  90,  000  yd  =  90  kyd 

=  45  n.  mi. 

The  radius  of  a  ra.y  in  an  isothermal  medium  has  the  tremendous  value  of 
about  90  kyd.  When  the  ray  is  horizontal,  that  is,  when  0  =  0,  y1  has  its 
maximum  value  of  The  ray  arc  is  thus  part  of  a  huge  circle  whose 

center  is  about  45  miles  up  in  the  sky,  as  illustrated  in  the  sketch  below. 
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The  origin  of  the  coordinates  x'  and  y1  is  at  0,  the  center  of  the  circle.  The 
arc  PQ  ST  is  a  portion  of  the  ray.  It  curves  upward. 

cv 

Conversely,  if  g,  and  hence  —  ,  is  negative,  then  y1  is  also 
negative..  In  this  case  the  center  of  the  circle  is  below  the  bottom  of  the 
ocean  and  the  ray  curves  downward. 

Let  us  now  assume  that  the  point  S  is  a  sound  source  and  that 
the  speed  of  sound  at  this  depth  is  cQ.  For  convenience  assume  also  that 
the  velocity  gradient  is  positive.  The  angle  of  inclination  of  a  ray  at  the 
source  will  be  called  the  initial  angle,  0O.  If  we  consider  a  family  of  rays 
leaving  the  source  in  any  one  vertical  plane,  we  see  that  each  individual 
member  of  the  family  is  identified  by  its  particular  value  of  0O.  Therefore 
to  investigate  the  characteristics  of  the  ray  family  wc  shall  express  (452a) 
and  (452b)  in  terms  of  0O  by  applying  Snell's  Law  which,  at  the  source, 
takes  the  form 


(453) 


v  cos  eQ 

The  coordinates  of  any  point  on  a  ray  are  then 


'-o 

r  sin  0 
g  cos  e0 

(454a) 

C°  CDS  9 

g  cos  B0 

(454b) 

where  x'  and  y'  are  measured  from  the  center  of  curvature  O  of  the  circular 

I  « 

ray  arc  ST.  The  coordinates  (x,!,  ,  y^)  of  the  source  S  are  the  values  obtained 
when  0  =  0O,  i.  e.  , 

c 

x'Q  =  ~  tan  0O  (455a) 
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Y°  g 


(455b) 
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If  we  now  focuu  our  attention  on  the  source  we  see  that  for  each  different 
initial  angle  there  is  a  different  ray  arc  whose  center  is  located  in  accordance 
with  (455a)  and  (455b).  Note,  however,  that  the  y'  coordinate  is  independent 
of  0O.  This  means  that  the  centers  of  all  the  circles  lie  on  a  horizontal  line 
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at  a  distance  c0/g  above  the  source.  This  line  is  called  the  line  of  centers. 
When  the  velocity  gradient  is  negative,  the  line  of  centers  is  below  the 
source. 


the  source  horizontally,  and  increases  as  the  rays  become  steeper.  The 
radius  of  curvature  of  a  vertical  ray  is  infinite,  that  is,  a  vertical  ray  is  a 


straight  line. 

We  shall  now  express  the  ray  equations  in  terms  of  the  original 
coordinates  x  and  y,  where,  it  will  be  recalled,  x  is  the  horizontal  coordinate 
measured  from  the  source  and  y  is  the  vertical  coordinate  measured  down¬ 
ward  from  the  surface  of  the  ocean.  Let  the  source  be  placed  at  a  depth  yQ 
where  the  sound  speed  has  the  value  c0.  The  constants  in  (451a)  to  (451d) 
are  evaluated  from  the  following  initial  conditions : 

6  =  0O 
x  =  0 

y  =  yo 
8=0 
t  =  0 
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The  resulting  equations  for  x,  y,  s,  and  t  are 


P* 

f 


X  = 


y-yo 


s  = 


t  = 


g  cos  e0 

co _ 

g  COS  0O 

co _ 

g  cos  eQ 
1 


(sin  0  -  sin  0O) 
(cos  0  -  cos  0o) 

(e  -  00 ) 


2g 


1  +  sin  0  ,  1  +  sin  0O 

‘°Se  I-.-stoJ  '  l0g' - 


1  -  sin  0O 


(456a) 

(456b) 

(456c) 

(456d) 


It  is  interesting  to  observe  that  the  /-equation  (456b)  is  in 
reality  only  an  alternate  way  of  stating  Snell's  Law.  Let  c  denote  the  speed 
of  sound  at  the  depth  y.  Then,  because  the  gradient  is  constant,  it  follows 
that 

c  -  c0  =  g(y  -  y0)  (457) 

Substitution  of  (457)  into  (456b)  yields 


y  -  yQ 


C  -  Co 


g  cos  60 


(cos  0  -  COS  eo) 


which  reduces  to 


(457a) 


cos  0  cos  0o 

Practical  computations  of  ray  paths  in  a  constant-gradient 
medium  are  most  conveniently  made  by  treating  y  as  the  independent  variable 
and  proceeding  as  follows: 

(1)  Select  a  value  for  y. 

(2)  Solve  (456b),  or  the  combination  of  (457)  and  (457a),  for  cos 

(3)  Determine  0  and  sin  0  from  cos  0. 

(4)  Compute  x,  s,  and  t  from  (456a),  (456c)  and  (456d). 

It  will  be  noted  that  in  determining  0  and  sin  0  from  cos  9  there 
is  an  ambiguity  in  algebraic  sign,  since  both  positive  and  negative  values  of 
0  lead  to  the  same*  value  of  cos  0.  The  physical  significance  of  this  ambiguity 
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is  evident  from  the  fact  that  the  horizontal  line  y  =  constant  intersects  the  ray 
circle  at  two  points.  As  indicated  in  the  sketch  below,  there  are  two  ranges, 
X|  and  corresponding  to  the  same  depth  y.  One  of  these  ranges  occurs 


y 


SB  const 


before  the  vertex  of  the  ray  and  the  other  beyond.  If  one  is  computing  a  ray 
path  by  manual  computation,  it  is  easy  to  see  from  a  rough  sketch  which  range 
to  use.  However,  all  modern  ray  tracing  is  done  on  digital  computers  which 
are  not  smart  enough  to  make  decisions  by  looking  at  rough  sketches.  In 
writing  a  computer  program,  one  establishes  a  set  of  simple  ground  rules  by 
which  the  machine  is  enabled  to  make  all  its  decisions. 

One  might  logically  inquire  why  we  did  not  start  with  x  instead 
of  y.  In  this  case  we  would  obtain  sin  0  directly  and  avoid  the  ambiguity. 

Such  a  procedure  would  be  excellent  if  the  medium  had  no  boundaries.  In 
practice,  however,  we  are  always  working  in  layers  of  finite  thickness,  and 
the  boundaries  between  layers  occur  at  specified  values  of  y. 

Small  Angle  Approximation 

Occasions  sometimes  arise  where  a  quick  estimate  of  the 
horizontal  range  from  a  source  to  the  vertex  of  a  ray  is  needed.  In  most 
practical  applications  of  conventional  sonars  the  rav  angles  are  quite  small, 
and  in  such  cases  an  extremely  useful  formula  may  be  derived  on  the  basis 
of  small  angle  approximations.  For  this  purpose  we  shal]  place  the  origin  of 
x  at  the  vertex,  and  shall  denote  the  depth  of  the  vertex  by  ym.  The 
coordinates  of  any  other  point  (x,  y)  on  the  ray  are  obtained  by  inserting 

0O  =  0 

y0  =  ym 

sin  0  to  0 
cos  0  ^  1  -  jQz 

into  (456a)  and  (456b).  The  result  is 
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and 


e2 

V  "  Ym  =  -  “2i“ 

Elimination  of  0  between  these  two  equations  yields 


y  -  ym  =  -  ** 


^458) 


(Ym  ~  y) 


(458a) 


It  is  seen  that  the  arc  of  the  circle  in  the  vicinity  of  the  vertex  has  been 
approximated  by  a  parabola.  This  approximation  is  quite  good  when  the  ray 
angle  does  not  exceed  about  10  degrees. 

9 .  Multiple  Constant-Gradient  Layers;  Boundary  Effects 

Having  learned  that  rays  in  a  com?tant -gradient  layer  are  arcs  of 
circles  and  that  they  curve  upward  where  the  gradient  is  positive  and  downward 
where  it  is  negative,  we  are  now  in  a  position  to  examine  the  phenomena 
associated  with  the  existence  of  multiple  layers  and  of  the  ocean  boundaries. 

Consider  first  the  simple  case  of  two  constant-gradient  layers 
having  different  gradients.  Suppose  that  the  upper  layer,  which  we  shall 
call  the  first  layer,  has  a  positive  gradient,  while  the  lower  or  second  layer 
has  a  negative  gradient.  As  indicated  in  the  sketch  below,  the  boundary 
between  the  two  layers  is  a  point  of  maximum  sound  speed.  Let  the  source  S 
be  located  in  the  first  layer.  Any  ray  such  as  SA,  which  leaves  the  source 
with  a  positive  (upward)  initial  angle  will  continue  upward.  A  ray  such  as  SB, 
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whose  initial  angle  is  slightly  negative,  will  descend  to  a  vertex  in  the 
first  layer  and  then  rise  again  due  to  the  upward  curvature.  A  ray  such 
as  SD,  having  a  strongly  negative  initial  angle,  will  cross  the  layer 
boundary  with  a  finite  slope  at  E  and  penetrate  into  the  second  layer  where 
it  will  curve  downward.  Somewhere  between  SB  and  SD  there  is  a  special 
ray  whose  vertex  occurs  at  a  point  of  tangency  T  on  the  boundary.  This 
ray  is  clearly  the  limiting  case  between  the  type  SB  which  diverges  up¬ 
ward  from  the  boundary  and  the  type  SD  which  diverges  downward.  The 
ray  ST  is  called  a  limiting  ray.  Beyond  the  vertex  T  it  splits  into  two 
braxiches,  the  near  branch  TC  and  the  far  branch  TC'.  Between  TC  and 
TC1  is  a  region  into  which  (according  to  ray  theory)  no  sound  enters.  Thi« 
region  is  called  a  shadow  zone.  Shadow  zones  occur  in  the  vicinity  of  a 
region  of  maximum  sound  speed  because  on  either  side  of  the  maximum 
the  rays  curve  away.  A  point  of  maximum  sound  speed  tends  to  "repel11 
the  rays. 

It  should  be  noted  that  shadow  zones  do  not  exist  in  the  strict 
sense  in  the  real  ocean.  There  are  two  reasons.  In  the  first  place,  sharp, 
discontinuous  changes  in  velocity  gradients  do  not  occur  in  nature.  There 
is  always  a  region,  however  small,  of  gradual  transition,  and  this  results 
in  a  small  humber  of  rays  entering  the  idealized  shadow  zone.  Secondly, 
we  have  leahped  that  ray  theory  breaks  down  wherever  the  velocity  gradient 
changes  rapidly  with  depth.  Therefore,  even  if  the  gradient  changed 
discontinuously  between  the  two  layers,  a  certain  amount  of  acoustic  energy 
would  leak  by  diffraction  into  the  shadow  zone.  In  spite  of  these  considera¬ 
tions,  however,  very  pronounced  shadow  zones,  in  which  the  sound 
intensity  is  exceedingly  small,  are  actually  observed  to  exist  in  the  ocean. 
The  effects  described  above  result  in  a  continuous  transition  into  the  shadow 
zone  rather  than  a  mathematically  abrupt  one,  but  inside  the  zone  the 
spreading  lose  is  so  high  that  detections  are  all  but  impossible. 


A  similar  pattern  exists  when  the  source  is  located  in  the 
lower  layer,  except,  of  course,  that  in  this  case  the  limiting  ray  leaves 
the  source  an  upward  angle. 

The  two-layer  situation  described  above  is  typical  of  the 
conditions  which  exist  over  large  areas  of  the  ocean  in  the  near  surface 
region.  .The  upper  layer  corresponds  to  the  surface  isothermal  layer 
and  the  lower  layer  corresponds  to  the  thermocline.  However,  in  this 
case  one  new  element  has  been  added,  namely,  the  surface  boundary, 
which  scatters  sound  energy  back  into  the  water.  If  we  assume  that  surface 
acts  as  a  smooth  reflector — a  fairly  good  assumption  in  low  sea  states  — 
we  see  from  the  following  sketch  that  a  certain  amount  of  reflected  energy 
penetrates  into  the  shadow  .sone. 


In  the  limiting  case  where  the  surface  layer  ceases  to  exist  and 
the  negative -gradient  layer  extends  to  the  surface,  the  limiting  ray 
generates  the  maximum  range  which  can  be  achieved,  since  surface- 
reflected  rays  will  always  return  at  smaller  ranges,  as  indicated  in  the 
sketch  below. 
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A  few  general  conclusions  regarding  placement  of  sonar 
transducers  may  be  drawn  from  the  preceding  remarks.  First,  if  a 
surface  duct  exists  and  both  the  sonar  transducer  and  the  target  are 
located  in  the  duct,  abnormally  long  ranges  can  be  achieved  through  a 
combination  of  surface  reflections  and  upward  refraction.  Second,  if  the 
submarine  is  below  the  layer  and  the  transducer  is  in  the  layer,  or  vice 
versa,  poor  detection  ranges  are  to  be  expected.  Third,  the  transducer 
should  never  be  placed  at  or  slightly  below  the  interface  between  the  two 
layers.  Fourth,  if  the  submarine  is  below  the  surface  layer,  the  trans¬ 
ducer  should  be  lowered  to  the  maximum  practical  depth  to  achieve  the 
maximum  detection  range. 

Let  us  now  consider  the  case  of  two  layers  such  that  the 
upper  layer  has  a  negative  gradient  and  the  lower  layer  has  a  positive 
gradient,  as  illustrated  by  the  following  diagram.  The  upper  layer  is 
shown  as  extending  from  A  to  B  on  the  velocity  profile  and  the  lower  laye. 
from  B  to  D.  The  sound  speed  is  a  minimum  at  depth  B.  It  is  a  maximum 
at  A  and  D,  and  is  assumed  to  decrease  again  beyond  these  two  points. 
Suppose  the  sound  source  is  located  at  S.  All  rays  leaving  S  will  curve 
downward.  The  Ray  SPQR  .  . . ,  which  leaves  S  horizontally,  crosses  the 
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layer  boundary  at  P  and  is  refracted  upward  in  the  lower  layer,  verlexing 
at  Q  and  returning  to  boundary  at  R.  The  upper  vertex  T  occurs  at  the 
same  depth  as  the  source,  it  is  thus  seen  that  the  ray  oscillates  up  and 
down  as  it  propagates  forward  and  remains  within  the  boundaries  of  the  two 
layers.  This  is  what  is  meant  by  a  sound  channel. 

Consider  now  the  ray  SP:  Q1  R'  ...  which  is  a  limiting  ray  at 
the  upper  boundary  A.  At  P'  this  ray  splits  into  two  branches.  The  inner 
branch,  V'it’n  which  we  are  presently  concerned,  crosses  the  interface  at 
Q1  and  vertexes  ir.  the  lower  layer  at  the  point  R^  at  depth  C.  Since  the  ray 
is  horizontal  both  at  depth  C  and  at  depth  A,  it  is  evident  from  Snell's  Law 
that  the  speed  of  sound  is  the  same  at  both  depths.  The  depth-  C  can  be 
located  on  the  velocity  profile  by  dropping  a  vertical  line  from  the  point  A 
to  the  intersection  with  the  segment  BD.  Thus  the  limiting  ray  from  S  is 
confined  to  a  char  >.el  extending  from  A  to  C,  and  this  is  true  for  a  source 
located  at,  any  depth  within  the  channel. 

Any  ray  which  leaves  the  source  at  a  steeper  angle  than 
SP'Q'R'.  . .  will  cross  the  upper  boundary  and  leave  the  channel.  Also  an', 
ray,  such  as  SP"Q"R"  ....  which  leaves  the  source  at  a  correspondingly 
steep  downward  angle  will  vertex  at  a  depth  Q"  below  C  and  upon  returning 
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upward  will  leave  the  channel  at  T".  ^If  the  ray  is  sufficiently  steep  it  may 

even  cross  the  lower  boundary  and  leave  the  channel  there. )  j 

f 

In  summary,  a  region  in  which  the  sound  speed  passes  through 
a  minimum  gives  rise  to  a  sound  channel.  The  depth  of  the  minimum  is  the 
axis  of  the  channel.  It  tends  to  "attract"  rays.  To  determine  the  thickness 
of  the  channel,  one  examines  the  adjacent  maxima  of  the  sound  speed 
profile  .above  and  below  the  minimum.  The  width  of  the  channel  is  governed 
by  the  shallower  of  the  two  maxima,  i.  e. ,  the  one  which  has  the  smaller 
value  of  Cniax*  The  channel  extends  from  the  depth  of  this  maximum  to  the 
depth  on  the  other  side  of  the  channel  axis  where  the  sound  speed  has  this 
same  value. 

As  indicated  previously,  a  positive  gradient  layer  at  the  surface 
behaves  as  a  sound  channel,  due  to  reflections  from  the  surface.  This  is 
easy  to  see  if  the  reflected  rays  are  "re -reflected,  "  so  that  they  travel 
through  an  imaginary  layer  above  the  surface  which  is  a  mirror  image  of  th-. 
actual  layer  below  the  surface. 
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A  similar  situation  can  occur  in  shallow  water  when  a  negative 
gradient  exists  all  the  way  to  the  bottom,  the  combination  of  downward 
refraction  and  bottom  reflections  giving  rise  to  a  sound  channel. 
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In  general,  however,  bottom  losses  are  far  larger  than  surface  losses, 
and  the  propagation  characteristics  of  such  a  channel  are  usually  inferior 
to  those  of  a  surface  channel. 
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j  It  will  be  useful  to  implement  a  portion  of  the  preceding 

s 

qualitative  discussion  by  deriving  the  appropriate  mathematical  formulas. 


For  this  purpose  we  shall  assume  that  the  velocity  profile  has  been  specified 

5 

f  in  terms  of  the  sound  speed  at  each  of  the  layer  boundaries.  The  value  at 

•  ■  ' 

f  the  surface  (y  =  0}  is  cs.  The  value  at  the  boundary  yi2  between  the  first 

|  and  second  layers  is  c12;  the  value  at  y2^  is  c22;  the  value  at  y24  is  C34, 

I 

I  and  so  on.  The  sound  speed  at  any  intermediate  depth  can  bf  computed 

| 

|  from  the  appropriate  linear  formula.  For  example, 


(459) 


the  sound  speed  at  any  depth  y  in  the  second  layer  is  obtained  from 

c  -  ciz  =  §2  (y-yi2) 

where 


'23 


-  c 


12 


g2  ~  y23  -  y12 


(460) 


We  shall  suppose  that  the  velocity  profile  has  the  characteristics  shown  in 
the  preceding  figure  and  that  the  sound  source  is  located  at  a  depth  yG  in 
the  first  layer.  The  speed  of  sound  at  this  depth  is 

co  =  cs +  Si  y0  (461) 

Vertex 

Consider  first  the  problem  of  locating  a  vertex  in  the 
first  layer.  The  vertex  occurs  at  the  point  where  0  =  0.  The  values  of 
x,  s,  and  t  at  the  vertex  are  obtained  by  setting  0  =  0  in  equations  (456a), 

(456c),  and  (456d).  For  example,  the  horizontal  range  xm  is 

cQ  sin  0O 

Xm  ~  "  gl  cos  8o 

below/ 

From  the  sketchy  it  is  seen  that  gj  is  positive  and  0O  is  negative,  so  that 
x  turns  out  to  be  positive.  The  depth  ym  of  the  vertex  can  be  computed  by 
setting  0  =  0  in  (456b).  As  an  alternative  method,  we  note  that  the  s^eed  of 
sound  at  the  vertex  is 

co 

Cv  COS  0Q 


The  depth  of  the  vertex  may  be  computed  from  the  equation  (46l)  for  the 
segment  of  the  velocity  profile  in  the  first  layer.  Thus, 

cv  =  cs  +  §1  ym  (46  la) 


or 
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(462) 


A  glance  at  the  velocity  profile  shown  in  the  above  figure 
i 

indicates  that  if  the  ray  vertexes  in  the  first  layer,  its  vertex  speed  cv 
is  less  titan  the  maximum  value  c^  at  boundary,  and  the  ray  will 
(theoretically)  never  leave  the  first  layer.  Any  region  of  the  velocity 
profile  where  the  sound  speed  exceeds  cv  acts  as  a  barrier  which  the  ray 
cannot  cross.  (On  the  other  hand,  if  the  source  were  located  below  the 
boundary  12  and  a  ray  were  to  vertex  in,  say,  the  second  layer  with  a 
vertex  speed  cv  slightly  smaller  than  cj2>  raY  be  confined  to 

layers  2,  3,  4,  and  5,  and  would  vertex  at  a  depth  in  layer  5  where  the 
sound  speed  is  cv.J 

Limiting  Ray 

The  limiting  ray  from  a  source  in  layer  1  vertexes  at 
the  boundary  yj2*  -*-s  vertex  speed  is  therefore 

cv  =  c12 

The  problem  of  locating  the  limiting  ray  consists  of  determining  its  initial 
angle,  which  we  shall  call  0^.  This  is  found  directly  from  Snell's  Law, 
where 


Thus 


c  =  c  1 2  >  6  =  0;  = 


cos  0L 


(463) 


The  values  of  x,  s,  and  t  are  determined  by  setting  0O  =  0j_  an,d  9  =  0 
in  the  appropriate  equations. 

Rg.y  Path  in  Other  Layers 

If  the  initial  angle  is  steep  enough,  the  ray  will  cross  into 
the  layers  below.  The  value  of  x  at  the  boundary  between  layers  1  and  2  is 
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12 


§1 


cos  0, 


(sin  0^2  -  sin  0Q) 


(464) 
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To  determine  the  value  of  x  at  any  depth  in  the  second  layer,  We  return  to 
the  original  solution  (451a).  The  vertex  velocity  cv  remains  constant  in 
all  layers,  so  that  we  may  retain  the  factor  cQ/cos  0O.  The  initial  conditions 
for  the  ray  in  the  second  layer  are 

x  =  X1 2  w**en  8  =  2. 


Therefore  the  increment  of  x  in  the  second  layer  is 


x  -  x,  ,  =• 


§2 


cos  0, 


—  (6in  0  -  sin  0i  ?) 


At  the  boundary  between  layers  2-  and  3,  (465)  becomes 


x23  x12  cos  0O 

The  increment  in  the  third  layer  is  then 


-(sin  023 -  0I2) 


(465) 


(465a) 


x  -  x-,,  = 


- - r-  (sin  0  -  sin  O?*) 

gj  cos  0O  '  40 


and  so  on.  The  cumulative  value  is  the  sum  of  all  the  increments.  For 


example,  in  the  third  layer, 

\  x=xi2  +  (x23  -xi2)  +  (x  -x23) 


(466) 


The  corresponding  values  of  s  and  t  are  obtained  in  a 


similar  manner. 


In  tracing  a  ray  from  the  source  outward,  we  continue  the 
process  indicated  above  until  either  a  depth  is  reached  at  which  the  sound 
speed  exceeds  cv,  in  which  case  the  ray  vertexes  and  returns  toward  the 
source  depth,  or  else  the  surface  or  bottom  is  reached,  in  which  case  the 
ray  is  reflected.  These  are  some  of  the  ground  rules  which  one  incorporates 
into  a  computer  program, 

10.  Spreading  Loss 

Ray  theory  enables  us  not  only  to  trace  ray  paths  but  also  to 
compute  the  spreading  less.  It  will  be  recalled  that  the  spreading  loss  at 
any  point  on  a  ray  is  10  log  of  the  ratio  of  the  intensity  at  the  standard 
1-yard  reference  distance  to  the  intensity  at  the  point  in  question,  assuming 
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that  the  effects  of  attenuation  and  other  losses  are  neglected.  To  estimate 
the  intensity  ratio  we  take  a  small  bundle  of  rays  and  observe  how  they 
spread  out.  Let  Ij  be  the  intensity  at  the  1-yard  point,  thatas,  at  the 
point  where 

s  =  S  ^  =  1  yd 

and  I  be  the  intensity  at  the  distant  point.  Let  AA^  be  the  small  area 
intercepted  by  the  bundle  at  the  1-yard  point  and  AA  the  corresponding  area 
at  the  distant  point.  If  no  energy  is  lost  by  absorption  or  scattering,  the 
total  energy  in  the  bundle  remains  the  same  at  all  distances  from  the 
source,  that  is, 

Ii  AAj  =  IAA 


or 


Il_ 

I 


AA 

AAj 


(467) 
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To  evaluate  this  ratio  we  assume  that  there  are  no  horizontal  gradients 
and  that  the  rays  spread  out  equally  in  all  directions  in  azimuth.  We 
select  a  bundle  having  a  reccangular  cross  section  defined  by  the  four 
rays  SP,  SQ,  SP1  and  SQ1,  as  indicated  in  the  sketch  below.  When 
viewed  in  elevation,  the  rays  SP  and  SQ  make  an  angle  0O  with  the 
horizontal,  the  angular  width  of  the  bundle  at  the  source  5  being  A0O. 
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When  projected  onto  the  horizontal  plane,  the  bundle  is  enclosed  within 
the  two  straight  lines  SP'<  and  SQ"  separated  by  an  angle  A*.  The  one- 
yard  reference  distance  sp  which  for  all  practical  purposes  may  be 
regarded  as  a  straight  line  segment,  is  shown  as  SPp  The  horizontal 


coordinate  of  Pj  is  the  projection  of  SPj  on  the  horizontal  plane,  namely, 

Sj  cos  0O.  The  dimensions  of  the  little  rectangular  area  AAj  are 
therefore  si  cos  0O  A<|>  and  Sj  A0O;  hence, 

AAi  =  Si  cos  0Q  A0O  A4> 

If  we  denote  the  width  of  the  bundle  at  the  far  point  by  Aw,  the  area 
AA  is 

AA  =  x  Aw  A<j> 

and  the  intensity  ratio  is 

I[  _  xAw _ 

I  ~  s^rcos_0^~A0^~ 

We  must  now  express  Aw  in  terms  of  things  we  know.  If  we  consider  the 
change  in  x  when  y  is  held  constant  and  0O  increases  by  A0Q,  we  see  that 
x  decreases  by  an  amount  equal  to  the  length  of  the  horizontal  segment  PR. 
Furthermore,  if  the  ray  angle  at  P  (and  also  at  P',  since  A0O  is  exceedingly 
small)  is  0,  then  in  the  right  triangle  PP'R  we  find  that 


Aw  =  -  Ax  sin  0 
and  the  intensity  ratio  is 

*1  x  sin  0  Ax 


I 


Sj  cos  0O  A0O 


y  =  const. 

In  the  limit  as  A0Q  goes  to  zero  this  becomes 
T-1  x  sin  0  Sx 


I 


Sj2  cos  0o 


S0r 


The  spreading  loss  is 


Nspr  =  10  lQg  f- 


(468) 


(46?) 


Equation  (468)  is  a  general  result  whose  validity  is  limited 
only  by  the  requirement  that  the  sound  speed  must  .not  vary  in  a  horizontal 
direction.  We  shall  now  apply  it  to  the  case  of  constant-gradient  layers. 


126 


|  ] 
t  * 

H 


»1 


u 

*s 

1 1 


P5 

f , 


M 
f  ! 


Single  Layer 

When  the  ray  path  lies  entirely  within  a  single  layer  of 
constant  velocity  gradient,  the  horizontal  range  is  expressed  by  (456a). 
In  taking  the  derivative  of  x  with  respect  to  0O  we  must  recognize  that 
the  angle  0  at  the  far  end  of  the  ray  is  also  a  function  of  0O.  Thus, 


3x  co  f  sxn  9o  /  •  a  .  _  *  ,  1  r  .  60 

•rr-  = —  - sm  0  -  sm  0O)  + - —  (cosB^rr-  -  cos  8_ ) 

30o  g  cos2  0O  °‘  cos  9a  v  c9r  o' 


The  derivative 


ivative  S8/oe 


cos  90 

0  is  readily  evaluated  from  Snell's  Law, 
c 


(470) 


cos  0  = 


Co 


cos  0r 


Since  we  are  interested  in  the  rate  of  change  at  constant  depth,  c  is  a  constant. 


sin  0 


30a 


or 


30 

X 


c  .  cos  0  sin  0n 

—  sm  0n  =  - - — 2 

c„  °  COS  8a 


sin  0O  cos  0 
cos  0O  sin  0 


(47  !■) 


Insertion  of  (471)  into  (470)  yields 


or,  from  (465a) 


C0 

__  ss  - - ^sxn  0  -  sm  0O) 

3 0q  g  cos2  0O  sm  6  0/ 


3x 

30o 


cos  0n  sin  0 


The  desired  result  is  obtained  by  substituting  (472a)  into  (468) 

iL  -  x2 
Ic  "  Vi*  cos2  0O 


(472) 


(472a) 


(473) 


From  this  result  we  see  that  in  a  single  constant-gradient 
layer  the  intensity  is  inversely  proportional  to  the  square  of  the  horizontal 
range.  Incidentally,  in  the  limiting  case  where  the  velocity  gradient  is 
zero  and  the  rays  become  straight  lines,  the  distance  s  along  the  arc  is 

x 

8  =  —  - 

COS  0O 

and  the  intensity  ratio  boils  down  to  the  standard  inverse  square  law. 
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<  'IX 


Multiple  Layers 

We  shall  illustrate  the  general  carse  by  considering  three 

layers.  To  obtain  we  take  the  derivatives  of  each  of  the  three 

terms  of  (466).  The  first  term  has  already  been  derived  in  (472a),  where 

all  -we  heed  to  do  is  substitute  x'12  and  0j2  for  x  and  0.  Thus 

d*12  -  x12 
^06.  cos  0O  sin  012 

The  derivative  of  the  second  term  (465a)  is 
d(x23  -X12)  cQ 
~  ~S2 


*9r 


T  sin  0O  . 

j_cosre0  (S1 


sin  ©23  -  sin  0j2) 


a,^23 


The  derivatives 


cos 


89‘Ms 


—  (cos  023  T—  -  COS  eu 


60 


12 


30, 


q  and 
°o 


30 


23/00, 


are  obtained  by  substituting  the 


appropriate  values  into  (491),  namely. 


30 


12_  _  ain  90  cos  012  a923  _  shl  Qo  cos  e23 


5© 


cos  0O  8 in  0X2 


cos  0O  sin  @23 


The  result  is 

a  (x23  -  x12) 


c0  sin  0O 


30, 


- - : — - —— —  (sin  dp-i  -  sin  &  t  p) 

g2  cos4  0O  sin  0j2  3m  @23  ^ 


or 


3(x23  -  x12) 
30o 


(x23  '  x12)  sin  9o 
cos  0O  sin  023  sin  013 


(474a) 


Similarly,  the  third  term  yields 

a(x  -  X23)  _  (x  -  x23)  sin  0O 

30o  cos  0O  sin  0  sin  ©33 

The  derivative  of  (466)  is  the  sum  of  (474),  (474a),  and  (474b), 
dx  _  sin  0O  P  x12  „  x23  "  x.l2  x  -  x.23 

^0“  ‘  cos  8ol_8in  ®12  ®in  0O  ®in  @23  sin  ©12  sin  ©23  gin  0 
and  the  intensity  ratio  (468)  becomes 


(474b) 
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I 


x  sin  eo  sin  0 
cos*  0O 


r 

xi2 

sin  &i 2  sin  0O 


+ 


x23  -  x12  x  '  x23 

sin  ©23  sin  01^  sin  @23  s*n  ® 


(475) 


-The  generalization  of  (475)  to  the  case  of  more  than  three  layers  should  now 
be  evident.  For  two  layers  (475)  takes  the  form 


h 

1 


x _ 

COS2  0O 


sin  0  .  sm  90 

— - - -  +  IX  -  X,  )  — - — 

sin  0j2  1^  sin  0j£ 


(475a) 


Here  again  we  see  that  in  the  limiting  case  of  straight  line 
=  0 

propagation,  where  gj  =  g£  =  g3»Aall  ^e  angle£  are  equal  to  0O  and  equation. 
(475)  boils  down  to  the  classical  inverse  square  law.  The  presence  of  the 
refractive  layers  modifies  the  inverse  square  law  by  multiplying  the 
increment  of  x  in  each  layer  by  a  factor  involving  the  sines  of  the  angles. 
For  example,  in  the  second  layer  the  increment  (x23  -  *-iz)  is  multiplied 
by  the  factor  sin  0o  sin  0 

sin  023  sin  ©22 

These  factors,  however,  are  capable  of  producing  drastic  effects.  Let  us 
examine  a  few  of  these  effects. 

Focusing  Effect  in  a  Sound  Channel 

Consider  the  case  of  two  layers  where  the  upper  (first) 
layer  has  a  negative  velocity  gradient  and  the  lower  (second)  layer  has  a 
positive  gradient.  We  have  already  seen  that  this  is  a  sound  channel.  Lei 
the  source  be  placed  in  the  first  layer  and  consider  the  ray  which  leaves 
the  source  horizontally,  i.  e. ,  0O  =  0.  The  intensity  ratio  (475a)  becomes 
in  this  case 

II  x  xj2  s*n  9 
I  Sj2  sin  0|2  C-OS1^ 

After  this  ray  crosses  the  boundary  it  will  vertex  in  the  second  layer.  At 
the  vertex  the  angle  0  is  zero.  Therefore 

li 

—  =  0,  when  0O  =  0  =  0 
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Here  we  see  that  if  the  ray  leaves  the  source  horizontally,  the  intensity 
will  be  infinite  at  every  vertex  in  the  channel.  These  are  focal  points 
where  the  rays  converge  after  initially  diverging  from  the  source. 

Although  the  mathematics  becomes  somewhat  messy,  it 
can  be  shown  that  focal  points  occur  also  for  rays  which  leave  the  source 
at  other  angles.  The  locus  of  such  focal  points  is  called  a  caustic.  The 
intensity  at  a  caustic  is  very  high  and  signals  can  be  expected  to  be  very 
strong. 

Limiting  Rays 

Consider  now  the  opposite  two-layer  case  in  which  the 
positive  gradient  occurs  in  the  upper  (first)  layer.  The  limicing  ray  from 
the  source  will  graze  the  layer  boundary,  so  that  0^2  be  zero.  Let 
9^  denote  the  initial  angle  of  the  limiting  ray.  (0j_,  is  negative  in  this  case.  ) 
The  inter sity  ratio  at  the  point  of  tangency  with  the  boundary  is  obtained  by 
setting  0O  =  0l,  0  =  0^2>  and  x  =  xi2  (473)  or  (475a), 

Jl_  _  A  2 

I  s^2  cos2  0L 

At  this  point  the  ray  splits  into  two  branches.  Since  the  near  branch  remains 
within  the  first  layer,  the  single -layer  formula  ^473)  holds  throughout.  To 
determine  the  intensity  in  the  far  branch  beyond  the  point  of  tangency,  we 
see  that  both  x  and  0  increase,  while  0j£  remains  zero.  Clearly  the 
intensity  ratio  (475a)  is  infinite  at  all  values  of  x  beyond  xj£.  This  analysis 
shows  that  as  we  approach  the  shadow  zone  from  the  near  side,  the 
intensity  remains  finite  all  the  way  to  the  limiting  ray.  On  the  other  hand, 
as  we  approach  the  shadow  zone  from  the  far  side,  the  intensity  approaches 
zero. 

Spurious  Caustics  and  Shadow  Zones  Due  to  Constant - 
Gradient  Approximation 

The  procedure  of  approximating  a  continuously  changing 
gradient  by  a  number  of  constant-gradient  layers  leads  in  certain  instances 
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to  focusing  effects  and  in  other  instances  to  small  shadow  zones  which  are 
not  actually  present  in  the  ocean.  We  have  already  mentioned  the  behavior 
in  the  vicinity  of  a  sound  speed  maximum.  A  discussion  of  other  limitations 
of  the  constant -gradient  approximation  will  be  given  in  a  later  section. 

11.  The  Naval  Air  Development  Center  Ray  Tracing  Program 

A  comprehensive  ray  tracing  program,  based  on  the  consts-at* 
gradient  approximation,  is  currently  available  on  the  IBM  650  digital 
computer  of  the  Aeronautical  Computer  Laboratory.  The  program  can 
handle  up  to  50  different  constant-gradient  layers.  The  input  data  for  the 
velocity  profile  may  be  specified  in  terms  of  either  the  temperature  or  the- 
sound  speed  at  each  of  the  layer  boundaries,  including  the  surface  and  the 
bottom,  and  may  be  expressed  in  any  of  the  following  ways: 

(a)  Temperature  in  °F;  depth  in  feet. 

(b)  Temperature  in  °C;  depth  in  meters. 

(c)  Sound  speed  in  fysec;  depth  in  feet. 

(d)  Sound  speed  in  meters/sec;  depth  in  meters. 

If  the  input  data  are  expressed  in  metric  units,  the  machine  automatically 
converts  to  English  units.  When  the  inputs  are  temperatures,  the  machine 
assumes  a  nominal  salinity  of  34  partsyiOOO  and  computes  the  sound  speed 
from  equation  (447  ).  The  computer  will  also  accept  salinity  inputs  for  use 
with  equation  (447).  Other  input  data  include  the  following: 

(a)  Source  depth. 

(b)  Acoustic  frequency.  The  computer  can  handle  up  to 
four  frequencies  at  a  time. 

(c)  Depths  at  which  outputs  are  desired. 

(d)  Instructions  for  termination  of  rays. 

The  program  incorporates  provision  for  both  bottom  and 
surface  reflections.  The  bottom  loss  is  programmed  as  a  function  of  the 
acoustic  frequency  and  the  grazing  angle  of  the  ray,  in  accordance  with  a 


set  of  equations  representing  average  bottom  conditions.  No  comparable 
provision  has  been  included  for  surface  loss,  but  any  desired  constant 
value  may  be  inserted.  When  a  ray  strikes  the  surface  or  the  bottom,  it 
is  reflected  and  continues  on,  or  if  it  passes  through  a  maximum  or  a 
minimum,  it  likewise  continues  on,  cycle  after  cycle,  until  the  machine  is 
told  to  stop. 

The  attenuation  coefficient  is  programmed  as  a  function 
frequency  and  temperature  in  accordance  with  (.31 6),  (3il)  avid  '  3!8). 

The  theoretical  attenuation  loss  is  evaluated  from  the  integral 

s 

Natt  =  J  ads 
o 

where  the  attenuation  coefficient  must  be  expressed  as  a  function  of  the 
distance  s  along  the  ray  arc.  The  machine  program  approximates  the 
integral  by  a  sum 

S  a;  As: 

i 

where  each  is  a  constant  whose  value  is  the  average  of  the  values  at  the 
beginning  and  end  of  each  interval  of  computation. 

The  following  combinations  of  quantities  may  be  computed  at 
the  option  of  the  customer: 

(a)  y,  x,  0 

(b)  The  quantities  in  (a)  plus  NSpr 

(c)  The  quantities  in  (b)  plus  s  and  t 

(d)  The  quantities  in  (c)  plus  Nw 

The  outputs  are  automatically  tabulated  at  all  layer  boundaries 
and  at  all  vertices.  Reflections  at  the  surface  and  bottom  (in  addition  to 
maxima  and  minima)  are  considered  to  be  vertices.  Outputs  may  vdso  be 
computed  and  tabulated  in  equal  depth  increments  between  any  two  desired 
limits.  Any  desired  increment  may  be  specified.  In  addition,  provision  is 


made  for  specifying  up  to  10  arbitrary  "special”  depths.  It  is  also 
CowpU+sJioA 

possible  to  delay^at  the  incremental  and  special  depths  until  after  a  speci¬ 
fied  number  of  vertices  have  been  passed. 

Two  different  modes  of  computation  are  available:  families 
of  rays  and  limiting  rays. 

(a)  In.  the  computation  of  ray  families,  the  initial  angle  of  each 
ray  is  specified  as  an  input.  The  procedure  is  to  specify  the  initial  angle 

of  the  first  ray,  the  increment  by  which  the  initial  angle  is  to  be  increased 
for  successive  rays,  and  the  value  for  the  final  ray. 

(b)  There  are  several  options  in  the  computation  of  limiting 
rays.  A  velocity  profile  may  have  more  than  one  maximum  point.  In 
addition  to  maxima  occurring  within  the  volume  of  the  ocean,  the  surface 
will  be  a  maximum  point  if  the  surface  layer  has  a  negative  gradient,  and 
the  bottom  likewise  if  the  lowest  layer  has  a  positive  gradient.  The 
customer  may  specify  the  boundary  at  which  he  wishes  the  limiting  ray 
computed.  If  no  such  specification  is  made,  the  machine  program  selects 
the  depth  at  which  the  largest  value  of  c  in  the  entire  profile  occurs. 

Computations  may  be  made  for  only  the  near  branch  of  the 
limiting  ray,  or  only  the  far  branch,  or  both. 

The  following  options  are  available  for  terminating  the 
computation  of  a  ray: 

(a)  After  a  specified  number  of  vertices  (including  surface  a/ui 
bottom  reflections)  have  been  passed. 

(b)  When  a  given  depth  is  reached  after  a  specified  number  of 
vertices  have  been  passed. 

(c)  When,  a  specified  value  of  horizontal  range  x  is  reached. 

(d)  When  a  specified  value  of  propagation  loss  at  a  specified 
frequency  has  been  attained,  or,  if  the  propagation  loss  is  not  being  computen, 
the  spreading  loss  may  be  used  as  the  criterion  for  stopping. 
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12.  Limitations  of  the  Constant -Gradient  Approximation 

We  have  already  seen  that  a  point  of  maximum  sound  speed 
between  two  adjacent  constant-gradient  layers  leads  to  the  prediction  of 
shadow  zones  in  which  the  spreading  loss  is  theoretically  infinite.  Although 
such  a  concept  is  a  mathematical  fiction,  since  ideally  sharp  boundaries 
between  adjacent  layers  never  occur  in  the  real  ocean,  it  is  nevertheless  a 
reasonably  good  approximation  in  many  instances. 

There  are  other  situations,  however,  in  which  the  constant- 
gradient  layer  approximation  predicts  some  very  strange  intensity  patterns 
which  do  not  exist  at  all  in  the  ocean.  These  occur  when  a  smoothly  curving 
velocity  profile  is  approximated  by  a  number  of  straight-line  segments.  If 
the  sound  speed  in  this  portion  of  the  profile  exceeds  the  sound  speed  at 
the  source,  those  rays  which  vertex  at  depths  in  the  vicinity  of  a  layer 
boundary  will  exhibit  some  wild  fluctuations  in  spreading  loss,  and  the 
strange  thing  about  it  is  that  the  usual  limiting  process  of  approximating 
the  smooth  curve  by  taking  more  and  more  straight-line  segments  of 
shorter  and  shorter  length,  does  not  work.  It  merely  results  in  more  and 
more  wild  fluctuations. 

Two  different  types  of  behavior  occur,  depending  on  whether 
the  curvature  of  the  velocity  profile  is  concave  or'  convex.  A  typical 
example  of  the  concave  case  is  the  situacion  in  which  a  strongly  negative 
gradient  gradually  tapers  off  with  increasing  depth,  as  illustrated  in  the 
left-hand  diagram  below.  On  the  right  is  shown  a  straight -lirte  segment 
approximation. 


6  c 


smooth-  pRoru-t  constamt— c?RAd> fc>/T 
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Let  us  investigate  what  happens  at  one  of  the  artificial 
layer  boundaries.  Consider  the  case  of  two  negative -gradient  layers 
illustrated  below.  The  lower  layer,  containing  the  source  S,  has  the 


Lay  ey  2, 


veaker  gradient.  We  shall  call  this  the  first  layer.  The  upper  layer 
le  second.  Rays  from  the  source  may  be  grouped  into  two  types, 
spending  upon  whether  they  lie  below  or  above  the  ray  SR2  which  graze® 
the  boundary  between  the  two  layers.  We  shall  call  this  ray  a  limiting 
ray  (although  it  is  not  a  limiting  ray  in  the  strict  sense).  All  rays  bel«V 

the  limiting  ray  remain  entirely  in  the  first  layer  and  exhibit  no  ur: usual 

» 

characteristics,  SRj  is  such  a  ray.  Rays  of  the  second  type,  which  Jje 
above  the  limiting  ray,  penetrate  into  the  second  layer  where  they  are 
refracted  more  sharply  because  of  the  stronger  gradient.  They  therefore 
return  to  the  first  layer  at  a  somewhat  shortened  range  and  cut  across 
some  of  the  rays  of  the  SRj  type.  SR3  and  SR4  are  typical  examples. 

Let  us  now  select  some  fixed  depth  below  the  boundary, 
such  as  OO ',  and  investigate  the  behavior  of  the  horizontal  range  x  at  this 
depth  when  the  initial  angle  0o  is  varied.  For  all  rays  below  the  limiting 
ray  the  horizontal  range  increases  smoothly  with  0Q,  as  indicated  by  the 
crossing  points  Qj  and  Q^.  As  soon,  however,  as  the  rays  begin  to 
penetrate  into  the  second  layer,  the  horizontal  range  takes  a  sudden  drop, 


as  indicated  by  the  crossing  Q3.  As  0O  is  further  increased,  the  range 
passes  through  a  minimum  and  begins  to  increase  again,  as  indicated 
by  Q4.  The  behavior  is  shown  in  the  accompanying  graph.  The  infinite 
slope  of  the  curve  immediately  beyond  the  limiting  angle  signifies  that  the 
intensity  is  zero  arid  the  spreading  loss  infinite.  The  minimum  point  of 
the  curve  is  a  point  of  infinite  intensity,  since  here  the  horizontal  range 
does  not  vary  at  all  with  0O.  This  is  a  focal  point  and  the  spreading  loss 
is  negatively  infinite.  In  the  small  sector  of  0O  between  the  limiting  ray 
and  the  "focal  ray"  the  spreading  loss  varies  all  the  way  from  + 00  to  -  00 . 
Furthermore,  it  will  be  noted  that  every  point  in  the  water  in  this  hori¬ 
zontal  range  interval  is  reached  by  three  rays  -  one  below  the  limiting  ray 
and  two  above.  No  shadow  zone  exists,  even  though  we  computed  zero 
intensity  at  one  point  for  one  of  the  three  rays.  Beyond  the  minimum  point 
the  horizontal  range  increases  again  and  the  spreading  loss  ultimately 
settles  down  to  reasonable  values.  The  smooth  dashed  curves  show  the 
range  and  spreading  loss  computed  from  the  continuous  velocity  profile. 

At  different  depths  the  focus  occurs  at  different  ranges. 

The  constant-gradient  approximation  thus  generates  a  caustic. 

In  the  reverse  case,  where  the  negative  gradient  becomes 
stronger  as  the  depth  increases,  the  velocity  profile  has  a  convex  curvature. 
The  corresponding  two -layer  approximation  for  this  case  shows  just  the 
opposite  effect.  Here  the  upper  layer  has  the  weaker  gradient.  Rays  which 
penetrate  above  the  layer  boundary  suffer  less  refraction  and  return  to  the 
boundary  at  longer  ranges.  Plots  of  horizontal  range  and  spreading  loss 
vs.  0o  for  this  case  are  shown  on  an  accompanying  graph.  Here  it  is  seen 
that  beyond  the  limiting  ray  the  x  curve  takes  a  jump  beginning  with  infinite 
slope,  and  gradually  settles  down.  Meanwhile  the  spreading  loss  jumps  to 
infiriity,  then  decreases  to  a  minimum  value,  increases  again,  and  gradually 
settles  down.  The  infinite  loss  in  this  case  corresponds  to  an  artificial 


shadow  zone.  The  rays  do  not  overlap.  The  two  dashed  curves  show  the 
range  and  spreading  loss  computed  from  the  continuous  profile. 

These  effects  may  be  shown  mathematically  as  follows.  Let 
the  gradients  in  the  two  layers  be  gj  and  The  source  S  is  in  the  first 

(lower)  layer.  Consider  a  ray  which  penetrates  into  the  second  layer. 

Let  the  sound  speed  at  the  source  be  cQ,  As  indicated  in  the  sketch,  0O 
is  the  initial  angle  of  the  ray,  0j2  and  X/2,  are  angle  and  horizontal  range 


AA. 

6 


Ls  y  t  v"  z- 


at  the  first  crossing  of  the  boundary  12,  0 and  X2j  at  the  second 
crossing,  and  0  and  x  at  the  point  P  in  the  first  layer. 

The  range  X.  is  the  sum  of  three  increments  in  the  manner 
of  equation  (466).  Inserting  expressions  of  the  type  (456a)  and  (464),  we 
obtain 

Q  j  1  1  *'*' 

x  = - —  —  (sin  0i  7  -  sin  0n)  +  — (sin  07i  -  sin  617)+  — (sin  0-  sin07  t ); 

cos  Oojgj  u  °'  g2  gj  21J 

From  Snell's  Law  it  is  evident  that 

021  =  "  ®12 

Substituting  this  value  into  the  above  equation  and  combining  terms,  we 
obtain 
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(476) 


o  I  /  .  „  .  „  .  ,,  1  i  ,  .  n  \ 

x  = - —  _  (sin  Q  _  sin  0Q)  +  2(  — - )  sin  8,  ? 

cos  eD  _gi  gi  gz '  12 J 

The  first  term  in  (476)  gives  the  value  of  x  which  would  be  obtained  if  the 

second  layer  !had  the  same  gradient  as  the  first.  The  second  term  shows 

the 

the  effect  of  the  discontinuity  in^gradient. 

To  simplify  matters,  let  us  assume  the  point  P  to  be  at  the 
same  depth  as  the  source,  so  that 

6=  -  80 

Also,  since  the  gradients  are  both  negative,  let  us  introduce  the  positive 


values 


gi'  =  -gj  and  g2‘  =  -  g2 


Equation  (476)  then  becomes 


2  cQ  tan  8C 

~x  * 

hl  u 


i  -  a  -  ¥1  >  ^ 

g2‘  sin  80 


(476a) 


The  corresponding  expression  for  the  intensity  ratio  can  be 
obtained  by  ins<rting  the  appropriate  expressions  for  the  increments  of  x 
into  (475).  Thus 

Ij  x  sin  0O  sin  0  cQ  sin0i2-sin0o  co  sin  021  “ sin  ei2 

—  =  — — - * -  -  -  4,  - k  - : — 

I  Sjz  cos2  0O  gj  cos  0O  sin  012  sin  0O  g2  cos  0O  sin  02j  sin  0j2 


cG  sin  0  -  sin  0gi 

cos  0n  sin  0  sin  0? « 


x  cQ  sin  0O  sin  0 
Sj2  cos3  0O 


g  4  \S lyi  9 o  Sm9j  | 


And  if  8  =  -  0Q,  we  obtain 


a  * 

2  x  c o  sin  8p  ,  &1  >  sin  0O 

s^  gj '  cos*  0o  ~  g2'  sin  012 


(477) 
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The  first  term  in  (477)  gives  the  intensity  ratio  which  would  exist  if  there 
were  only  one  layer.  The  second  term  shows  the  effect  of  the  discontinuity. 

The  critical  factor  is  the  ratio  of  the  two  sines  in  (476a)  and 
(47 7),  the  one  being  the  reciprocal  of  the  other. 

To  investigate  this  ratio,  let 

e0  =  eL  +  Ae  (478) 

wheye  0^  is  the  initial  angle  of  the  limiting  ray.  Since  the  limiting  ray  is 
tangent  to  the  boundary  12,  where  we  shall  assume  the  sound  speed  to  be  cj^, 
we  see  from  Snell's  Law, 

ci2  _  _ l  cos  812 

c,3  cos  0L  cos  0O 


so  that 


sin  e12  =./l  " 


cos2  0O 
cos2  ©l 


:0s2  ©l  ~  cos2  0C 
cos  0l 


which  may  be  transformed  to _ 

.  7sin  (Oo  +  0L)  sin  (0O  ~  0L) 

sin  01  o  =  v  ■  •  . -  .  . . . 

cos  0l 

Insertion  of  (478)  yields  the  ratio 

sin  012  _J sin  (20L  + A0)  sin  A0 
sin  0O  ~  cos  0l  sin  (0t_,  +  A0) 


(479) 


Here  we  see  that  as  0O  approaches  the  limiting  ray  angle  6^, 
i.e.  ,  as  A0  approaches  zero,  the  ratio  of  sines  (479)  also  approaches  zero. 
The  reciprocal  of  this  ratio,  which  appears  in  the  formula  (477)  for  the 
intensity  ratio,  becomes  infinite.  The  horizontal  range  is  thus  changing 
infinitely  fast  with  respect  to  0O. 

In  the  concave  case  discussed  earlier,  the  second  layer  has 


the  stronger  gradient.  Hence 


g2'  >  Si* 


1 


In  this  case  x  takes  a  sudden  drop,  as  may  be  seen  from  (476a),  and  the 
sound  rays  double  back  on  themselves.  While  thio  is  occurring  the  second 
term  in  (477)  is  numerically  larger  than  the  first  and  the  intensity  ratio  is 
negative^  As  G0  increases  still  further,  the  second  term  in  (477)  becomes 
numerically  smaller  until  a  point  is  reached  where  the  two  terms  cancel. 

At  this  point  x  becomes  stationary  and  the  intensity  ratio  goes  to  zero;  the 
spreading  loss  is  -  00 .  This  is  the  focal  point.  As  0O  continues  to  increase, 
x  begins  to  increase  again  and  the  spreading  loss  begins  to  approach  its 
normal  value. 

In  the  convex  case  the  upper  layer  has  a  weaker  gradient  and 
g 2  is  less  than  gj1.  In  this  case  the  factor 


1  - 


£L' 

§2 ' 


<  0 


is  negative  and  x  experiences  a  sudden  increase.  The  spreading  loss  shoots 
up  to  infinity.  But  now  a  further  increase  in  0O  continues  to  increase  the 
range.  The  second  term  in  (477)  decreases  rapidly  (from  infinity)  at  first, 
then  more  slowly.  The  intensity  ratio  thus  decreases  at  first,  but  later 
increases  again,  due  to  the  increase  in  range. 

Mr.  M.  Pedersen,  of  the  Navy  Electronics  Laboratory  has 
investigated  this  problem  extensively  and  has  shown*  that>when  a  continuous 
concave  gradient  is  approximated  by  more  and  more  constant-gradient 
layers,  the  approximate  horizontal  range  approaches  the  true  value  in  a 
very  peculiar  fashion.  The  curve  acquires  more  and  more  scallops.  To  be 
sure,  the  scallops  become  smaller  and  smaller  in  si2.e  but,  however  small, 
they  nevertheless  remain,  and  each  scallop  gives  rise  to  infinite  values 
of  spreading  loss.  In  the  limit,  therefore,  the  horizontal  range  is  accurately 
computed,  but  the  spreading  loss  computation  becomes  worthless. 


^TVit native  $ij*  vnvy.be.  1*3  asr**!  m  loss,  Ure  NSfr~  10  loj  j-'j, 

*  J.A.S.A.,  Vol  33,  p.  465  (1961) 
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As  a  solution  to  this  problem  Pedersen  has  suggested  a 
quite  different  approach  whereby  the  profile  is  approximated  by 
curvilinear  segments  which  are  fitted  together  with  no  discontinuities 
in  slope. 


13-  Method  of  Curvilinear  Gradients 

On  first  thought  the  simplest  form  of  curvilinear  segment 
would  appear  to  be  a  parabola,  such  as 

C  =  A  +  By  +  Cy2 

However,  this  function  does  not  lead  to  a  practical  a.nalytic  solution,  It 
turns  out  that  a  reasonably  simple  solution  can  be  obtained  from  a  function 
of  the  form 

?.  _  ca2 

C  i  -  ka  (y  -  ya)2 

This  function  gives  three  different  types  of  curves,  depending  upon  the 
algebraic  signs  of  the  constants.  These  are: 


Type  I:  ca2  0,  ka  >  0 

Type  II:  ca2  >  0,  ka  <0 

Type  III:  ca2  <  0,  ka  >  0 

i 

Each  of  the  three  types  leads  to  a  different  form  of  solution. 

The  basic  differential  equation  employed  in  this  method  is 
(451),  which  may  be  rewritten  in  the  form 

dx  =  -  cot  0  dy  (481) 

The  angle  0  may  be  expressed  as  a  function  of  y  by  Snell's  Law 

.  c 

cos  0  =  — 
cv 


Substitution  of  (480)  yields 
cos  0  = 

sin  0  =  ±  . 


r _ _ 

cvz  F.1  -  ka  (y  -  ya)23 

V  -  ca2  -  cv2ka(y-ya)2 

cv2L1  -  ka  (y  -  ya)23 


(482) 

(482a) 
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The  algebraic  sign  of  sin  0  depends  upon  ■whether  the  ray  is  ascending  or 
descending  and  is  handled  in  the  same  manner  as  in  the  constant -gradient 
method.  Insertion  of  these  values  into  (481)  yields 


dx  =  ± 


;v2  -  ca"  -  c./  kr  (y  -  ya)2  dy 


(483) 


Equation  (483)  takes  on  a  different  form  for  each  of  the  three  types. 
Type  I: 


Let 

Then 

The  solution  is 


cv^/k a  ,  . 

w  =  /==.-2==-r=-  (y  -  ya) 


dx  =  ± 


dw 


cv\J^a  \A  ~  ^ 


x  =  ± - jp=  sin"  w  +  constant 

C  v  ^ 


(484) 


(485) 


Type  II: 

Since  ka  is  negative,  let 


K 


'v  v  a  ,  x 
w  =  (y  -  ya) 


'^2 


Then 


and 


dx  =  i  - 


dw 


Ca  . _ 

x  =  ±  - jf=sj=-  log  (w  +  x/w2  +  1 )  +  constant 

cv  v  ka 


(486) 


(487) 


Type  III: 

Here  we  define  w  as  in  (484).  Since  ca2  is  negative,  the  differential  equation 
is 


dx  = 


\J~C  a2  dw 
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and  the  solution  is 


x  =  ± 


V-ca' 


q  - “  j 

-j?=-  log  (w  +  Jw 2  -  1)  +  constant 
Vka 


(488) 


The  constants  of  integration  in  (485),  (487),  and  (488)  are 

evaluated  in  terms  of  the  initial  values  of  x  and  y  in  the  particular  segment 

to  which  they  apply.  The  velocity  profile  is  divided  into  a  number  of 

segments,  each  of  which  is  fitted  by  a  function  of  the  form  (480).  As  a  rav 

is  traced  through  one  segment  after  another,  the  x,  y  coordinates  at  the 

end  of  one  segment  become  the  initial  conditions  for  the  next. 

One  price  which  must  be  paid  for  the  curvilinear  segment 

method  is  the  problem  of  curve  fitting.  There  are  a  number  of  possible 

methods  of  fitting  curves  of  the  form  (480)  to  the  velocity  profile  data, 

^  profile  data 

which  are  usually  available  in  the  form  of  a  table  of  sound  speed  data  at 
discrete  depths.  In  order  to  avoid  the  difficulties  of  the  constant  gradient 
approach,  it  is  necessary  that  there  be  no  kinks  in  the  curve.  Two  adjacent 
segments  must  meet  with  the  same  slope. 

Where  practicable  it  is  desirable  to  fit  a  single  segment  to  a 
considerable  number  of  points  by  the  method  of  least  squares.  When  this 
is  done,  adjacent  segments  will  not  in  general  meet  with  the  same  slope.  Jn 
this  case  a  gap  is  placed  between  the  uwo  segments  and  is  filled  by  a  pair  of 
"bridging  curves.  "  Each  curve  has  three  constants  making  a  total  of  six, 

followiAa 

which  may  be  adjusted  to  meet  the^sbsHrequirements : 

Point  and  slope  at  each  end  (4) 

Bridging  curves  meet  at  same  point  with  same  slope  (2) 

We  shall  not  discuss  the  curve  fitting  probLem  in  further 
detail,  except  to  poirt  out  that  when  a  profile  is  built  up  by  successively 
adding  segments,  two  of  the  three  constants  for  any  one  segment  are  required 
to  fit  the  point  and  slope  at  the  junction  with  the  previous  segment.  It  is 
therefore  possible  to  fit  either  the  point  or  the  slope  at  the  other  end,  but  not 
both. 
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The  curvilinear  segment  method  is  a  significant  improvement 
over  the  constant -gradient  method  in  those  situations  where  the  constant- 
gradient  approach  leads  to  false  caustics.  It  should  be  noted,  however, 
that  in  a  wide  variety  of  situations  there  is  little  difference  between  the  two 
methods,  particularly  with  respect  to  ranges  and  travel  times.  Furthermore, 
when  data  are  available  only  at  discrete  depths,  there  is  no  guarantee  that 
the  curvilinear  segments  represent  the  actual  profile  at  intermediate  points 
any  more  accurately  than  do  the  straight-line  segments.  Finally,  the 
large  amount  of  arithmetic  required  for  curve  fitting  practically  restricts 
the  curvilinear  method  to  digital  computers. 

14.  Differential  Equation  Method 

A  few  years  ago  an  IBM  650  ray-tracing  program  was  set  up 
at  the  Aeronautical  Computer  Laboratory,  based  on  the  numerical  solution 
of  the  differential  equations.  This  approach  has  two  advantages  over  the 
curvilinear -segment  method. 

(1)  The  selection  of  the  horizontal  range  x  as  the 
independent  variable  avoids  the  ambiguity  in  the  sign  of  8,  which  introduces 
complications  in  other  methods. 

(2)  The  method  is  exceedingly  flexible  with  respect  to  curve 
fitting.  The  only  requirement  is  that  the  profile  have  no’discontinuities 
(this  requirement  is  of  no  importance,  since  discontinuities  occur  only  at  the 
boundaries  between  difr'erent  media).  Any  reasonable  type  of  curve  maybe 
used,  and  kinks  such  as  occur  between  straight-line  segments,  c&r\ 
h»Wk<j/  bya-y^of 

The  solutions  for  0,  y,  s,  and  t  are  straightforward.  The  four 
differential  equations  are  obtained  by  rearranging  (450a)  to  (450d)  and  (451). 
Expressed  in  terms  of  cq  and  cos  0O»  they  are 


144 


(489a) 


d(sin  9)  _  g  cos  60 
dx  cQ 


dv 

dx 


-  tan  0 


(489b) 


ds  _  i 
dx  cos  8 


(489c) 


dt  _  cos  6q 
dx  c0  cos2  8 


(489b ) 


The  intensity  ratio  is  expressed  in  terms  of  the  variable  w  (introduced  in 
section  10). 


h 

i 


.  X 

Sj2  cos  0O 


i  * cov\^ 


(490) 


The  partial  derivative  ^ —  is  taken  along  a  wave  front  at  right  angles  to  the 
ray.  It  is  thus  a  derivative  with  the  travel  time  held  constant.  In  the  sketch 


QP  is  the  ray  with  initial  angle  80,  Q'P 
and  PR  is  the  constant  -  t  wave  front, 
taken  at  constant  t.  From  the  figure, 


1  the  ray  with  initial  angle  80  +  d0o. 


.  .  .  dw  dx 

The  derivatives  -r~~  , 


are  all 


I 
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sin  9  -  t— —  •  cos  0 


COS  9  +  rr*—  sin  0 

d0o 


(491a) 

(491b) 


The  minus  signs  in  (491a)  indicate  that  both  x  and  y  decrease  with  0o. 
The  time  derivative  of  (491a)  is 


d  ,  Sw  .  .  .  a  ,3x  ,  ,  d  ,  3y 

dt  =  -  sm  9  —  (—  )  -  cos  0  —  (*£-  )  +  ( 


dt  v30o'~  ~OMVdt  v50o  '  "  —  ”  dt  v30o 
By  (491b)  the  last  term  is  zero,  leaving 


3x  by  dS 

v— •  cosS+T-  sxn  0)  — 


d  ,3w  .  .  d  .  3x  ,  .  d  ,3y 

—  (a“  )=  -  sin  9  —  (gj-  )  -  cos  0  —  (—  ) 


dt  v30r 


dt  v3e0 


(492) 


To  evaluate  the  derivatives  on  the  right,  we  start  with 

dx  _  c0  cos2  9 
dt  cos  0O 

c0  sin  0  cos  0 
dt  cos  0O 

Taking  derivatives  with  respect  to  0O  at  constant  t,  we  obtain 

d  ,3x  x  co  sin  0O  ?  n  n  rt  &0  ~] 

— —  (^*r~)  = - —  I - r~  cos'1  0-2  sm  0  cos  0  — 


sin  9  cos  0  -  \cos2  9  -  sin2  0) 


Substitution  of  these  equations  into  (492)  gives 

d  .3w  Co  cos  9  Sq 
dt  d0o  cos  0O  30o 


d 

Co  I 

[~  sin  0O 

dt 

cos  0oj 

L.  cos  0O 

_d 

Co 

sin  0O 

dt 

cos  0O 

cos  0, 

(493) 


We  must  now  obtain  a  differential  equation  for  v— ~  which  appears  in  (493). 

the 

This  is  done  by  taking  the  derivative  of^equation 

d0 

~  =  g  cos  0 


d  ,  30  .  dg  3y  .  30 

__(_-- — )  =  -2.  — cos  0  -  g  sm  9  v— - 


dt  '30c  '  dy  30o 


But 


cos  0 


°y  _ 

d0n  ~ 


5w 

aeT 


o 


Therefore 

d  ,50_ 
dt 


)  = 


dg  Sw 


dy  d0o 


cos2  0  -  g  sin  ~~ 


_5_0 

ao'r 


Finally,  we  must  convert  to  derivatives  with  respect  to  x.  According  to 
(489d)  the  conversion  factor  is 

cos  0Q 


5w 


c0  cos2  0 


To  obtain  the  derivative  \a  for  the  intensity  ratio  (490)  we  must  integrate 

°0n 


two  differential  equations 

d  ,  5  w  N  _  1  .  50 

.1..  ta«  )  ~ 


dx  v50f 


coj  0  50 


(494; 


d  ! 50  ,  _  cos  0O 

dx  v50n  }  cn 


dg  5w  g  sin  0  50 
dy  50o  cos2  0  50 


o. 


(495) 


It  is  seen  that  the  derivative  of  the  gradient,  which  appears  in 
(495),  becomes  infinite  at  a  boundary  between  two  constant-gradient  layers, 


or  at  any  point  where  the  slope  of  the  velocity  profile  changes  discontinuous^ . 

dg  ,  .  .  50 

produces  a  step 

a  thin  intermediate  layer  in  which  g  changes  continuously  between  the  two 


An  imnulse  in  ~  produces  a  step  in-,— ^  .  To  evaluate  the  step,  we  assume 


values,  integrate  over  x  through  this  layer,  and  then  let  the  thickness  of  the 

layer  go  to  zero.  In  this  process  we  may  assume  that  all  functions  except 
dg 

—  are  constant,  and  shall  designate  them  with  the  subscript  j2,  referring 
to  the  boundary.  The  integral  is 


s 

*1 


x2  V2  Y2 

^dx=J.|  |dy.-cot012  J  | 
Yi  Yl 


dy 


-  "  (§2  -  Si)  cot  012 
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7r~vr 


at  the  boundary  is 


i  o 


The  increment  in 


11 

S0n 


30  (g2  -  gi)  cos  90  cos  812  ,  3w_ 

^0r>  CQ  sin  012  0eo  12 


(496) 


A 


The  complete  solution  consists  of  (489a),  (489b),  (489c), 
(489d),  (490),  (494),  (495.),  and  (496). 

The  chief  disadvantage  of  this  method  is  the  long  running 
time  required  cn  the  IBM  650  computer.  It  should  prove  more  practical 
on  a  faster  computer. 
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TECHNOLOGY  OF  UNDERWATER  SOUND 


The  Propagation  of  Underwater  Sound  (cont'd) 

i - 

C.  Reflection 

1.  Introduction 

When  sound  waves  strike  the  surface  or  the  bottom  of  the 
ocean,  a  combination  of  processes  occurs,  whereby  some  of  the  energy 
is  reflected,  some  is  scattered  in  all  directions,  and  some  is  trans¬ 
mitted  into  the  adjoining  medium.  The  scattering  depends  on  a  number 
of  factors  such  as  the  roughness  of  the  bottom  and  the  waves  at  the  surface, 
and  is  beyond  the  scope  of  the  present  discussion.  In  this  section  we  shall 
assume  an  ideal  surface  between  two  adjacent  media  and  shall  describe  the 
reflection  and  transmission  characteristics  in  terms  of  plane  waves. 

2.  Reflected  and  Transmitted  Pressure  and  Intensity 

The  solution  of  the  wave  equation  for  two-dimensional  plane 
waves  has  been  derived  in  an  earlier  section.  The  pressure  and  the  two 
components  of  the  particle  velocity  are  given  by  equations  (132),  (133).  and 
(134).  The  pressure  equation  is  reproduced  below 


P  =  Pm  e 


(x  cos  8  +  y  sin  8)J 


(132) 


The  x-  and  y -components ,  u  and  v,  of  the  particle  velocity  vector  u  can 
be  expressed  in  terms  of  the  instantaneous  pressure 


p  cos  0 


p  sin  9 

v  = - 

pc 


( 133a) 


(134a) 


In  these  equations  the  angle  0  is  measured  from  the  x-axis  toward  the 
positive  y-direction  and  is  therefore  opposite  in  sign  to  the  angle  employed 
above  in  the  description  of  ray  paths. 


i 


M 
r> 
f  - 


?'■ 
1 , 


We  shall  assume  that  the  incident  ray  in  the  first  medium  is  traveling 
toward  the  boundary  between  the  fiist  and  second  media,  the  direction  of 
propagation  making  an  angle  with  the  boundary.  The  density  and  sound 
speed  have  constant  values  p^  and  c^  in  the  first  medium  and  different 
constant  values  and  c ^  in  the  second.  The  abrupt  change  in  parameters 


i 

i ' , 

if 


& 


i . 


at  the  boundary  gives  rise  (in  general)  to  both  a  reflected  wave  and  a 
transmitted  wave,  whose  directions  of  propagation  make  angles  of  -0j 
and  0^  respectively  with  the  boundary.  We  shall  identify  the  three  waves 
by  the  subscripts  i,  r,  and  t.  The  respective  pressures  and  particle 
velocity  components  are 


Incident: 


jw 


t  - 


Pi  =  Pmi  e 

u.  =  PL£2lll 
1  Pi  CI 

v  =  Pi  sin  °1 
1  Pi  C1 


(x  cos  +  y  sin  0 


(501) 

(C‘0Z) 

( r»  0  3 ) 
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Reflected: 


Pr  =  Pr 


jid  t  -  (x  cos  0,  -  y  sin  Gj) 

L  C1  J 


(501a, 


_  Pr  cos  91 
r  Pi  C1 

_  pr  sin  0! 
r  Pi  C1 


(502a) 


(503a) 


Transmitted: 


Pt  =  Pmt  e 


r  i  1 

jfOJt  -  —  (x  cos  02  +  y  sin  0g)  I 


(501b 


Pt  cos  02 
p2  c2 

Pt  sin  82 
p2  C2 


(502b) 


(503b) 


Two  conditions  must  be  met  at  the  boundary: 

(1)  The  pressure  is  continuous,  that  is,  the  resultant 
pressure  is  the  same  on  either  side  of  the  boundary. 

Pi +  Pr  = Pt  (504) 

This  condition  results  from  the  fact  that  there  is  no  physical  mechanism  at 
the  boun  •.  ry  to  support  a  difference  in  pressure. 

(2)  The  normal  component,  v,  of  the  particle  velocity  is 


continuous  at  the  boundary,  i.  e. , 


Vi  +  vr  =  vt 


(505) 


This  condition  expresses  the  fact  that  particles  of  both  media  cannot  occupy 
the  same  space  or  leave  void  spaces  at  the  boundary.  Equations  (504)  and 
(505)  must  be  identically  true,  that  is,  must  be  true  for  all  values  of  t  and 
for  all  values  of  x.  Without  loss  of  generality  in  the  present  analysis  we 
may  place  the  origin  of  y  at  the  boundary,  that  is 

y -  0  at  the  boundary 


W.  -  ,• 


*i  —s'*  So— 


Substitution  of  (501),  (501a),  and  (501b)  into  (504)  yields  at  the  boundary 


.  ,  x  cos  0i  .  ....  x  co  s  02v 

jw(t k  )  _  JW(t  -  — ) 

(Pmi  +  *Vnr)e  *  ~  Pmt  e 


(506) 


If  (506)  is  to  be  identically  true  in  t  and  x,  the  exponents  must  be  identical. 


Thus, 


iLcog_gl_)s  u.t  _  xcosjz  ) 
C1  c2 


It  is  seen  that  we  have  already  guaranteed  identity  in  t  by  selecting  the 
same  frequency  for  all  three  waves.  The  condition  for  identity  in  x  is  then 

cos  6j  _  cos  82 


which,  of  course,  is  Snell's  Law. 

Since  the  exponents  of  all  three  waves  are  identical  at  the 
boundary,  equations  (504)  and  (505)  hold  for  both  instantaneous  and  rms 
values  of  the  variables. 

Equation  (505)  may  be  v'ritten  in  terms  o £  the  pressures  by 
insertion  of  (503),  (503a),  and  (503b) 


PI  sin  0i  pg  sin  9i  _  pt  sin  Op 
Pi  C1  "  Pi  ci  ~  Pp  °2 


(507) 


We  now  have  two  simultaneous  equations  (504)  and  (507)  whi’ch  may  be 
solved  for  the  pressure  ratios  pr/pi  and  pjy^>^ .  We  shall  call  these  ratios 
the  reflection  and  transmission  coefficients  and  shall  designate  them  by  the 
symbols  R  and  T  respectively.  The  results  are 


s  =  & 


Pt 

T  =  — 
Pi 


sin  0j  sin  02 

_£i£i. _ 22.SZ 

sin  0l  +  sin  02 

Pi  C1  Pp  cp 

P  sin  8t 


sin  9i  sin  62 
Plcl  Pp  cp 


(508) 


(509) 


t 


u 


j  ~e 


The  angie  0£  is  related  to  9j  by  Snell's  law. 


c  2 


sin  02  =./1  -pr  cos2  6j. 


The  reflection  and  transmission  coefficients  may  therefore  be  written 


(510) 


R  = 


T  = 


pl 

sin  0i  -  — 

P2 

/ci2 

/  — - —  cos2  0, 
c2  1 

sin  8  +  — 

P2 

Jzj-cos*  9i 

2  sin  81 

■  A  pl 

sin  0,  +  — 

1  P2  N 

/§£-  'cos2  8i 

(508a) 


(509a) 


At  normal  incidence  both  8^  and  83  are  9G  degrees  and  the 
:oefficients  become 


R  = 


T  = 


P 2  c2  ~  PI  C1 
PZ  C2  +  Pl  C1 

2  >z  -Z 
P2'c2  +  Pl  c, 


(511) 

(512) 


Intensity 

Since  the  incident  and  reflected  waves  are  both  in  the  first 
medium  and  the  transmitted  wave  is  in  the  second  medium,  the  respective 
intensities  are 


h  =  c 

Pt c 


ici 
1 

Pi  C1 


L  = 


Pt4 


1  P2C2 


(513a) 

(513b) 

(513c) 
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The  intensity  ratios  are  therefore 


Pr  2- 

“iT* 


sin  01  sin  02 

Plcl _ °2  P2 

sin  01  sin  02 

_Plcl  P2  c2 


(514a) 


xt  Plcl.,Ptx2 


— UL_i_ 
(  sin  0i 

{  Plcl 


4  sin2  0i 

LC1  P2.C2.  _ 

n  0i sin  02 

1C1  P2C2 


(514b) 


It  is  interesting  to  note  that  the  sum  of  the  two  intensity  ratios 
(514a)  and  (514b)  is  not  equal  to  1,  that  is, 

Ir+It  ^  h 

as  may  be  seen  by  carrying  out  the  algebraic  operations.  At  first  thought 
this  would  appear  to  violate  the  principle  of  conservation  of  energy.  A 
closer  examination,  however,  will  resolve  the  difficulty.  The  rate  of  energy 
.propagation  across  a  surface  at  right  angles  to  the  direction  of  propagation  is 

Tvmasvh  i  -H  ec^ 


f^lediuMt  2- 


Inc\d  e/.f- 


^  R-e-fi-ec-W 
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equal  to  the  product  of  the  intensity  and  the  area  o£  the  surface.  Consider 
the  energy  falling  on  a  small  rectangular  area  of  the  interface  00'  in  the 
sketch.  Let  the  dimensions  of  this  area  be 

Ax  =  CC1 

in  the  00'  direction  and  one  unit  in  the  direction  normal  to  the  paper.  Then 
the  area  normal  to  the  incident  wave  is  B'C,  the  area  normal  to  the  reflecte 
wave  is  C'D,  and  the  area  normal  to  the  transmitted  wave  is  C'F.  where 

B  'C  =  Ax  sin  0^ 

C 'D  =  Ax  sin  9i 
C  'F  =  Ax  sin  83 

By  the  principle  of  conservation  of  energy  we  should  expect  the  power  of  the 
incident  wave  to  be  equal  to  the  combined  power  of  the  reflected  and  trans¬ 


mitted  waves, 


Ij  Ax  sin  0j  =Ir  Ax  sin  0j  +  It  Ax  sin  0£ 


1^  It  sin  02  _ 

I.  L  sin  0! 

1  x 


(515) 


This  result  is  easily  verified  by  substituting  (514a)  and  (514b). 

At  normal  incidence  the  intensity  ratios  are 
Ir_  =  c2  -  Pi  cl)2 
k  ( P2  V  Pj  c  ^ 

and  ]t_  _  4  Pjcl  P2CZ 

Ii  "  (p2c2+  plCl)2 


(516a) 


(516b) 


It  will  be  noted  that  in  this  case  the  intensity  ratios  add  to  give  1,  since 

sin  0j  =  sin  0?  =  1 


3.  Effects  of  Boundary  Conditions 
Rigid  Boundary 

Consider  first  the  extreme  case  of  reflection  of  the  sound 
waves  from  an  infinitely  dense  and  rigid  solid,  where 


p2  C2  = 


Here  we  find 


R  =  1 


T  =  2 


=  1 


=  0 


(517) 


The  wave  is  perfectly  reflected  with  no  phase  change.  Since  the  incident  and 
reflected  pressures  add  in  phase,  the  pressure  in  the  solid  wall  is  doubled. 
This  ideal  situation  is  approximated  in  nature  when  sound  waves  in  air  are 
reflected  from  a  water  surface.  Here  we  have 

pj  Ci  =  42  sp.  ac.  ohms  (air) 
p2  =  154,000  sp.  ac.  ohms  (water) 

At  normal  incidence  the  ratios  are 


R  = 


Pi  C1 
P2  c2 


’l  C1 
P2  c2 


1  + 


1  -  .00027 
1  +  .00027 


=  0.99945 


"  -  ‘FfcJ 

1  +  — — - 

P2  C2 


=  1.99945 


(  — )2 
'Pi 


=  0.99891 


h 


Pi  c  i  Pt 

— — ~  (  -  )2  =  0.001090 
p2  P2  Pi 
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Thus,  the  reflected  and  incident  intensities  are  almost  equal  and  the  trans¬ 
mitted  intensity  is  about  30  db  down. 


Free  Boundary 

Consider  next  the  opposite  extreme  of  a  vacuum  instead 
of  a  so.*. id  wall.  If 


we  have 


p2 


R  =  -1 


/ 


T  =  0 


) 


(518) 


In  this  case  the  adjoining  medium  cannot  support  any  pressure  at  all,  so 
that  the  incident  and  reflected  pressures  must  add  to  zero;  hence  the  ratio 
is  -1.  The  reflection  therefore  involves  a  phase  reversal,  that  is,  a 
phase  shift  of  180  degrees.  This  case  is  approximated  in  nature  by  the 
reflection  of  waves  in  water  from  an  air  surface.  The  following  table  lists 


the  various  ratios  as  a  function  of  the  angle  of  incidence  0^  in  water.  The 


angle  of  refraction  in  air  is  computed  from  Snell's  Law. 


01 

deg. 

02 

deg. 

Pr 

Pi 

Pt 

Pi 

h 

Ti 

It 

I r 

0 

77.3 

-1.00000 

0 

1.00000 

0 

15 

77.7 

-0.99986 

0.00014 

0.99971 

0.00008 

30 

79.0 

-0.99972 

0.00028 

0.99944 

0.00028 

45 

81,  1 

-0.99961 

0.00039 

0. 99922 

0.00056 

60 

83.7 

-0.99952 

0.00048 

0.99905 

0. 00083 

75 

86.7 

-0.99947 

0.00053 

0.99895 

0.0010., 

90 

90.0 

-0.99945 

0.00055 

0.99891 

0.00109 

It  will  be  noted  that  the  intensity  less  at  normal  incidence  is  the  same 
whether  the  sound  waves  are  traveling  from  air  ini:,  water  or  vice  versa, 
as  may  be  seen  from  the  symmetric  form  of  (5l6b). 
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no 'U' 


Total  Reflection 

When  the  speed  of  sound  is  larger  in  the  second  medium, 
i.  e.,  when  c £  >  cj,  the  critical  angle  of  incidence  is  giver,  by 


cos  9„  =  —  or  sin  0„  = 
c  c  %  c 


=/i  -  (  — 
V  c2 


)2 


(519) 


Whenever  the  angle  of  incidence  is  less  than  the  critical  angle,  i.e.,  when 
01  <  0C,  the  angle  of  refraction  ceases  to  exist.  In  this  case 

c2 

cos  0?  =  —  cos  01  >  1 
c  ci  1 

When  we  try  to  compute  the  sine  of  82i  we  obtain  an  imaginary  number. 


y 

fs 

V  ' 

i 

I 


sin 


@2  =  ±  jj(  ~  f  cos2  0X  -  1 


(520) 


To  investigate  the  significance  of  the  imaginary  sine, 
let  us  substitute  this  value  into  the  formula  (50 lb)  for  the  transmitted 
pressure.  The  result  is 


ju»[t  -  c—  (x  cos  02  ±  */&  )z  cos2  0-1) 
L  “  * 


Pt  s  Pint  e 

It  is  seen  that  the  coefficient  of  y  in  the  exponent  is  now  real.  Thus,  in  the 
second  medium  the  pressure  varies  exponentially  with  the  distance  from  the 
boundary.  It  is  clear  physically  that  the  pressure  must  decay  rather  than 
build  up,  and  hence  (assuming  y  is  positive  in  the  second  medium)  the  lower 
sign  in  (520)  must  apply.  The  transmitted  pressure  is  then 

-f ««■*!  ->  («» 

Pt  =  Pmt  e  '  e 

2tt  _  cO 

where,  of  course,  . —  =  — 

XZ  c2 

Upon  substitution  of  (520)  into  (508a)  the  reflection 
coefficient  becomes 
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f, 

v  ; 


! 


R  = 


Pi  /  c  i 

sin  ex  +  j  ~  /cos2  e1  -  (—  )2 

P2  V  -2 


sin  0^  -  j 


!  Pl  cos2  0i  -  (  ~  )2 


P2 


To  simplify  the  writing,  let 


a  =  sin  0i 


b  =  —  /cos2  0i  -  (  —  )2 


1522) 


(523) 

(523a) 


so  that 


a  +  jb  _  (a  +  jb) 


jb 


+  b2 


(522a) 


The  reflection  coefficient  is  thus  a  complex  number  whose  absolute  value 
is 


|R|  = 


a  +  jb  1 
a  -  jb 


=  1 


At  angles  less  than  the  critical  angle,  the  magnitude  of  the  reflected  pressure 
is  equal  to  the  magnitude  of  the  incident  pressure,  and  the  power  is  there¬ 
fore  ^otalTy_reflected.  Thert j  is,  however,  a  phase  change,  whose  value 
can  be  readily  determined  if  the  reflection  coefficient  is  expressed  in  the 
exponential  form 


R  s  eJ' 


(522b) 


from  which  we  see  that 


*  e  b  Pl 

tan  —  =  —  =  — 

2  a  p£ 


/ 


COS2  01  -  (  —  )2 


(524) 


sin  @i 

At  the  critical  angle  the  numerator  of  (524)  is  zero  and  hence  the  phase 
change  is  likewise  zero.  As  fc'i  decreases  from  0C  to  0,  the  numerator  of 
(524)  increases  and  the  denominator  decreases.  Thus  £  increases  from  0 
at  the  critical  angle  to  180  degrees  at  grazing  incidence. 
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It  is  of  interest  to  note  that  although  the  incident  intensity 
is  totally  reflected  from  the  boundary,  nevertheless  a  certain  amount  of 
acoustic  energy  is  present  beyond  the  boundary.  From  (521)  we  see  that 
the  transmitted  pressure  is  a  wave  which  travels  parallel  to  the  boundary 
and  whose  amplitude  decreases  exponentially  with  the  penetration  distance 
in  the  second  medium. 

Angle  of  Intromission 

In  the  preceding  discussion  it  has  been  tacitly  assumed 
that  if  one  medium  has  a  greater  density  than  another,  it  will  also  have  a 
higher  sound  speed.  This  is  not  necessarily  true.  Oceanographic  measure¬ 
ments  have  demonstrated  that  there  are  areas  of  the  ocean  where  the  bottom 
sediments  (which  of  course  are  denser  than  water)  have  a  lower  sound 
speed.  Such  areas  exhibit  very  peculiar  reflection  characteristics,  as 
we  shall  now  show. 

Assume  the  following: 

P2  Pi 


c2  <  Cj 


p2  c2  >  Pl  cx 


The  reflection  coefficient  (508a)  is 

Pl 


sin  0i  - 

r  = - f* 


l 


cr 


-  1  +  sin2  0j 


sin  0^  + 


Pl  Fl' 

P?  i  c? 


(508b) 


1  r  sin2  0j 


P2  1  '“Z 

Since  the  sound  speed  in  the  second  medium  is  less  than  in  the  first,  there 
is  no  critical  angle  and  0j  may  range  all  the  way  from  0  to  90  degrees. 

It  is  clear  that  at  grazing  incidence,  where  =  0,  the  coefficient  is 

n 

Pz  V  c2‘  =  _i 


R  = 


fl 

PZ 


■M 

M 


-  1 
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whereas  at  normal  incidence  the  coefficient  is 

1  _  Pl  Cl 

R  =  Pz  >  0 


I  + 


Pl  C1 
P2  c2 


* 


At  small  angles  of  incidence  the  coefficient  is  negative  and  at  large  angles 
it  is  positive.  There  exists,  therefore,  some  intermediate  angle  at  which 
the  coefficient  is  zero.  Setting  the  numerator  of  (508b)  equal  to  0  and 
solving  for  Gj,  we  obtain 


sin  0} 


1 

(525)  j 


This  angle  is  called  the  angle  of  intromission.  A  sound  wave  incident  on 
the  boundary  at  the  angle  of  intromission  will  produce  no  reflected 
intensity;  it  is  totally  transmitted.  The  accompanying  graph  contains  a 
plot  of  the  reflection  coefficient  and  the  reflection  loss  in  db  calculated 

sl» 

from  data  obtained  by  Fry  and  Raittr  at  a  location  in  the  Pacific  Ocean. 
The  density  and  sound  speed  ratios  are 

P2  C1 

—  =  1.36.5;  —  =  1.026 

Pl  c2 


It  is  seen  that  at  a  zero  angle  of  incidence  in  the  water  (ray  horizontal) 
the  reflection  coefficient  is  -1,  indicating  perfect  reflection  with  a 
180  degree  phase  change.  As  the  angle  of  incidence  increases,  the 


*  J.  C.  Fry  and  R.  W.  Raitt,  "Sound  Velocities  at  the  Surface  of  Deep 
Sea  Sediments,  "  Journal  of  Geophysical  Research,  Vol  66,  No.  2,  p.  589, 
1961. 
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ide  of  the  reflection  coefficient  drops  rapidly  to  zero,  the  angle  of 
ission  being  approximately  15  degrees.  /  3  the  angle  of  incidence 
ses  further,  the  reflection  coefficient  becomes  slightly  positive  but 
exceeds  a  value  of  about  0.  14.  The  corresponding  value  of  the 
ion  loss  starts  at  zero  at  grazing  incidence  and  increases  rapidly  to 
/  at  the  angle  of  intromission.  Above  this  angle  it  decreases,  reaching 
mptotic  value  of  17  db  at  normal  incidence.  A  bottom  of  this  type  is 
•  poor  reflector,  the  loss  being  17  db  or  higher  at  all  angles  of 
nee  except  in  the  immediate  vicinity  of  the  horizontal. 

Note  on  Pressure  Levels 

We  have  seen  that  so  long  as  we  restrict  our  attention  to 
i  in  the  water  of  the  ocean,  we  may  ignore  the  variations  in  pc  and 
the  intensity  as  being  proportional  to  the  square  of  the  pressure.  Under 
conditions  it  makes  sense  to  refer  intensity  levels  to  pressure  units, 
ver,  when  we  are  concerned  with  the  passage  of  waves  between  media 
ig  widely  different  values  of  pc,  we  must  be  very  cautious.  The  level 
espondlng  to  a  given  intensity  has  very  different  numerical  values  when 
essed  in  db//p,b2  in  the  two  media.  For  the  same  intensity  the  pressures 
id  P2  in  two  media  having  specific  acoustic  impedances  pj  Cj  and 
2  are  related  by  the  basic  equation 

P  2 2  _  Pi2 

~P2  c2  "  Pj  ci 

1  is  the  pressure  level  in  the  first  medium,  expressed  in  db// pb2,  and 
is  the  corresponding  level  in  the  second  medium,  also  expressed  in 
iib2,  then 

P  c 

L2  =  Li  +  1C  log  — (526) 

Pi  c  1 


he  first  medium  is  air  and  the  second  is  sea  water,  then 


L2  =  Li  +  10  log 


154,000 

42 


=  Li  +  35.6  db 
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4.  Image  Sources 

In  the  discussion  of  refraction  we  learned  that  v/he.\  waves 
from  a  source  in  one  medium  are  refracted  into  a  second  medium,  they 
appear  to  be  diverging  from  an  image  source  at  a  different  location.  In 
particular,  if  the  source  is  locale!  at  a  perpendicular  distance  Hi  from 
the  boundary,  then  for  normal  incidence  the  waves  in  the  second  medium 
will  appear  to  diverge  from  an  image  located  in  the  first  medium  at  a 
distance  Hz  from  the  boundary;  where 

HZ  =  -•  H,  (S27) 

and  the  source  and  its  image  lie  on  the  same  line  normal  to  the  boundary. 

Our  problem  now  is  to  determine  the  relative  source  levels 
of  the  source  and  its  image.  Let  Pj  denote  the  power  of  the  source. 
Assuming  inverse  square  spreading,  the  intensity  of  the  incident  wave  at 
the  point  where  it  first  reaches  the  boundary  is 

*  5T57  '528> 

The  ratio  of  the  transmitted  to  the  incident  intensity  (516b)  is 

I2  ^  4  p2  Cj  p2  cz 

*1”  (P2c2tplCI)! 


In  order  to  generate  an  intensity  I^  at  a  distance  H2,  the  power  P£  of  the 
image  source  must  be 

P2  =  4ttH2z  I  (530) 


Combining  (527),  (528),  (529)  and  (530)  we  obtain 

4  Pi  Cj  p2  c2 

P2  "(p2c2+  pjCj)2 


(531) 


If  the  source  level  expressed  in  db/Avatt/cm2  is  S0,  then  the  equivalent  source 
level  of  the  image  is 
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Sj  -  SQ  +  10  log 


(532) 


4  p,  c,  p2c2  f  Cj^ 

ip2C2  +  pIcl)!  c2  -I 

where  Sj  is  also  in  db //watt/cm2.  If  both  levels  are  expressed  :n  db//p,b2, 
an  appropriate  correction  must  be  made  according  to  (526).  All  distances 
in  the  second  med'um  must  of  course  be  measured  from  the  location  of  the 
image. 

As  an  example,  consider  a  source  in  air  above  the  ocean,  where 
p,  Cj  "  42  s-p.  ac.  ohms,  =  154,  000  sp.  ac.  ohms,  and  cl/c^  =  22. 

In  terms  of  db//watt/em2  the  difference  in  source  levels  is 


Sx  -  Sc 


10  log 


4( 


42 


154,000 


(H 


42 


(0.  22 )2 


154,  000 


-  42. 8  db 


T.vo  factors  contribute  to  the  reduction  in  equivalent  source  level:  (1)  the 
transmission  loss  at  the  boundary  (29.6  db),  which  was  discussed  earlier, 
and  (2)  the  increased  divergence  of  the  waves  (13.2  db)  due  to  the  refraction. 
5.  The  Lloyd  Mirror  Effect 

"When  a  source  and  receiver  are  located  at  shallow  depths  in 
the  ocean,  sound  transmission  takes  place  over  two  paths  —  the  direct  path 

l 

and  the  surface-reflected  path.  We  shall  simplify  the  present  discussion  by 
assuming  that  the  waves  travel  in  straight  lines  and  that  the  surface  is 
perfectly  smooth.  The  geometry  is  shown  in  the  sketch  below.  The  source  S 
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is  located  at  a  depth  ys  and  the  receiver  R  at  a  depth  yr,  the  horizontal 
separation  between  S  and  R  being  x.  The  surface -reflected  wave,  after 
reflection  at  Q,  appears  to  have  originated  at  the  image  source  S',  located 
at  a  distance  ys  abo  ' e  the  surface.  Since  the  difference  in  length  between 
the  two  paths  SR  and  SQR  varies  with  the  geometry  (depths  and  horizontal 
separation),  it  is  to  be  expected  that  interference  phenomena  will  be 
observed. 

Let  rj  represent  the  length  of  the  direct  path  SR  and  12  the 
length  of  the  reflected  path  SQR  (which  is  the  same  as  that  S'QR).  Then 

*1  =  /x2  +  kyr  -  ys)2  (533) 

r2  =  /x2  +  (yr  +  ys)2  (533a) 

Recalling  that  a  phase  shift  of  180  degrees  (it  radians)  is  encountered  when 
the  wave  is  reflected  from  the  surface,  we  see  that  the  difference  in  phase 
between  the  two  waves  arriving  at  R  is 

A<j>  =  y-  (r2  -  *i)  +  n  (534) 

where  \  is  the  wavelength.  The  two  waves  will  reinforce  each  other  and 
hence  the  resultant  pressure  will  be  a  maximum  when  the  phase  difference 
is  an  integral  number  of  cycles,  that  is,  when 

Max:  Aib  =  2nir  n~l,  2,  3,  ...  (535) 

Destructive  interference  will  occur  and  hence  the  resultant  pressure  will 
be  a  minimum  when  the  phase  difference  is  an  odd  number  of  half  cycles, 
that  is,  when 

Min:  A<J>  =  (2n+l)T  n  =  l,  2,  3,  ...  (535a) 

The  two  expressions  may  be  combined  into  a  single  expression 

A<j>  =  (2n*  +  1  )ff  (515b) 

if  n'  is  defined  as  follows 

n'  =  1,  2,  3,  ...  for  minima 
1  3  5  . 

and  n1  =  —  ,  —  ,  —  ,  ..  for  maxima 
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The  locus  of  receiver  positions  at  which  n'  has  a  constant 


value  is  a  curve  along  which 


2n 


TZ  ~  rl  =  ~  (A<j>  "  w  )  =  constant 


or 


r 2  -  r j;  =n'X  =  constant 


(536) 


Such  a  curve  is  a  member  of  a  family  of  hyperbolas  having  the  source  and 
image  as  foci.  The  equation  of  the  hyperbolas  is  obtained  by  inserting 
(533)  and  (533a)  into  (536)  and  squaring  twice  to  eliminate  the  radicals. 


y  r 


x 


1 


n<\ 


)2 


Vs2  -  <^)2 


=  1 


(537) 


2  '  /s  x  2 

The  horizontal  range  corresponding  to  a  fixed  receiver  depth  is  found  by 
solving  (537)  for  x 

■>  IF  r,i\  nr  n 

(538) 


*  ■  kjh*  -  <  - '  ir  >!J 


When  the  source  and  receiver  depths  are  large  compared  with  the  wavelength, 
the  above  expression  simplifies  approximately  to 

2  ysyr 


x  - 


n1  \ 


(538a) 


If  the  amplitudes  of  the  two  pressures  were  exactly  equal  at  the 
receiver,  the  interference  wouL.  be  complete  and  the  resultant  pressure 
would  be  .  oubled  at  the  maxima  and  zero  at  the  minima.  Actually,  however, 
the  amplitude  of  the  surface -reflected  wave  is  in  general  less  than  that  of  the 
direct  wave,  due  in  part  to  the  reflection  loss  and  in  part  to  the  longer  path. 
Refraction  effects  due  to  velocity  gradients  also  have  a  significant  effect. 

As  a  result,  the  interference  is  not  complete.  Ao  an  illustration,  let  us 
assume  that  the  amplitude  ratio  of  the  surface-reflected  wave  to  the  direct 
wave  is  K.  Let  pi  and  denote  the  instantaneous  values  of  the  direct  and 
surface -reflected  waves,  and  p  denote  the  rms  pressure  of  the  direct  wave. 
The  real  values  of  the  pressures  are 
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Pi 


21rrl  \ 

=  -/Hfy  cos  lo)t - - - J 


2irr- 


Kp  COS  (wt  -  — - ) 

where  the  minus  sign  represents  the  phase  shift  due  to  the  reflection.  The 

resultant  instantaneous  pressure  is 

r  2:rrl  2irr2  ~1 

pj  +  p2  =/2  p  cosUwt  -  — —  )  -  K  cos  (cot - — -  y 

and  its  square  is 

[2-nrr}  2tti2\. 

cos2  (cot  -  — — )  -  2K  cos  (nit  -  — - )  cos  (Wt  -  — — ) 

2irr2 


+  K2  cos2  (wt  -  )] 


The  cross  term  may  be  expressed  in  terms  of  the  sum  and  difference  of  the 
angles  as  fellows 


2irr 

Therefore 


2irr; 


C08  M .  _*)  cos  (wt .  —i, = i.[co.[2u,  -  +  cos  r 


C  2-rrr,  r  2irrz  J-  r.~] 

(pj+  p2)2  =  2p2^  cos2  (wt - - — )  -  K  cos  2  wt - ^ - J 

2tt  (r2  -  rt  )  „  2i?r2  "> 

-  K  cos  - - -  +  K  cos2  iwt  -  — —  )  r 

In  taking  the  time  average  we  see  that  the  cos2  terms  average  to  the 
second  term  averages  to  zero,  while  the  third  term  is  independent  of  time 
The  mtean  square  resultant  pressure  is  therefore 

2tt  (r2-  rl  ) 


(Pi  +  P2)2  =  P2  jj  -  2K 
But,  from  (536)  and  (538a) 


cos 


+  K2 


] 


Ztt  (r2  -  r  i  )  ^Ys^r 

- X - =  2Trn  «  — — 


(539) 


(540) 
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so  that 


(539a) 


(Pl+?JF  =P2(l 


4*  ys  y„ 

2K  cos  — - - : 

Xx 


+  K2  ) 


The  interference  pattern  results  from  the  last  two  terms  of  (539a).  •  If 
there  were  no  surface  reflection,  the  mean  square  pressure  would  be  simply 
p2.  The  intensity  anomaly  is  the  ratio  of  the  actual  intensity  to  the  intensity 
of  the  direct  wave  alone,  and  the  transmission  anomaly  is  10  log  of  this  ratio. 


Anomaly  =  10  log  (1  -  2K  cos 


4*  ys  Yr 
Xx 


-t-K2) 


(541) 


As  an  example  let 

K  =  0.5 

yg  =  yr  =  25  ft. 

\  =  1. 5  ft.  (f  =  3333  cps) 

The  anomaly  is 

Anomaly  =  10  log  (1.25  -  cos  ) 

The  accompanying  graph  shows  the  anomaly  plotted  as  a  function  of  the  hori¬ 
zontal  range.  The  first  minimum  theoretically  occurs  at  infinite  range 
(though  at  long  ranges  the  assumption  of  straight-line  propagation  has  little 
validity).  The  first  maximum  occurs  at  1667  feet.  As  the  range  decreases 
further,  the  curve  oscillates  more  and  more  rapidly. 

I 

It  is  seen  that  the  anomaly  varies  from  -6  db  to  +  3.  5  db. 

This  example  illustrates  the  fact  that  surface  reflections  can  cause  significant 
errors  in  acoustic  measurements. 

6.  Normal  Mode  Propagation 

There  are  situations  —  notably  in  the  propagation  of  low 
frequency  sound  in  shallow  water  —  where  interference  effects  resulting  from 
repeated  surface  and  bottom  reflections  are  a  dominant  factor  in  determining 
the  nature  of  the  propagation.  In  such  cases,  if  the  bottom  is  reasonably 
flat  and  level,  the  ocean  acts  as  a  wave  guide.  If  the  wave  is  traveling  in 
certain  specific  directions  relative  to  the  horizontal,  it  will  be  reenforced 
by  constructive  interference.  In  all  other  directions  cancellation  will  occur. 
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This  scope  of  this  discussion  will  be  limited  to  the  ideal  case 
of  straight-line  propagation  in  a  homogeneous  ocean.  The  bottom  is 
assumed  to  be  perfectly  flat.  The  density  and  sound  speed  of  the  water 
are  pj  and  cj,  and  the  corresponding  quantities  for  the  bottom  are  p2  and 
c2*  It  is  assumed  that 

P2  >  Px  and  c  ^  >  c2 

The  critical  angle  in  water  is  0C  where 

C1 

cos  8C  =  — 
c2 

It  will  be  recalled  that  when  0  is  greater  than  0C,  the  bottom  reflection 
coefficient  is  given  by  (508a),  and  no  phase  shift  occurs.  On  the  other  hand, 
when  0  is  less  than  0C,  the  magnitude  of  the  reflection  coefficient  is  unity 
and  the  phase  is  advanced  by  an  angle  g  ,  where  €  is  given  by  (524).  A 
certain  amount  of  simplification  may  be  achieved  in  the  following  discussion 
if  we  define  g  as  follows 


6  =  2  tan“* 
€  =  0 


9± 

Pz 


\jcos 2  0  -  (  C1  C2)2 
sin  0 


0<  0C 
0  >  0C 


(542) 


The  basic  concept  of  normal  mode  propagation  is  illustrated  in 
the  following  sketch.  The  waves,  traveling  at  angles  ±  0  relative  to  the 
horizontal,  undergo  repeated  reflections  from  the  surface  and  bottom.  One 
of  the  rays  comprising  the  wave  is  shown  as  ABCDEFG.  The  space  between 

A  and  C,  B  and  D,  etc. ,  is  filled  with  other  rays  all  traveling  at  the  same 

AC  e  q 


angle.  Consider  the  up-going  ray  BC.  Lines  perpendicular  to  this  ray  are 
wave  fronts,  one  of  which  is  shown  by  the  line  OO1.  Since  the  wave  must 
have  the  same  phase  at  all  points  on  a  wave  front,  it  is  seen  that  the  wave  BC 
must  have  the  same  phase  at  P  as  DE  has  at  P1,  FG  at  P",  etc.  The  require¬ 
ment  for  reinforcement  is  therefore  the  following: 

When  the  wave  travels  the  distance 
PCDP',  the  phase  must  change  by 
an  integral  number  of  cycles. 

In  traveling  along  this  path  the  wave  suffers  one  reflection  from  the  surface 
and  one  reflection  from  the  bottom.  The  phase  change  on  reflection  from  the 
bottom  is  €  .  The  direction  of  this  change  is  such  as  to  cause  the  phase  to 
advance;  it  is  therefore  equivalent  to  a  reduction  in  path  length.  The  phase 
change  at  the  surface  is  it  radians.  Since  this  is  one  half  cycle,  the 
algebraic  sign  is  immaterial.  We  shall  regard  it  as  a  retardation.  To  compute 
the  path  length  between  P  and  p*  we  note  that  the  same  result  would  be  obtained 
if  we  selected  any  other  wave  front  between  B  and  C.  The  geometry  is  simpler 
if  we  select  CQ.  The  length  of  the  path  CDQ,  which  is  the  same  as  PCDP1,  may 
be  found  quite  simply  b>  reflecting  the  ray  CD  in  the  bottom,  as  indicated  in 
the  following  sketch.  The  reflected  segment  C'D  is  equal  to  CD,  so  that  the 


C  £ 
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i 
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desired  path  length  is  C'Q.  If  the  depth  of  the  ocean  is  H,  the  length  CC' 
of  the  hypoteneuse  of  the  right  triangle  CC'Q  is  2H.  Kence 

CD  +  BQ  =  C'Q  =  2H  sin  0 


The  phase  change  from  C  to  Q  is  then 


A<}>  - 


2Trf 


n 


2H  sin  0  -  €  +  it 


(543) 


(544) 


(545) 


and  the  requirement  for  constructive  interference  is 

Acj>  =  2mr 

where 

n  =  1 ,  2,  3,  ... 

Combining  (543)  and  (544),  we  obtain 

f n  =  —  —  (2n  -  1  +  — ) 

n  4H  sm  0  tt 

where  6  is  defined  by  (542). 

It  is  seen  from  (545)  that  corresponding  to  each  angle  0  there 
is  a  sequence  of  frequencie  s  fn  which  lead  to  a  wave -guide  type  of  propagation. 
The  number  n  denotes  the  number  of  cycles  by  which  the  phase  of  the  wave 
changes  between  successive  points  such  as  P  and  P1  on  the  wave  front.  This 
type  of  propagation  is  called  normal-mode  propagation.  The  first  mode  cor¬ 
responds  to  n  =  1,  the  second  to  n  =  2,  etc. 

On  the  accompanying  graph  is  a  plot  of  fn  vs.  0  for  a  typical 
case  where  the  ocean  depth  is  500  feet  and  the  density  and  sound  speed  ratios 
are 


h. 


0.75;  —  =  0.975 
c2 


It  will  be  noted  that  the  curves  show  an  abrupt  change  in  slope  at  the  critical 
angle,  which  is  about  14  degrees.  The  change  is  due  to  the  phase  angle  £ 
which  suddenly  begms  to  increase  as  0  decreases  below  the  critical  angle. 
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Referring  to  the  above  example,  suppose  a  sound  source 
generates  single -frequency  waves  at  60  cps.  Reference  to  the  graph  will 
indicate  that  the  first  mode  will  propagate  at  an  angle  of  4. 1  degrees,  the 
second  mode  at  8.3  degrees,  the  third  at  12.4  degrees,  the  fourth  at 
17  degrees,  and  so  on.  If  we  take  a  horizontal  view  of  the  pattern  by 
looking  down  from  above,  we  see  that  the  waves  are  spreading  out  in  all 
directions  from  the  source.  In  any  vertical  plane  they  are  traveling  at  an 
angle  9  with  the  horizontal.  To  visualize  the  nature  of  the  propagation 
more  clearly,  let  us  reflect  the  ocean  instead  of  the  waves,  as  illustrated 
in  the  sketch  below,  so  that  the  reflected  waves  are  straightened  out  as  shown 
by  the  dotted  lines.  Y/e  see  that  the  waves  are  spreading  out  along  a  cone 


in  the  manner  described  earlier  in  the  section  on  cylindrical  waves.  The 
propagation  loss  thus  follows  the  law  of  cylindrical  spreading.  It  will  be 
noted  further  tnat  the  reflections  follow  a  regular  pattern  with  a  skip  distance 
D,  where,  in  our  hypothetical  example, 

D  =  2H  cot  0 

In  traversing  each  skip  distance  the  wave  experiences  one  surface  bounce 
and  one  bottom  bounce.  If  Ng  and  Ng  represent  the  reflection  loss  at  the 
surface  and  bottom,  respectively,  the  loss  occurring  in  a  distance  D  is 
Ng  +  Ng.  On  the  average,  the  attenuation  loss  per  hiloyard  (assuming  D  is 
expressed  in  kyd) is 
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a  D  ~ 


Ns  +  Nb 


if  we  are  interested  in  long  range  propagation  of  low-frequency  sound,  where 
the  individual  reflection  losses  are  small  and  there  are  many  of  them,  then 
may  be  considered  as  an  ordinary  attenuation  coefficient  and  may  be  added 
to  the  attenuation  coefficient  due  to  other  causes  such  as  absorption  by  the 
water. 

In  situations  such  as  the  above  example,  where  a  critical  angle 
exists,  the  bottom  loss  is  theoretically  zero  when  9  is  less  than  the  critical 
angle,  but  increases  rapidly  when  0  exceeds  the  critical  angle.  It  is  thus 
apparent  that  those  modes  which  propagate  at  angles  beyond  the  critical  angle 
will  be  rapidly  attenuated,  so  that  the  number  of  modes  which  propagate  to 
long  distances  may  be  expected  to  be  quite  limited. 

It  will  also  be  noted  from  (545)  that  there  is  a  cut-off  frequency 
below  which  normal  mode  propagation  cannot  occur.  The  minimum  frequency 
is  obtained  by  setting  n  =  1  and  0  =  90  degrees  in  (545).  In  this  case  the  phase 
shift  €  is  zero.  Hence  the  cut-off  frequency  is 


^min 


(545) 


In  the  numerical  example  the  cut-off  freauency  is  5Q00/2000  =  2.5  cps.  The 
wavelength  \max  co*  responding  to  fm£n  is 


=  4H 


(547) 


In  the  limiting  case  the  waves  are  traveling  vqrtically  up  and  down  and  the 
water  depth  is  a  quarter  wavelength. 

In  deriving  the  condition  for  constructive  interference  leading  to 
normal  mode  propagation  we  considered  only  the  up-going  waves.  It  is  clear 
that  if  we  had  performed  our  analysis  on  the  down-going  waves,  we  should 
have  arrived  at  the  same  result.  There  is,  however,  another  phenomenon 
present  which  has  not  yet  been  discussed.  This  is  the  interference  between 
the  up-going  and  down-going  waves,  which  results  in  a  pattern  of  standing 


V  ovV- 


waves  in  the  vertical  direction  and  traveling  waves  in  the  horizontal  direction. 
If  the  angle  0  is  measured  positive  upward  and  the  vertical  coordinate  y  is 
measured  positive  c  v  nward,  the  pressures  of  the  down-going  and  up-going 
waves  may  be  written  in  the  following  form 

j a|t  -  —  (x  cos  0  -  y  sin  0)J 


.  ~  Pm 


down 


Puo  =  ~  Pm  e 


jwjt  -  (x  cos  0  +  y  sin  0)j 


where  the  minus  sign  on  pUp  is  due  to  the  phase  change  on  surface  reflection. 
The  resultant  pressure  is  the  sum  of  the  two,  which  is  readily  shown  to  be 


_.  .  Wy  sin  0 

P  =  2J  Pm  sm  I! -  e 


jw(t  - 


x  cos  0 


) 


'1 


(548) 


The  sine  factor  involving  y  shows  the  standing  wave  pattern  in  which  loops 
and  nodes  occur  in  horizontal  planes.  The  complex  exponential  shows  the 
traveling  wave,  which  propagates  along  the  x  direction  with  speed  V  such 
that 


V  = 


(549) 


cos  0 

It  will  be  noted  that  (except  where  9  =  0)  the  speed  V  is  always  greater  than 
the  sound  speed  Cj.  V  is  called  the  phase  velocity.  It  must  be  pointed  out, 
however,  that  V  does  not  represent  the  speed  at  which  the  energy  is  being 
propagated.  The  energy  of  the  up-going  and  down-going  waves  is  propagated 
with  speed  cj  in  directions  making  angles  ±  0  with  the  horizontal.  The  two 
waves  are  carrying  equal  amounts  of  energy  up  and  down  in  the  vertical 
direction,  so  that  the  net  transfer  is  zero.  The  net  flow  of  energy  is  there¬ 
fore  in  the  horizontal  direction  and  the  speed  with  which  it  is  propagated  is 

U  =  cj  cos  0  (550) 

U  is  called  the  group  velocity. 
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Let  us  no'»  suppose  that  a  number  of  different  discrete 
frequencies  are  present  in  the  wave.  From  the  preceding  discussion,  and 
in  particular  from  (545),  it  is  seen  that  the  different  frequencies  will 
propagate  at  different  angles,  i.  e.  ,  with  diff ex  ent  values  of  9.  Therefore 
the  different  frequencies  will  have  different  phase  velocities  V  and  different 
group  velocities  U.  Suppose  that  in  the  numerical  example  above  there  were 
two  frequencies,  say,  40  and  60  cps.  The  40  cps  wave  propagates  at  an 
angle  of  6.8  degrees  and  the  60  cps  wave  at  4.1  degrees.  The  respective 
phase  and  group  velocities  are  listed  in  the  following  table, 
f  40  cps  60  cps 

0  6.8  deg.  4.  1  deg. 

cos  0  .9930  .9974 

V  1.0070  cx  1.0026c! 

U  .9930  ci  .9974  cx 

From  the  table  it  in  seen  that  the  phase  of  the  40  cps  wave  propagates 
(in  the  horizontal  direction)  faster  than  the  phase  of  the  60  cps  wave,  whereas 
the  energy  propagates  more  slowly.  If  the  two  waves  axe  emitted  together 
as  a  pulse,  *  it  is  seen  that  the  pulse  will  change  shape  as  it  travels  outward. 
The  energy  of  the  higher  frequency  component  travels  faster,  so  that  theoretic 
ally  if  the  pulse  traveled  far  enough,  the  two  components  would  separate 
completely. 

It  will  be  seen  that  the  phase  velocity  of  each  wave  is  larger 
than  the  group  velocity.  The  significance  of  this  fact  is  that  as  a 

*  Theoretically  a  pulse  of  finite  duration  always  has  a  finite  bandwidth. 

We  here  assume  that  the  pulse  is  sufficiently  long  that  the  bandwidth  is 
very  narrow. 
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single -frequency  pulse  travels  outward  in  a  horizontal  direction,  the  wave 
fronts  will  continually  progress  forward  from  the  trailing  edge  to  the 
leading  edge. 

The  next  logical  step  in  the  argument  is  to  consider  the  propa¬ 
gation  of  a  pulse  containing  a  continuous  band  of  frequencies.  "VVe  shall 
not  analyze  this  problem  mathematically,  but  a  qualitative  extension  of  the 
preceding  argument  shows  tnat  there  is  now  a  continuous  spread  of  phase 
velocities  and  group  velocities.  The  method  of  analysis  is  to  work  with 
the  spectrum  of  the  pulse.  Suppose,  for  example,  that  the  amplitude  spectrum 
of  a  pulse  i{>(t)  is  ^  (f )•  This  means  that  the  amplitude  of  that  portion  of  the 
wave  in  the  infinitesimal  frequency  band  from  f  to  f  +  df  is  $  (f)df.  The 
phase  of  this  portion  of  the  pulse  travels  in  the  x  direction  with  the  phase 
velocity  V  which  for  any  given  mode  is  a  function  of  the  frequency.  The 
wave  form  of  the  infinitesimal  wave  is  therefore 


and  the  complete  pulse,  as  it  travels  out  is 

“  2 it  jfTt  -  ■  "  .  1 

^  (x>  t)  =  J  'i  (*)e  (  df 

~  CO 

» 

We  shall  not  carry  the  mathematics  any  further.  However,  the 
concept  of  breaking  the  pulse  down  into  infinitesimal  frequency  components 
provides  some  qualitative  insight  into  the  problem.  Each  infinitesimal 
component  may  be  regarded  as  a  wave  of  a  fixed  frequency  such  as  was 
described  earlier.  Each  such  component  travels  with  a  different  group 
velocity  from  every  other  component.  In  the  idealized  ocean  which  we  have 
been  considering,  the  higher  frequency  components  will  tend  to  concentrate 
toward  the  leading  edge  of  the  pulse  and  the  lower  fr  equency  components 
toward  the  trailing  edge.  The  pulse  thus  tends  to  change,  shape  and  spread 
out  as  it  propagates. 


The  above  phenomenon  in  which  the  speed  of  propagation  of  a  wave 
varies  with  the  frequency,  is  called  dispersion. 

D,  Long-Range  Propagation  Paths  in  the  Ocean 

1.  Introduction 

The  performance  of  sonars  which  fmploy  the  conventional 
near -surface  propagation  path  is  strongly  dependent  upon  the  variable 
thermal  conditions  which  prevail  in  upper  layers  of  the  ocean.  When  a 
reasonably  deep  surface  duct  exists  and  the  target  is  within  the  duct, 
fairly  good  performance  can  be  expected.  If,  on  the  other  hand,  the  duct 
is  shallow,  or  the  target  hides  in  the  thermocline  below  the  duct,  perform¬ 
ance  is  poor.  The  near -surface  region  is  in  general  not  conducive  to 
reliable  long-range  detection  because  of  the  prevalence  of  negative  gradients 
which  cause  sound  rays  to  curve  downward,  creating  shadow  zones.  For 
this  reason  there  has  been  increasing  interest  in  the  investigation  of  the 
various  long-range  propagation  paths  provided  by  nature  in  the  deep  ocean. 

In  the  following  paragraphs  we  shall  investigate  briefly  the  nature  of  some  of 
these  paths. 

2.  Bottom -Bounce  Path 

Low  frequency  sound  is  observed  to  propagate  over  extremely 
long  distances.  One  of  the  significant  paths  responsible  for  this  propagation 

t 

involves  repeated  reflections  from  the  surface  and  bottom.  The  normal 
mode  propagation  discussed  previously  is  an  example.  Consideration  of  the 
bottom -bounce  path  for  active  sonar  detection  involves  many  factors  which 
cannot  bef'discussed  in  these  notes.  However,  a  few  general  remarks  are 
in  order. 

The  principal  reason  for  considering  such  a  path  is  to  over¬ 
come  the  difficulties  resulting  from  downward  refraction  of  sound  rays 
due  to  thermal  gradients.  If  a  beam  is  projected  downward  at  an  angle 
greater  than  about  10  or  15  degrees,  refraction  has  a  relatively  minor  effect. 
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In  principle,  therefore,  complete  coverage  of  the  surface  is  possible  at 
all  horizontal  ranges  out  to  roughly  7  times  the  water  depth.  Coverage  at 
even  greater  ranges  can  frequently  be  obtained  using  shallower  tilt  angles, 
but  in  this  region  the  variable  effects  of  refraction  begin  to  become 
important. 

The  principal  difficulty  of  the  bottom -bounce  path  is  the  high 
two-way  propagation  loss.  The  loss  each  way  consists  of  the  propagation 
loss  in  the  water  plus  the  bottom  reflection  loss.  The  longest  ranges  are 

obtained  with  relatively  shallow  tilt  angles.  In  this  caee  the  propagation 

< 

loss  in  the  water  is  very  high.  As  the  tilt  angle  is  increased  to  give 
shorter  ranges,  the  loss  in  the  water  decreases,  but  at  the  same  time  the 
bottom  loss  increases  due  to  the  larger  angles  of  incidence.  These  two 
effects  tend  to  compensate  each  other-,  with  the  result  that  the  overall 
propagation  loss  is  relatively  insensitive  to  the  horizontal  range. 

For  any  given  type  of  bottom  the  propagation  loss  depends  more 
strongly  upon  the  water  depth  than  upon  the  horizontal  range.  The  require¬ 
ments  therefore  become  increasingly  severe  as  the  water  depth  becomes 
greater.  Conversely,  as  the  depth  decreases  the  loss  also  decreases  but 
at  the  same  time  area  of  coverage  also  decreases. 

The  propagation  loss  also  depends  strongly  upon  the  reflection 
characteristics  of  the  bottom,  which  vary  greatly  from  one  area  to  another. 

In  summary,  the  maximum  available  detection  range  via  the 
bottom-bounce  path  is  determined  px-irnarily  by  the  depth  of  the  ccean.  The 
propagation  loss  is  determined  principally  by  the  depth  of  the  ocean  and  the 
bottom  reflection  characteristics  and  is  relatively  independent  of  the 
horizontal  range.  For  this  reason  if  in  a  given  ocean  area  a  target  is  not 
detectable  at  relatively  long  ranges,  the  probability  of  detection  will  in 
general  not  improve  significantly  at  shorter  ranges.  Expressed  in  another 
way,  as  the  depth  of  the  ocean  increases,  the  area  of  coverage  by  the  bottom- 
bounce  propagation  path  also  increases,  but  the  probability  of  detection 
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decreases  over  the  whole  area.  The  behavior  in  this  respect  differs  from 
that  of  conventional  sonars  which  normally  have  an  area  of  high -probability 
coverage  beyond  which  the  detection  probability  is  relatively  low. 

The  shape  of  the  ocean  bottom  also  has  an  effect  upon  sonar 
performance.  The  nature  of  the  effect  depends  upon  the  scale  of  the 
irregularities.  Small  scale  roughness,  such  as  occurs  in  rocky  areas, 
tends  to  scatter  sound  waves  out  of  the  beam,  thereby  increasing  the  effec¬ 
tive  bottom  loss.  Larger  irregularities  of  the  order  of  the  beamwidth  may 
cause  focusing  or  divergence  effects.  More  commonly  encountered  large 
irregularities,  however,  are  of  such  a  large  scale  as  to  be  considered  a 
sloping  plane. 

A  sloping  bottom  gives  rise  to  range  and  bearing  errors,  the 
relative  magnitudes  of  which  depend  upon  the  direction  in  which  the  slope 
occurs.  Let  <}>b  denote  the  direction  of  the  slope.  Looking  in  the  direction 
of  the  sonar  beam,  let  <J>g  =  0  indicate  a  fore-and-aft  tilt  and  <j>g  =  90°  indi¬ 
cate  a  lateral  tilt.  Let  8g  denote  the  amount  of  the  tilt.  When  <j>g  =  0,  a 
positive  Pg  signifies  a  down -in -front  tilt.  When  (J>g  =  90°,  a  positive 
0B  denotes  a  down-to -the -right  tilt. 

It  is  evident  that  the  range  error  will  be  a  maximum  and  the 
bearing  error  zero  when  <}>g  =  0,  and  the  reverse  will  be  true  when  <j)g  =  90°. 
The  slant  range  to  the  target  is  obtained  from  the  observed  travel  time.  Let 
us  call  this  runge  r.  If  refraction  is  neglected,  r  consists  of  two  straight-line 
segments,  one  from  the  source  (assumed  at  the  surface)  to  the  bottom  and 
the  other  from  the  bottom  to  the  target  (cilso  at  the  surface).  Let  H  be  the 
water  depth  and  0  the  beam  tilt  angle  at  the  source.  If  4>g  and  0g  are  known, 
the  horizontal  range  x  and  the  target  bearing  error  e  may  be  computed 
from  simple  geometry.  Assuming  0g  to  be  a  small  angle,  the  resulting 
expressions  may  be  simplified  to  the  following 
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(551) 


2H  cot  0(l  +  8gcos<j)g  tan  0) 


1  -  2  0g  cos  <j)g  cot  0 


£  =  0q  sin  4>g  tan  8 


(radians) 


(552) 


If  the  bottom  is  assumed  to  be  levelfat  depth  H,  the  horizontal  range  x' 
computed  from  the  same  slant  range  r  will  be  slightly  different.  To  the 
same  approximation  it  is 


2H  cot  0  (1  +  2  0g  cos  <j> g  tan  0) 

X  1  -  2  0g  cos  tj>3  cot  0  (^53) 

The  bearing  angle  is  zero  in  this  case,  of  course.  Combining  (551)  and 
(553),  we  find  the  fractional  error  in  range  to  be 


=  0g  cos  <J>g  tan  0 


(554) 


From  (552)  and  (554)  we  see  that  for  small  tilt  angles  the 
maximum  range  and  bearing  errors  are  proportional  to  the  tangent  of  che 
beam  tilt  angle.  As  a  numerical  example,  suppose  83  is  5  degrees  and 
0  is  45 0 „  In  this  case  the  bearing  error  for  a  lateral  slope  is  5  degrees 
and  the  range  error  is  8.7  percent.  Although  this  iu  a  rather  extreme 
example,  it  is  clear  that  significant  errors  can  be  introduced  if  the  slope  of 
the  bottom  is  not  accurately  known. 

3.  SOFAR  Path 

The  SOFAR  path,  referred  to  previously,  is  the  propagation 
path  which  employs  the  deep  sound  channel, whose  axis  is  normally  located 
at  depths  of  3000  to  4000  feet.  When  a  source  and  receiver  are  both  located 
in  the  channel,  propagation  conditions  are  excellent.  A  small  explosive 
charge  may  be  heard  at  distances  of  as  much  as  2000  miles.  Although  the 
depths  involved  are  not  of  current  interest  for  submarine  detection,  the 
SOFAR  path  has  a  useful  function  in  determining  the  location  of  distant 
sound  sources  at  sea.  If,  for  example,  a  downed  aviator  or  a  vessel  in 
distress  at  sea  drops  an  explosive  charge  which  is  set  to  detonate  near  the 
axis  of  the  channel,  and  the  time  of  arrival  at  three  different  locations  is 
'f'  This  a-yru-tvijih on  y^icrf  be-  Vn-acAc  iP dAc  tofhmt  1?  ouiknown. 
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accurately  measured,  the  geographical  position  of  the  explosion  can  be 
determined  in  a  manner  similar  to  LORAN. 

It  is  of  interest  to  note  in  this  connection  that  since  the 
channel  is  very  wide  there  exist  a  number  of  paths  between  the  source  and 
receiver,  each  characterized  by  a  different  number  of  refraction  cycles,  or 
"orders.  "  Two  such  paths  are  illustrated  in  the  sketch  below.  The  path 


of  lowest  order  leaves  the  source  with  the  largest  initial  angle  and  executes 
the  largest  excursions  away  from  the  axis.  As  the  order  increases,  the 
range  of  excursion  decreases  and  the  rays  converge  toward  the  axis.  To 
investigate  the  significance  of  this  effect,  let  us  consider  the  simple  case 
where  the  source  and  receiver  are  located  on  the  axis  and  the  velocity 
gradient  has  a  constant  positive  value  g  below  the  axis  and  a  constant  negativ. 
value  -g  above  it.  Let  c0  be  the  sound  speed  on  the  axis. 

A  ray  whose  initial  angle  is  Sj  will,  according  to  (456a), 
traverse  a  horizontal  distance 


(-sin  9}  -sin  0j)  = 


2c, 


tan 


-g  cos  Qj ■  *  g 

between  the  source  and  the  first  crossing  of  the  axis.  The  horizontal  range 
corresponding  to  one  reflection  cycle  is  twice  this  distance 


4c0 

xj  =  -  tan  0j 

s 

The  corresponding  time,  according  to  (456d),  is 


2  ,  1  +  sin  01 

ti  "  -  log 
1  g 


e  1  -  sin  0* 


(555) 
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Suppose  this  ray  undergoes  n^  refraction  cycles  between  the  source  anc5 
receiver  *  while  a  second  ray  having  an  initial  angle  0 2  undergoes  cycles 
in  traveling  the  same  distance.  Then 

tar.  aj  =  ti nSa  tan  s2 


g 


or 


*2 

nl 


tan  0j 
tan  @2 


The  total  travel  times  of  the  two  rays  are 


T1 


^nl  1  +  sin  Oi 

T~loge  TViST. 


(557) 


2n2  .  1  +  sin  02 

-  loge  - 


g 


1  ~  sin  02 


The  ratio  of  the  two  travel  times  is 

T2  _  n2[loge  (1  +  sin  02  )  -  loge  (1  -  sin  02  )~\ 
T 


or,  by  (557), 


l  "  hj  £loge  (1  +  sin  0i  )  -  loge  (1  -  sin  0i ) 

T2  tan  9i  [_l°ge  (1  +  sin  02  )  -  lo^  (1  -  sin  e2  J] 
Tj  tan  02jjL°ge(1  +  sin  ®1  )  ”  loge  U  '  sin  Ql)"] 


If  we  expand  the  logarithms  in  infinite  series,  (5j8)  becomes 

tan  9i  (sin  82  +  J  sin3  ®2  +  ‘ 


h 

T, 


) 


tan  02  (sin  81  +  L  sin3  ©i  + 
/  1 

cos  0  2  (1  +  3  sin2  ©2  +  •  •  • ) 


) 


cos  0  ,  (1  + 


1 


1  v*  1  y  sm“  »  1 


) 


(558) 


(558a) 


It  can  be  seen  by  substituting  reasonable  numerical  values  into  (558a)  that 
if  02  <  81 1  then  T2  >  Ti«  Since  the  angles  involved  are  small,  we  may  also 
show  this  by  making  the  usual  small  angle  approximations 
cos  Q  ~  I  -  j02  and  sin  8  ~  8 


Thus 


t2 


1  -  6  9Z2 

1  -  I  012 


(558b) 
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From  this  result  we  see  that  the  lowest  order  SOFAR  ray, 

which  leaves  the  source  at  the  largest  angle  and  travels  farthest  away  from 

the  channel  axis,  arrives  at  the  receiver  first.  This  may  seem  strange 

since  the  ray  actually  travels  a  greater  distance  than  any  of  the  others. 

The  explanation  is  that  it  is  traveling  through  a  region  of  higher  sound  speed. 

If  we  look  at  the  travel  times  of  the  rays  of  increasing  order, 

we  see  that  they  decrease  and  aoproach  a  fixed  limit,  -jr  (Th.*  ~k> 

»v>s). 

in  -fk*.  chavinc.1^  Thus,  although  the  SOFAR  propagation 

of  a  pulse  is  a  multipath  phenomenon  with  different  paths  arriving  at 
different  times,  it  ends  abruptly.  The  abrupt  ending  makes  accurate  timing 
possible. 

4.  Convergence  Zone  Path 

The  width  of  the  SOFAR  channel  depends  upon  the  relative  values 
of  the  sound  speed  in  the  vicinity  of  the  surface  and  at  the  bottom  of  the  ocean. 
The  maximum  near-surface  value  normally  occurs  in  the  first  few  hundred 
feet  and  is  determined  chiefly  by  the  surface  temperature.  In  the  deep  ocean 
the  water  at  the  bottom  is  very  nearly  isothermal  at  the  temperature  of 
maximum  water  density,  a  few  degrees  above  the  freezing  point.  The  sound 
speed  at  the  bottom  is  therefore  determined  almost  exclusively  by  the 
pressure,  which  is  proportional  to  the  ocean  depth. 

If  the  ocean  depth  had  the  critical  value  Hi  indicated  in  the 

left-hand  velocity  profile  shown  below,  such  that  the  sound  speed  at  the 

equal  to  the  maximum  value  near  the  surface, 
bottom  were  /\ the  SOFAR  channel  would  extend  all  the  way  to  the  bottom, 
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encompassing  the  region  indicated  by  the  dotted  line.  Where  the  depth  is 
greater  than  Hi,  as  indicated  by  H2  in  the  second  profile,  the  width  of  the 
channel  is  determined  by  the  near -surface  maximum.  Assuming  the  two 
profiles  are  the  same,  the  width  of  the  channel  is  the  same  in  both  cases, 
the  only  difference  being  that  in  the  second  case  there  is  a  regioii  of  depth 
excess  below  the  bottom  of  the  channel.  In  the  third  case  shown  at  the  right 
the  depth  H3  is  less  than  the  critical  depth  and  the  width  of  the  channel  is 
limited  by  the  bottom,  as  indicated  by  the  dotted  line. 

Let  us  now  assume  that  the  ocean  is  very  deep  (second  case 
above)  and  let  us  place  a  sound  source  near  the  surface  in  the  vicinity  of  the 
depth  of  the  maximum  sound  speed.  Let  Cg  denote  the  sound  speed  at  the 
ocean  bottom.  Then  there  will  be  a  limiting  ray  having  a  vertex  velocity 
equal  to  Cb»  which  will  just  graze  the  bottom.  In  fact,  there  will  be  two 
such  rays,  a  direct  downward -going  ray  and  a  surface-reflected  upward- 
going  ray.  All  rays  which  leave  the  source  at  angles  beyond  this  limiting 
angle  will  have  vertex  velocities  greater  than  C 3  and  will  strike  the  bottom. 
On  the  other  hand,  those  rays  which  leave  the  source  with  initial  angles 
more  shallow  than  the  limiting  angle  will  be  refracted  upward  without 
striking  the  bottom  and  »vili  remain  within  the  channel.  This  type  of  propa  - 
gation  in  the  deep  sound  channel  has  the  remarkable  property  that  all  of  the 
rays  (within  the  relatively  narrow  angular  limits)  tend  to  return  to  the 
surface  at  approximately  the  same  horizontal  range,  as  illustrated  in  the 
sketch  below.  The  result  is  a  very  pronounced  focusing  or  convergence 

effect.  If  the  sound  is  radiated  in  all  directions  horizontally,  the  region  of 

1 

convergence  is  a  narrow  annular  ring,  called  a  convergence  zone. 

The  radius  of  a  convergence  zone  varies  somewhat  with 
geographical  location.  In  the  temperate  regions  the  zone  radius  is  generally 
between  30  and  35  miles.  In  the  colder  regions  it  tends  to  be  somewhat 
smaller,  25  miles  or  so  being  a  representative  value.  The  detailed 
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acoustic  structure  of  a  convergence  zone  is  rather  complicated,  being 
dependent  upon  depth  excess  at  the  bottom  of  the  ocean,  the  source  and 
receiver  depths,  and  the  local  thermal  structure  in  the  near -surface 
region.  As  a  rough  rule  of  thumb,  the  annular  width  of  a  zone  is  of  the 
order  of  10  percent  of  the  range  and  the  gain  due  to  the  convergence  (the 
spreading  anomaly)  is  of  the  order  of  10  db  -  a  very  significant  enhancement. 

Convergence  zone  propagation  is  not  limited  to  a  single  zore. 

As  the  rays  spread  out  from  a  source  they  undergo  repeated  cycles  of 
refraction,  with  the  result  that  second,  third,  fourth,  etc.  zones  occur 
at  regular  intervals.  The  spreading  loss  from  one  zone  to  the  next  follows 
approximately  the  cylindrical  spreading  law. 

In  order  for  convergence  zone  propagation  to  exist  at  all  it 
is  necessary  that  the  speed  of  sound  at  the  bottom  be  larger  than  at  any 
depth  above  the  SOFAR  channel  axis.  This  condition  places  a  requirement 
on  the  ocean  depth  in  relation  to  the  surface  temperature.  As  an  example 


185 


of  such  a  condition,  the  speed  of  sound  at  the  surface  is  related  to  the 
temperature  (in  °F)  by  (447)  with  y  =  0, 

c  =  4422  +  11. 25T  -  .  045T2  ft/sec  (559) 

(neglecting  the  salinity  term).  In  the  deep  ocean  c  may  be  expressed  as  a 
function  of  depth  by  the  approximate  formula 

_4 

c  =4768  +  0.  0182y  1-82.  3  e"  lm  8  X  10  ft/sec  (560) 

where  y  is  in  feet.  The  minimum  depth 

y  ~~  ^min 

at  which  convergence  zone  propagation  can  occur  maj  be  related  to  the 
surface  temperature  by  equating  (559)  and  ^560).  The  resulting  curve  is 
shown  in  the  accompanying  graph.  Since  surface  temperatures  vary  with 
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the  season  of  the  year,  the  depth  requirements  are  likewise  variable. 
There  are  sortie  areas  of  the  ocean  where  convergence  zone  propagation 
occurs  the  year  around;  there  are  other  areas  where  it  never  occurs; 
and  there  are  still  other  areas  where  it  occurs  in  the  winter  Tpcit  not  in 
the  summer.  The  depth  requirements  are  most  severe  in  the  trcp ' ;al 
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regions  and  least  severe  at  the  higher  latitudes.  As  the  polar  regions  are 
approached,  the  surface  temperatures  become  lower  until  an  approximately 
isothermal  condition  is  reached  where  a  positive  velocity  gradient  exists 
all  the  way  to  the  bottom,  and  the  convergence  none  propagation  changes 
to  a  combination  of  upward  refraction  and  surface  reflection. 

The  depth  criterion  outlined  above  represents  only  an  absolute 
minimum  requirement  that  at  least  one  ray  be  propagated  to  the  convergence 
zone.  The  amount  of  sound  propagated  depends  upon  the  extent  of  the  depth 
excess  between  the  minimum  required  depth  and  the  ocean  bottom,  since  all 
rays  reaching  the  convergence  zone  must  pass  through  this  region.  The 
same  conclusion  may  be  reached  by  considering  the  rays  as  they  leave  the 
sound  source.  The  greater  the  ocean  depth  the  larger  will  be  the  initial 
angle  of  the  limiting  ray  which  grazes  the  bottom.  Therefore  a  greater 
fraction  of  the  energy  radiated  by  the  source  will  be  retained  in  the  deep 
sound  channel  without  striking  the  bottom.  It  has  been  found  that  a  depth 
excess  of  several  hundred  fathoms  is  required  for  satisfactory  operational 
use  of  convergence  zone  propagation. 

5.  Reliable  Acoustic  Path  (RAP) 

In  our  discussion  of  convergence  zone  propagation  we  have  seen 
the  value  of  the  refractive  properties  of  the  deep  ocean  in  providing  a  long- 
range  acoustic  path  between  a  source  and  a  distant  receiver,  both  located  at 
the  surface.  The  convergence  zone  path  has  one  serious  limitation, 
however;  the  surface  coverage  is  limited  to  a  narrow  annular  zone.  The 
entire  circular  area  inside  the  zone,  except  for  a  small  region  of  direct 
coverage  in  the  vicinity  of  the  source,  is  blank. 

Is  there  any  way  of  making  use  of  refraction  in  the  deep  ocean 
to  obtain  solid  coverage  of  the  surface?  The  answer  to  this  question  is 
"yes,  "  provided  the  source  is  located  at  a  great  depth.  Consider  a  location 
where  the  ocean  depth  is  in  excess  of  the  minimum  requirement  for 
convergence  zone  propagation  and  let  the  sound  source  be  placed  at  this 


minimum  depth,  i.  e. ,  at  the  depth  where  the  sound  speed  has  a  value,  equal 
to  its  maximum  value  near  the  surface.  Then  the  ray  which  leaves  the  source 
horizontally  will  traverse  a  path  similar  to  half  of  a  convergence  'zone  path, 
reaching  the  surface  (actually,  the  depth  of  maximum  sound  speed  near  the 
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surface)  at  a  horizontal  range  equal  to  half  the  radius  of  the  first  convergence 
zone.  All  rays  which  leave  the  source  at  angles  above  the  horizontal  will 
have  vertex  velocities  larger  than  that  of  the  horizontal  ray  and  will  therefore 
reach  the  surface  at  finite  angles  of  incidence.  Furthermore,  all  rays  which 
leave  the  source  at  downward  angles  between  the  horizontal  and  the  limiting 
ray  at  the  bottom  will  also  be  refracted  upward  and  will  reach  the  surface 
at  finite  angles  of  incidence.  A  family  of  such  rays  is  shown  in  the  sketch 
b'-.ow.  We  see  therefore  that  when  the  ocean  is  deep  enough  to  provide 


zontal  ranges  in  excess  of  one-half  a  convergence  zone  radius  can  be 
obtained  by  placing  the  source  at  the  critical  depth  defined  above.  (Actually, 
as  a  practical  operational  measure  the  source  should  be  placed  a  little  deeper 
to  prcvide  a  margin  of  safety. )  This  path  has  been  given  the  name  reliable 
acoustic  path  and  is  usually  designated  by  the  initials  RAP. 


In  addition  to  providing  solid  coverage  of  the  surface  the  RAP 
has  the  advantage  of  providing  a  certain  amount  of  ray  convergence.  The 
maximum  convergence  gain  occurs  for  those  rays  which  leave  the  source 
in  the  vicinity  of  the  horizontal.  Calculations  based  on  typical  conditions 
in  the  Atlantic  Ocean  show  a  gain  of  about  5  db.  As  the  initial  angle 
increases  above  the  horizontal  the  convergence  gain  decreases  and  the 
spreading  loss  approaches  the  spherical  type.  The  reduction  of  gain  in  this 
region  is  of  little  importance,  however,  since  the  overall  propagation  loss 
decreases  rapidly  because  of  the  reduction  in  range.  In  the  case  of  the 
downward -going  rays,  on  the  other  hand,  the  reduction  in  convergence  gain 
combines  with  the  increase  in  range  to  cause  a  rapid  increase  in  overall 
propagation  loss.  Therefore,  although  RAP  ranges  in  excess  of  25  miles 
may  exist  in  very  deep  water,  the  requirements  for  implementing  them 
become  very  severe. 

The  reliable  acoustic  path  is  sometimes  spoken  of  as  being 

half  of  a  convergence  zone.  This  statement  is  misleading  for  two  reasons. 

The  first  has  already  been  discussed.  Unlike  the  convergence  zone  path 

» 

the  RAP  provides  solid  coverage  of  the  surface  out  to  ranges  in  excess  of 
half  a  convergence  zone,  the  theoretical  limit  depending  upon  the  depth 
excess.  The  second  reason  is  also  a  significant  one.  In  areas  of  insufficient 
water  depth  the  convergence  zone  path  ceases  to  exist  and  a  convergence 
zone  sonar  becomes  utterly  useless  (except  for  the  small  area  of  conventional 
direct  coverage).  This  is  not  true  for  the  RAP.  Although  the  extent  of  the 
surface  coverage  is  considerably  reduced  under  such  conditions,  substantial 
performance  is  still  obtainable. 

When  the  water  depth  is  insufficient  for  convergence  zone 
operation,  that  is,  when  the  sound  speed  at  the  bottom  is  less  than  the 
maximum  value  near  the  surface,  the  sound  source  should  be  placed  as  close 
as  practicable  to  the  bottom.  A  rough  velocity  profile  and  ray  diagram 


189 


illustrating  the  case  under  discussion  is  shown  in  the  sketch  below.  The 
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sound  speed  at  the  bottom  is  eg  and  the  maximum  value  in  the  surface  region 
is  cM.  The  extent  of  the  deep  sound  channel  is  determined  by  the  vertical 
dotted  line  running  from  the  bottom  to  the  depth  yc>  A  ray  leaving  the  source 
horizontally  at  the  bottom  will  vertex  at  the  depth  yc  at  a  horizontal  range 
determined  by  the  velocity  profile.  At  depths  shallower  than  yc  at  this  range 
there  will  be  a  shadow  zone.  A  ray  which  leaves  the  source  at  a.  slight 
upward  angle  will  vertex  at  a  slightly  shallower  depth  and  a  somewhat 
shorter  horizontal  range.  Thus  as  the  horizontal  range  decreases  the  shadow 
zone  becomes  shallower  until  the  limiting  ray  ro  the  surface  is  reached.  The 
initial  angle  of  the  limiting  ray  is 


All  rays  leaving  the  source  at  angles  above  8^  will  strike  the  surface. 

Hence  solid  coverage  of  the  surface  is  provided  at  all  ranges  out  to  the  point 
of  tangency  of  the  limiting  ray. 

In  regions  where  the  depth  is  greater  than  about  5000  or  6000 
feet,  the  value  of  8l  is  determined  chiefly  by  the  relative  values  of  the  water 
depth  and  surface  temperature,  as  indicated  previously.  In  shallower  water 
the  situation  becomes  more  variable.  However,  in  most  ocean  areas  the 
limiting  angle  is  less  than  10  to  15  degreess  For  efficient  use  of  a 
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vertically  directional  sound  source  in  areas  of  insufficient  water  depth  it 
is  necessary  to  steer  the  beam  upward  at  an  angle  sufficient  to  insure  that 
most  of  the  radiated  acoustic  energy  is  directed  into  the  region  of  surface 
coverage. 

The  reliable  acoustic  path,  while  extremely  attractive  from  an 
acoustic  point  of  view,  has  two  obvious  disadvantages.  First,  there  is  the 
technical  problem  of  designing  equipment  to  operate  at  great  depths  and  of 
supplying  power  to  it.  Secondly,  if  the  path  is  to  be  considered  for  applica¬ 
tion  to  mobile  systems,  there  is  the  operational  problem  of  lowering  trans¬ 
ducers  to  such  depths  and,  if  necessary,  of  retrieving  them. 

6,  Refracted  Surface -Reflected  (RSR)  Path 

The  term  refracted  surface -reflected  path  is  used  tc*  describe 
those  propagation  paths  which  involve  a  sequence  of  cycles  of  refraction  in 
the  deep  ocean  and  reflection  at  the  surface.  It  is  evident  that  to  a  limited 
extent  paths  of  this  type  are  included  in  convergence  zone  propagation.  The 
present  discussion  will  be  limited  to  a  consideration  of  the  RSR  path  as  an 
extension  of  the  RAP. 

A  necessary  condition  for  RSR  propagation  to  occur  is  the 
existence  of  a  substantial  depth  excess.  Let  us  assume  this  condition  to  be 

met  and  let  the  source  be  placed  at  a  depth  slightly  below  the  bottom  of  the 

v 

deep  sound  channel  (i.  e.  ,  slightly  below  the  minimum  depth  for  convergence 
zone  propagation).  Let  the  sound  speed  be  cQ  at  the  source  and  eg  at  the 
ocean  bottom.  The  cosine  of  the  initial  angle  of  the  bottom  limiting  ray  is 


All  rays  which  leave  the  source  at  downward  angles  between  0  and  0^  wil] 
be  refracted  to  the  surface  without  striking  the  bottom.  After  reflection 
from  the  surface  they  will  return  downward  and  be  refracted  again, 
continuing  the  process  in  repeated  cycles  with  about  the  same  range  incre¬ 
ment  as  convergence  zones.  Those  rays  which  leave  the  source  at  upward 
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angles  between  0  and  9^  will  travel  to  the  surface,  be  reflected,  and 
proceed  in  similar  RSR  cycles.  Rays  which  leave  the  source  at  downward 
angles  greater  than  @l  will  strike  the  bottom  directly  and  rays  which  leave 
the  source  at  upward  angles  in  excess  of  0l  will  strike  the  bottom  after  a 
surface  reflection.  The  RSR  propagation  in  this  case  is  therefore  limited 
to  those  rays  having  initial  angles  between  ±8^. 

We  see  that  at  the  first  surface  reflection  the  surface  coverage 
consists  of  an  annulus  whose  width  extends  from  the  horizontal  range  of  the 
+  Op,  ray  to  the  horizontal  range  of  the  -  ray.  Since  the  distance  traveled 
per  refraction  cycle  is  substantially  the  same  for  all  rays  in  this  group,  the 
annuli  of  the  zones  at  the  second,  third,  etc.  reflections  will  have  roughly 
the  same  width  as  the  first.  It  is  also  clear  that  the  zone  width  we  are  talkin 
about  depends  strongly  upon  the  depth  excess.  However,  a  relatively 
moderate  depth  excess  will  give  substantially  broader  coverage  than  can 
be  obtained  with  convergence  zone  propagation.  For  example,  under  typical 
Atlantic  Ocean  conditions  depth  excess  values  of  about  1000,  1750,  and 
4000  feet  will  provide  zone  widths  equal  to  1/4,  1/3,  and  1/2,  respectively, 
of  the  spacing  between  successive  zones. 

Ubvicusly  a  price  must  be  paid  to  achieve  such  broad  coverage 

> 

as  compared  to  convergence  zones,  and  the  price  is  the  absence  of  the  high 
convergence  gain.  The  requirements  placed  on  equipment  for  implementing 
such  a  long-range  path  would  be  very  severe. 
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TECHNOLOGY  OF  UNDERWATER  SOUND 
REVISED  NOTES 


TRANSDUCERS 


A  transducer  may  be  defined  in  general  as  an  element  in  an  energy 
transmission  system,  which  connects  one  portion  of  the  system  -  the 
source  -  to  a  second  portion  che  load.  According  to  this  general  definition 
it  is  not  necessary  that  a  transducer  convert  energy  from  one  form  to  another. 
However,  in  these  notes  we  shall  be  concerned  with  transducers  in  which  such 
a  conversion  takes  place.  For  transmitting  acoustic  signals  in  the  water  we 
are  interested  in  converting  electrical  energy  into  acoustic  energy,  and  for 
receiving  acoustic  signals  from  the  water  we  are  interested  in  the  reverse 
process. 

A  transducer  which  converts  electrical  energy  into  acoustic  energy,  or 
vice  versa,  is  called  an  electroacoustic  transducer.  An  electroacoustic  trans¬ 
ducer  which  is  used  to  transmit  sound  waves  into  the  water  is  called  a  sonar 
projector.  An  electroacoustic  transducer  which  is  used  to  receive  sound 
waves  from  the  water  is  called  a  hydrophone.  Many  transducers  can  be  used 
interchangeably  for  both  purposes;  these  will  be  referred  to  simply  as  sonar 
transducers.  It  should  be  noted,  however,  that  the  word  transducer  is  some¬ 
times  used  in  a  restricted  sense  to  designate  only  a  projector,  as  distinguished 
from  a  hydrophone. 

A.  The  Nature  of  Sonar  .Transducers 


1 .  Introduction 

Because  the  specific  acoustic  impedance  of  water  is  several 
orders  of  magnitude  larger  than  that  o£  air,  the  conventional  techniques 
employed  in  the  design  of  air -audio  equipment  (microphones  and  loudspeakers) 
are  not  applicable  to  sonarv  Since  air  is  a  very  light  substance,  the  driving 
mechanism  must  produce  a  large  displacement  with  very  little  force.  In 
underwater  sound,  on  the  other  hand,  it  is  necessary  to  apply  a  very  large 
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force  to  generate  even  a  small  displacement.  In  other  words,  a  sonar  trans¬ 
ducer  must  have  a  large  mechanical  impedance. 

Among  the  physical  phenomena  which  are  capable  of  fulfilling 
this  requirement,  two  are  widely  used.  These  are  electrostriction  and 
magnetostriction. 

a.  Electrostriction.  In  1880  Jacques  and  Pierre  Curie 
discovered  that  when  certain  crystals  such  as  quartz,  tourmaline,  and 
Rochelle  salt,  are  subjected  to  pressure,  electric  charges  of  opposite  sign 
appear  on  opposite  faces,  thus  producing  a  potential  difference.  Conversely, 
when  a  potential  difference  is  applied  to  opposite  faces,  a  change  in  physical 
dimensions  occurs.  Such  a  crystal  is  called  a  piezoelectric  crystal,  and  trans 
ducers  made  from  such  crystals  are  called  piezoelectric  transducers. 

There  are  other  materials  such  as  barium  titanate, 
which,  though  not  electrostrictive  in  their  natural  condition,  can  be  made  so 
if  they  are  subjected  to  a  strong  electric  field  under  suitable  conditions.  Such 
materials  are  said  to  be  polarized. 

b.  Magnetostriction.  When  certain  materials  such  as  nickel 
are  placed  in  a  magnetic  field,  they  undergo  a  change  in  physical  dimensions. 
Therefore,  when  a  properly  designed  nickel  element  is  subjected  to  an  oscillating 
magnetic  field,  a  mechanical  oscillation  is  produced  which  is  capable  of 
generating  acoustic  waves  in  the  water. 

Also,  the  converse  proco;ss  takes  place.  When  a  piece 
of  magnetostrictive  material  is  subjected  to  a  physical  pressure,  a  magnetic 
field  is  generated,  and  this  can  be  detected  electrically.  The  phenomenon  of 
magnetostriction  has  been  known  for  over  a  century. 

The  design  of  a  piezoelectric  or  magnetostrictive  trans¬ 
ducer  consists  of  the  application  of  the  appropriate  oscillating  electric  or 
magnetic  driving  force  to  the  mechanical  vibiating  element,  one  face  of  which 
is  coupled  to  the  water.  In  the  case  of  crystals  which  are  soluble  in  water 
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the  coupling  is  accomplished  by  means  of  an  intermediate  liquid  such  as 
castor  oil,  which  has  a  specific  acoustic  impedance  approximately  equal  to 
that  of  water  and  which  is  encased  within  a r  acoustically  transparent  membrane. 
The  other  .face  of  the  vibrating  element  is  either  attached  to  a  heavy  mass 
backing,  or  else  is  backed  up  by  pressure-release  material  which  allows  the 
face  to  vibrate  freely  without  transmitting  any  appreciable  acoustic  radiation. 
(Ideally  the  element  should  terminate  in  c.  vacuum. ) 

For  maximum  efficiency  the  vibrating  element  should 
operate  at  the  resonant  frequency.  This  can  be  done  with  transducers  which 
are  designed  to  operate  at  a  fixed  single  frequency.  Transducers  which  trans¬ 
mit  or  receive  over  a  broad  band  of  frequencies  must  operate  well  away  from 
the  resonant  point.  Most  sonobuoy  hydrophones,  for  example,  must  have  a 
flat  response  over  a  very  wide  range  of  frequencies. 

No  attempt  will  be  made  in  these  notes  to  give  a  complete 
description  of  the  theory  and  design  of  sonar  transducers.  The  scope  will  be 
limited  to  a  discussion  of  the  basic  concepts  together  with  a  rather  over¬ 
simplified  presentation  of  the  theory  of  operation.  The  operation  of  a  sonar 
transducer  is  most  conveniently  described  in  terms  of  its  equivalent  electric 
circuit,  in  which  the  mechanical  effects  are  represented  in  terms  of  their 
equivalent  electrical  characteristics  as  seen  looking  into  the  electrical  input 
terminals.  As  an  introduction  to  this  discussion  we  shall  first  consider  the 
mechanical  impedance  of  a  simple  vibrating  system  and  shall  then  discuss  the 
effect  of  the  radiation  loa.d,  that  is,  of  the  power  transmitted  into  the  water  as 
acoustic  radiation. 

2.  Mechanical  Impedance 

Consider  the  mechanical  system  shown  in  the  sketch  below.  A 
mass  M  is  supported  by  a  spring  from  a  rigid  support.  The  mass  is  driven 
by  a  sinusoidally  oscillating  force  F  eJwt,  causing  it  to  oscillate  in  a  vertical 
direction.  The  mass  is  also  attached  to  a  piston  in  a  dashpot  which  produces 
a  retarding  force  proportional  to  the  velocity.  Let  §  be  the  displacement  of 
*w  =  angular  frequency  =  2nf 
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MECHANICAL  SYSTPM  EL\zCTR)CAL-  SYSTEM 


the  ma3S  from  its  static  equilibrium  position,  and  let  u  be  the  velocity, 
that  is, 


u  =  $  = 


d| 

dt 


The  following  forces  act  on  the  mass  m: 

Externally  applied  driving  force  =F  eJwt 
Tension  in  the  spring  =  -  s  % 

Resistance  of  the  dashpot  =  -  Rm§ 

where  s  and  Rm  are  constants.  According  to  Newton's  Second  Law,  we 
see  that 

FeJwt  ••  sS  -  Rm§  =  M  § 


or 


mV  +  Rml  +  sS  =  Fe->wt 


Let  us  assume  a  steady-state  solution  of  the  form 
§  =  AeJwt 


(601) 


(602) 
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The  complex  constant  A  is  evaluated  by  substituting  (602)  into  the  differential 
equation  (601). 


A 


F _ 

jwRm  -  w2  M  +  s 


(603) 


We  are  particularly  interested  in  the  velocity,  u,  which  is 

u  =  -7^-  =  jwAej'vt 
dt 

If  we  write  u  in  terms  of  its  complex  amplitude  U  ,  that  is, 

u  =  UeJwt  (604) 

we  find  the  relation  between  XT and  F  to  be 

U  =  - - -  (605) 

Rm  +  j  (wM  -  J  ) 

In  the  preceding  illustration  a  simple  series  RLC  electrical 
circuit  is  shown  at  the  right  of  the  mechanical  diagram.  If  the  alternating  emf 
applied  to  the  circuit  is 

e  =  Ee->wt 

and  the  alternating  current  flowing  in  the  circuit  is 

i  =  IeJwt 

where  I  is  the  complex  amplitude  of  the  current,  the  relation  between  I  and  E 
is 

1  = - 5 -  (606) 

R  +  j  <wL  -  wC  ^ 

where  R,  L,  and  C  are  the  resistance,  inductance,  and  capacitance  of  the 
circuit.  According  to  standard  A.  C.  electrical  theory,  the  denominator  of 
(606)  is  the  complex  impedance "2  of  the  circuit  and  is  expressed  in  terms  of 
the  resistance  and  the  reactance, 

z  =  R  +  j  X  (607) 

where,  for  this  series  circuit 

X  =  wL - (607a) 

wC 
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By  analogy  we  may  define  a  complex  mechanical  impedance 


zm  “  ^m  +  j  X] 


m 


where 


Xm  =  wM 


w 


(608) 


(609) 


The  analogy  between  the  mechanical  and  electrical  circuits  is  shown  in  the 
following  table: 


Mechanical 
Applied  force,  FeJwt 
Velocity,  UeJwt 
Damping  constant,  Rm 
Mass,  M 

Stiffness  coefficient,  s 

Complex  mechanical  impedance,  "zm 


Electrical 

Applied  EMF,  Ee^wt 

Current,  Iejwt 

Resistance  R 

Inductance,  L 

1  l_ 

C 


Capacitance 


Jm 


Jml 


wM 

K 

w 


Complex  impedance,  z 
Z  =  \z\ 

Inductive  reactance,  wL 


Capacitance  reactance 


_1_ 

wC 


In  a  sonar  transducer  the  velocity  u  -~Ueiwt  is  the  velocity  of 
the  radiating  surface.  The  complex  mechanical  impedance “zj-p  is  the  ratio  of 
the  complex  driving  force  to  the  complex  velocity.  The  magnitude  of  this 
impedance 

^m  =  |zm|  =  ^^m^  *  Xmz 

is  the  ratio  of  the  rms  force  to  the  rms  velocity. 

From  this  discussion  it  is  clear  that  the  inertia  of  the  moving 
parts  of  an  electroacoustic  transducer  will  appear  as  an  inductance  in  the 
equivalent  circuit;  friction  in  the  moving  parts,  or  any  other  process  (such  as 
hysteresis  in  magnetic  materials)  which  dissipates  mechanical  energy,  will 
appear  as  a_ resistance;  and  elastic  properties  of  materials  will  appear  inversely 
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as  a  capacitance.  As  a  matter  of  fact,  when  electrical  impedance  measure¬ 
ments  are  made  on  a  transducer,  these  effects  are  actually  observed,  the 
equivalent  resistance,  inductance,  and  capacitance  being  proportional  to  the 
corresponding  mechanical  quantities.  We  shall  investigate  these  relationships 
for  a  piezoelectric  transducer  in  a  later  section. 

3.  P.adiation  Impedance 

In  the  preceding  section  w>e  discussed  the  vibration  of  a  mechanical 
system  without  any  reference  to  the  radiation  of  acoustic  waves.  That  discus¬ 
sion  may  be  considered  as  applying  to  a  transducer  operating  in  a  vacuum. 

When  the  transducer  is  operating  in  its  normal  environment,  the  reaction  of  the 
water  against  the  radiating  surface  imposes  a  load  on  the  vibrating  element, 
thereby  altering  the  mechanical  impedance  of  the  system.  Even  without  any 
mathematical  analysis  it  is  intuitively  apparent  that  the  radiation  of  acoustic 
power  should  give  rise  to  a  load  which  includes  a  resistance,  since  no  power 
is  dissipated  in  a  pure  reactance. 

To  obtain  a  little  better  insight  into  this  problem,  let  us  temporarily 
assume  that  the  radiating  surface  is  flat  ar.d  has  an  area  S.  Let  us  assume 
further  that  the  dimensions  of  the  surface  are  large  compared  with  the  wave¬ 
length  of  the  acoustic  waves  in  the  water.  Under  these  assumptions  the  waves 
in  the  immediate  vicinity  of  the  radiating  surface  are  essentially  plane  waves 
whose  specific  acoustic  impedance  is  pc,  where  p  and  c  refer  to  the  density 
and  sound  speed  of  the  water.  As  we  have  seen  earlier,  the  specific  acoustic 
impedance  is  the  ratio  of  the  acoustic  pressure  to  the  particle  velocity  (of 
plane  waves). 

Now,  since  the  water  is  assumed  to  be  in  contact  with  the  radiating 
surface,  and  since  by  our  assumption  that  the  acoustic  waves  are  essentially 
planar,  it  follows  that  the  particle  velocity  of  the  water  in  the  immediate 
vicinity  of  the  radiating  surface  is  the  same  as  the  velocity  of  the  surface 
itself.  Furthermore,  the  acoustic  pressure  of  the  water  must  equal  the 
pressure  exerted  by  the  radiating  surface,  and  hence  the  total  force  is  equal 
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to  the  pressure  times  the  area.  If  F  represents  the  amplitude  of  the  force 
exerted  by  the  transducer  on  the  water,  and  LT  denotes  the  amplitude  of  the 
velocity,  then  we  see  that 

F  =  pcStf 

and  the  radiation  impedance  is 

Zr  =  =  pcS  (610) 

The  force  F  is  the  force  required  to  move  the  water  and  is  in 
addition  to  the  internal  force  required  to  drive  the  transducer  mechanism. 

The  overall  mechanical  impedance  of  the  system  consists  of  the  combination 
of  the  internal  impedance  and  the  radiation  impedance.  It  should  be  noted  that 
the  above  definition  of  radiation  impedance  (i.  e. ,  as  the  ratio  of  the  force  to 
the  particle  velocity)  is  identical  with  the  definition  of  mechanical  impedance 
presented  earlier,  in  the  discussion  of  three-dimensional  acoustic  waves. 

Under  the  preceding  ideal  assumptions  -  large  flat  surface  - 
the  radiation  impedance  is  found  to  be  a  pure  resistance.  The  analysis  of 
more  practical  examples,  where  the  dimensions  of  the  radiating  surface  are 
of  the  same  order  of  magnitude  as  a  wavelength,  is  in  general  very  complicated 
and  will  not  be  included  in  these  notes.  It  is  found  in  general  that  edge  effects 
contribute  an  out-of -phase  component  represented  by  ar.  inductive  reactance. 
The  radiation  impedance  is  of  the  form 

Zr  =  pcS  (r i  +  j  xL)  (611) 

where  rj  and  xi  are  dimensionless  parameters  representing  the  relative 
magnitudes  of  the  resistive  and  reactive  components.  For  example,  for  the 
case  of  a  circular  piston  mounted  in  an  infinite  baffle,  *  the  parameters  rj 
and  xj  are  functions  of  the  product  ka,  where  a  is  the  radius  of  the  circular 


*That  iSj flush -mounted  in  an  infinite  rigid  plane  wall,  with  the  acoustic  radiation 
confined  to  the  space  on  one  side  of  the  wall. 
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piston’face  and  k  is  the  wave  number,  These  functions  are  plotted  on 

the  accompanying  graph.  For  small  values  of  ka  (less  than  about  0.  7),  xi 
varies  linearly  and  is  the  dominant  term.  As  ka  increases,  xi  reaches  a 
maximum  value  of  about  0.7  in  the  vicinity  of  ka  =  1.5,  and  then  gradually 
decreases  in  a  series  of  damped  oscillations  toward  zero.  The  resistive 
parameter  r  j  increases  at  first  as  the  square  of  ka.  It  reaches  a  maximum 
value  of  about  1. 1  and  then  gradually  approaches  the  value  1  in  a  series  of 
damped  oscillations.  The  behavior  of  rj  and  xj  at  large  values  of  ka  agrees 
with  the  results  of  our  intuitjve  discussion  which  led  to  a  pure  resistance 
with  r£  =  1  and  xj  =  0. 

Another  interesting  example  is  the  case  of  a  pulsating  sphere 
which  generates  omnidirectional  spherical  waves.  In  our  earlier  analysis 
of  spherical  waves,  we  found  that  the  acoustic  pressure  of  a  spherical  wave 
is  out  of  phase  with  the  particle  velocity,  leading  to  a  complex  unit -area 
acoustic  impedance. 


za  = 


(612) 


k2  r2 


k2  r2 


If  these  waves  are  geherated  by  a  pulsating  sphere  whose  mean  radius  is  a, 
then  the  mechanical  impedance  per  unit  area  of  the  spherical  radiating  surface 
is  given  by  (612)  with  r  =  a,  and  the  overall  mechanical  impedance  is  given  by 
(611)  with 

S  =  4rra2 


rl  = 


k2  a2 


k2  a2 
1  +  k2  a2 


(613a) 


1  +  k2  a2 


(613b) 


These  functions  are  plotted  as  dashed  curves  on  the  accompanying  graph.  A 
comparison  of  the  two  sets  of  curves  shows  a  quite  similar  behavior  for  both 
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the  circular  piston  and  the  sphere.  Although  only  relatively  few  types  of 
radiating  surface  have  been  analyzed,  owing  to  mathematical  difficulties, 
it  is  generally  true  that  when  the  dimensions  of  the  surface  are  large  compared 
with  the  wavelength,  the  impedance  is  predominantly  resistive  with  rj^  1, 
whereas  when  the  dimensions  are  small  compared  with  a  wavelength,  th^ 
impedance  is  largely  reactive.  The  reactance  is  inductive,  indicating  that 
an  inertia  effect  is  present,  an  out-of-phase  component  in  which  mass  is 
being  moved  without  a  corresponding  generation  of  radiation. 

4.  Piezoelectric  Transducers 

The  following  discussion  will  present  a  somewhat  over¬ 
simplified  theory  of  one  type  of  quartz  crystal  transducer,  the  purpose  being 
merely  to  present  some  of  the  general  concepts  of  piezoelectric  transducers. 

In  general,  when  a  piezoelectric  crystal  is  subjected  to  an  electric  field  it 
experiences  both  compressional  and  shear  strains  whose  values  depend  upon 
the  way  in  which  the  crystal  is  cut  and  the  direction  in  which  the  field  is 
applied.  We  shall  consider  only  the  compressional  strains. 

a.  The  Piezoelectric  Effect  in  a  Quart/.  Crystal 

We  assume  the  crystal  to  be  cut  in  rectangular  form  with 
sides  of  lengths  ^x*  ^y>  and^z,  as  shown  in  the  sketch 
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The  two  faces  normal  to  the  x  axis  are  plated  with  conducting  material 
(indicated  oy.  the  shading).  When  a  voltage  is  applied  across  these  faces,  the 
crystal  suffers  a  change  in  length  in  the  y-direction.  Conversely,  if  a  force 
is  applied  in  the  y-direction,  electric  charges  of  opposite  polarity  are  produced 
on  the  plated  faces  in  the  x-direction.  The  behavior  of  the  crystal  in  the 
presence  of  both  an  electric  potential  in  the  x-direction  and  a  force  in  the 
y-direction  is  expressed  approximately  by  the  following  two  equations: 


where 


a 

on  the  plated  faces 
e 

the  x-direction,  i.e. 
force  is  applied 

eb 


x-direction 


E 


a  =  s-4^~  - 

St  S 

b  T)  _  F  d12E 

'"rYs  +  St 

=  charge  density  (charge  per  unit  area) 


(614) 

(615) 


=  "free"  dielectric  constant  of  the  crystal  in 
the  dielectric  constant  measured  when  no  external 

=  8.85  x  10"! ^  farad/.neter 
=  permittivity  of  free  space 

t 

=  potential  difference  in  volts,  applied  in  the 


F  =  applied  compressional  force  in  the  y-direction 
S  =  Sc  =  area  face  normal  to  y-direction 
fl12  =  one  piezoelectric  strain  coefficients  of  the 

quartz  crystal,  measured  in  meter s/volt  or  cm/4/olt,  depending  on  the  units 
used. 


t]  =  change  in  length  of  the  y-dimension  f-y ;  due  to  the 
electrical  and  mechanical  stresses  applied 

-r-*-  =  longitudinal  strain,  i.e..  fractional  change  in  length 
Sy 
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y  "direction. 


Yy  =  Young's  modulus  of  elasticity,  measured  in  the 


-f 


Before  we  proceed  with  the  analysis,  a  few  words  of 
explanation  of  equations  (614)  and  (615)  may  be  helpful.  Assume  for  the 
moment  that  no  external  force  is  applied,  i.  e.  ,  F  =  0.  In  this  case  equation 
(614)  is  the  classical  relation  between  the  applied  potential  and  the  charge  on 
the  face  of  the  capacito* .  The  charge  is  equal  to  the  product  of  the  charge 
density  and  the  area  of  the  face. 


Q  =  aS  =  a  -6 y  lz 

and  the  capacitance  is  the  ratio  of  the  charge  to  the  potential  difference, 


This  is  the  standard  formula  for  the  capacitance  of  a  parallel  plate  capacitor. 

If  now  a  force  F  in  the  y-direction  is  applied  instead 
of  the  voltage,  a  charge  appears  on  the  plates,  whose  magnitude  depends  upon 
the  value  of  the  piezoelectric  strain  coefficient  di;>.  This  is  called  the 
direct  piezoelectric  effect.  If  both  fie  voltage  and  the  force  are  applied,  the 
resultant  charge  density  is  given  by  (614). 

Considering  now  (615),  we  see  that  the  first  term  is 
simply  the  classical  expression  for  Hooke's  Law  in  the  form 


Strain  = 


Stress 

Modulus 


The  second  term  states  that  when  an  electric  voltage  is  applied  in  the 
x-direction,  it  generates  a  strain  in  the  y-direction  whose  value  depends  on 
the  strain  coefficient  di2-  This  is  called  the  inverse  piezoelectric  effect. 

In  summary,  the  ordinary  elastic  properties  of  the 
quartz  crystal  are  represented  by  the  first  term  of  (615).  When  two  opposite 
faces  are  plated,  the  crystal  acts  as  an  ordinary  parallel  plate  capacitor,  as 
indicated  by  the  first  term  of  (614).  In  addition  to  the  above,  the  piezoelectric 
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properties  of  the  crystal  are  expressed  by  the  second  terms  of  both  (614) 
and  (615). 

It  will  be  convenient  to  express  0  in  terms  of  the 
voltage  and  strain  by  eliminating  F  between  (614)  and  (615).  The  result  is 


e'e0E  dq 

0  =  ~T~~  '  YV  dl2'6y 


where 


s'  =  e  - 


Yy  df2 


(616) 


(61?) 


The  quantity  S'  is  called  the  clamped  dielectric  constant.  It  is  the  value  which 
would  be  measured  if  the  crystal  could  be  clamped  in  such  a  way  as  to  keep  -Cy 
constant,  i.  e.  ,  dqy^y  =  0. 

b.  Quartz  Crystal  as  a  Quarter -Wave  Oscillator 

To  illustrate  the  behavioi  of  a  piezoelectric  trans¬ 
ducer,  let  us  assume  that  one  end  of  the  crystal  -  one  of  the  faces  normal 
to  the  y-axis  -  is  rigidly  clamped  to  a  heavy  mass,  so  that  it  cannot  move, 
and  that  the  other  end  is  in  contact  with  the  water  (either  directly  or  through 
some  intermediate  fluid  having  the  same  specific  acoustic  impedance).  We 
shall  also  assume  that  the  dimensions  of  the  radiating  surface  are  sufficiently 
large  relative  to  the  wavelength  that  the  radiation  impedance  is  purely 
resistive  and  has  the  value  pcS,  where  p  and  c  are  the  density  and  sound  speed 
of  the  water,  and  S  is  the  area  of  the  surface. 

If  an  alternating  voltage  EeJwt  is  applied  across  the 
plated  surfaces  (normal  to  the  x-axis),  it  will  set  up  a  mechanical  oscillation 
in  the  y-direction,  which  can  be  expressed  as  a  standing  wave  consisting  of 
one  wave  traveling  in  the  positive  y-direction  and  a  second  wave  traveling  in 
the  negative  y-direction.  The  displacement  qof  the  crystal  material  can  then 
'be  expressed  mathematically  as  a  function  of  the  y  coordinat ;  and  of  time  by 
the  following  equation 

q  =  (Ae"jk;ry  +BejS  y)  ejwt  (618) 
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where  A  and  B  are  constant  coefficients  to  be  evaluated,  and  k^..  is  the  wave 
number  of  the  wave  in  the  material 


v  —  w 
^  =  Xy  =  Cy 


(619) 


The  sound  speed  Cy  along  the  y-direction  in  the  crystal  is  related  to  the 
density  pm  of  the  material  and  the  modulus  of  elasticity  Yy  in  the  same 
manner  as  the  sound  speed  in  water  (equa.tion  (5)),  namely 

IyZ 

Cv  =  h1-  (620) 


In  accordance  with  our  assumptions,  the  boundary  conditions  for  the  evaluation 
of  A  and  B  are: 

At  y  =  0  (clamped  end):  q  -  0 

At  y  -  -6y  (radiating  end):  Mechanical  Impedance  -  pcS 
Substitution  of  the  first  condition  into  (618)  yields 


A  +  B  =  0 


so  that 


-  -JMelV-e-JV,.** 


=  -  2jA  sin  kvy  ejwt 


(621) 


If  we  denote  by  FeJwt  the  force  exerted  by  the  water  cn  the  radiating  face 
(which,  of  course,  is  equal  and  opposite  to  the  force  exerted  by  the  crystal 
on  the  water),  the  second  condition  yields 

F eJwt  =  pcS  ^L- 

Y  =  lv 


so  that  A  is  found  to  be 


-  pcS  (  2j  A  sin  kv^v)j  we1 


2  wpcS  sin  ky  f-y 


and  the  displacement  is 


i  -ri 
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r\  =  - 


j  F  sin  kv  y  iwt 


wpc  S  sin  ky 


(623) 


The  force  F  is  related  to  the  applied  voltage  E  by  the 
piezoelectric  equation  (615),  evaluated  at  y  =  £y.  The  strain  is 

j  kv  F  cos  kv  -6y 

~  -tv 


in 


>y 


wpc  S  sin  ky  -6y 


Jwt 


The  force  and  applied  voltage  are,  as  previously  stated,  Fe-wt  and  Ee^w“ 
Substitution  into  (615)  and  cancellation  of  the  factor  eJWL  yields 


j  ky  F  cos  ky  -ky 
wpc  S  sin  ky  l>y 


YyS 


or 


But  from  (619), 


YyS 


IX 

w 


(1  -  j 


ky  Yy  cos  kv  £y 


wpc  sin  ky 


)  = 


d12  E 


‘12 


JL_ 

cy 


and  from  (620) 

Therefore  F  solves  to 

F  s 
°  i  2  Yy  S 


Yy  ~  pm  cy 


dl2YyS  ^ 

1  '  j  cot(ky  ^y) 


The  factor  - - —  ,  which  we  shall  denote  by  the  symbol  <j>,  is  called  the 
transformation  factor.  It  is  measured  in  dynes/volt  in  the  cgs  system  and  in 
newtons/volt  in  the  M1IS  system.  Thus, 


4> 


d12  Yy  S 

=  - iJ—  =  Yy  tz 


and 


F  = 


tj>E 


I  -  j  Pl>v'  -Cy  cot  ky  -6y 
pc  ’ 
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(624) 


(625) 
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Substitution  of  (625)  into  (623)  yields  for  the  displacement  t], 

_ j  <j>  E  sin  kv  y  eiv;t 

n  w  sin  ky  £y  (pcS  -  j  pm  cy  S  cot  ky  ly) 


(626) 


The  velocity  of  the  radiating  surface  (which  is  equal  to  the  particle  velocity 

of  the  water  adjacent  to  the  surface)  is 

_  Stl  _ _ (j>E  eiwt _ 

dt  y  =  -6y  pcS  -  j  pm  cy  S  cot  ky  ty 


If  XX  denotes  the  complex  amplitude  of  u.,  so  that 


we  obtain  the  relation 


u  =Vejwt 


U  = - _ 

PcS  "  j  Pm  cy  S  cot  ky  ly 


(627) 


(628) 


Here  we  see  that  the  numerator  <J>E  has  the  dimensions  of  a 
force,  and  that  this  applied  force  generates  a  velocity  if  of  the  transducer 
surface.  The  denominator  of  (628)  thus  represents  the  effective  mechanical 


impedance  of  the  system. 


pcS  -  jpm  cv  S  cot  kyi. 


(629) 


The  form  of  equation  (628)  is  the  same  as  that  of  a  series  resonant  electrical 
circuit.  The  "mechanical  circuit"  consists  of  a  mechanical  resistance  pcS 
in  series  with  a  mechanical  reactance  -  pm  cy  S  cot  ky  £y.  The  absolute 
value  of  the  current  amplitude  is 


jTrj  _ _ _  _ 

1  1  "  OcS)z  f  (Pm  cy  S  cot  ky 


(630) 


Recalling  that  the  wave  number  ky  is  a  function  of  the  cequency,  that  is, 

k  _  2tt_  _\v_  2TT  f 

^  ^y  Cy  Cy 

we  see  that  the  reactance  term  containing  cc*  k-y  ty  will  vary  as  the  frequency 
is  varied.  Clearly  the  crystal  will  resonate  at  those  frequencies  for  which 
cot  ky  ly  =  0,  that  is,  for  which 

ky  -ty  =  it,  n  =  l,  2,  3,  ...  (631) 
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The  fundamental  mode  occurs  for  n  =  1.  in  this  case 

k  t  =  2.?5y-  =  1 

y  y  x  z 


(63 1-) 


l  =  2L 

y  4 


(63.2) 


Thus,  a  crystal  which  is  rigidly  clamped  at  one  end  will  resonate  when  its 
length  is  one  quarter  of  the  wav' length  of  the  longitudinal  waves  in  the  crysta. 
material. 

Let  us  now  investigate  the  behavior  of  the  impedance  as  a 
function  of  the  frequency.  Consider  first  the  case  of  very  low  frequencies, 

'  far  below  resonance,  where  ky  Ly  is  very  small.  In  this  case 

cos  kv  ■i'y  ?vl,  sin  ky  LyTZ,  ky  -ty,  and  cot  kv  ^v?z  ■-  -  j — 


y  y  ~  kv  -t. 


and  the  mechanical  impedance  (629)  becomes  approximately 

_  pm  cy  S 

zm  ~  Pc^  -  J  ~r  r 

ky  *y 

which  may  be  transformed  with  the  aid  of  (619)  and  (620)  to  the  following 


zm  PCS  + 


Yv  S 


jw-t-y 


(633) 


This  is  an  impedance  consisting  of  a  series  combination  of  rcSx5t3.nC6  and 
capacitance,  that  is,  of  the  form  =  Kt  JtoG 

C  R 


The. resistance  term  is  the  radiation  resistance  pcS.  The  factor  Yy  S/6y  in  the 
reactance  term  is  the  mechanical  analog  of  the  reciprocal  of  the  capacitance 
and,  as  we  have  seen  previously,  should  correspond  to  the  stiffness 
coefficient  of  a  spring.  As  a  matter  of  fact,  it  does  represent  thp  stiffness 
coefficient  of  the  crystal  in  the  y-direction.  If  a  static  compressional  force 
F  is  applied  in  this  direction  across  the  crystal,  it  will  cause  the  length  £y  to 
decrease  by  an  amount  ^  such  that,  according  to  Hooke's  Law, 
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0K 


(634) 


Thus  at  low  frequencies  the  crystal  behaves  essentially  as  a  damped  massless 
spring,  the  damping  being  caused  by  the  acoustic  radiation  load. 

Consider  now  the  behavior  of  the  crystal  in  the  vicinity  of 
the  fundamental  resonant  frequency,  that  is,  where  ky  fy  is  approximately 
it yz  radians.  According  to  our  basic  assumption  the  resistance  term  of  the 
mechanical  impedance  is  independent  of  frequency  and  retains  its  value  of 
pcS.  The  reactance  term,  being  proportional  to  cot  ky  'Ey,  is  zero  at 
ky  =  |  .  Because  of  the  minus  sign  in  front,  it  is  negative  at  lower 
frequencies  and  positive  at  higher.  This  is  similar  to  the  behavior  of  the 
reactance  of  a  series  combination  of  inductance  and  capacitance, 

Xm  =  wLm  "  (635) 

Plots  of  the  cotangent  and  the  series  LC  reactance  are  shown  in  the  diagram 
below.  The  best  fit  in  the  vicinity  of  the  resonance  frequency  is  obtained  by 


-•  ■ 


matching  the  slopes  of  the  two  curves  at  that  point.  The  derivative  of  the 
reactive  coip-gonent  of  (629)  with  respect  to  w  is 

dXm  „  d 


dw 


pm  cy s  dvr(cot  ky  ly) 


Upon  substitution  of  (619),  the  derivative  is  seen  to  be 

dXm  _  Pm  S 


aw 


sin2  k,r  ■t'i 


At  the  resonant  frequency,  wQ,  where  ky  -ty  =  ^  ,  this  becomes 

dXm! 


dw 

The  derivative  of  (635)  is 

dXm 

dw 


Pm 


K  S 


=  Lm  + 


w2  C 


m 


(636) 


(637) 


Resonance  occurs  at  the  frequency  at  which  the  inductive  reactance  and 
capacitative  reactance  are  equal.  The  resonant  frequency  is 


1 

w0-  /X— c 

m 


(638) 


Substitution  of  (638)  into  (637)  to  eliminate  Cm  yields 


dXm 


wr 


,  =  Lm(l  +  “V) 

dw  w2 

which,  at  the  resonant  frequency  (w  =  wQ),  is 


dXm 

dw 


n 


^  Lm 


wr 


(637a) 


(639) 


If  the  slopes  of  the  two  curves  are  to  be  equal,  (636)  and  (639)  must  be  equal. 
Hence 

L>m  =  1  Pm  ^y  S  -  m  (640) 

From  our  previous  discussion  of  mechanical  inductance,  we  shoMcl  expect  Lm 
to  be  a  mass,  as  indeed  it  is.  The  product  -ty  S  is  the  volume  of  the  crystal, 
and  pm  S  is  its  mass.  4 Thus  Lm  is  the  effective  mass,  m,  of  the  crystal, 

t 

which  is  equal  to  one -hair  the  actual  mass. 
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The  reciprocal  of  the  mechanical  capacitance,  which 
represents  the  effective  stiffness  of  the  crystal,  is  obtained  from  (638) 

=  wQ2  Lm  =  2W02  Pm  ly  s 

This  expression  may  be  transformed  by  application  of  (619)  and  (620).  Sinc< 

7T 

ky-ty  =  rr  at  the  resonant  frequency,  we  see  that 


-.2  _  i.  2-2  _  71-2  CV2 

°  -  ky  cy  -  TT/ 


if2  Y, 


4  PmV 


Hence 


It  2  Yy  S 

8  -6y 


(641) 


where  s  denotes  the  effective  stiffness.  It  will  be  noted  that  the  effective 

TT2 

stiffness  at  resonance  is  slightly  larger,  by  a  factor  of  -5  ,  than  the  static 

O 

stiffness. 

We  see  that  in  the  vicinity  of  the  fundamental  resonance 
frequency  the  mechanical  impedance  has  the  characteristics  analogous  to  a 
series  resonant  electrical  circuit,  the  equation  being 

zm  =  Rr  +  j  (wm  -  J  )  (642) 

4  yr\ 

| — w— 1 
- 1 

where 


Rr  =  pcS  =  radiation  resistance 

(643) 

117  =  iPm  ^y  S  =  effective  mass 

(640) 

s  =  — —  —  =  effective  stiffness 

o  -vy 

(641) 

At  frequencies  below  resonance  the  stiffness  term  in  the  reactance  is  dominant 
and  the  velocity  of  the  radiating  surface  leads  the  applied  voltage  in  phase.  At 
frequencies  above  resonance  the  mass  term  is  dominant  and  the  velocity  lags 


*jr&^,  i; 


the  voltage.  At  resonance  the  two  terms  cancel  and  the  velocity  is  in  phase 
with  the  voltage,  the  relation  (628)  being  in  this  case 


U  = 


4>E 

pcS 


(at  resonance) 


(628a) 


A  further  comment  is  in  order  regarding  the  significance  of 
the  transformation  factor  <j>  which  appears  in  equation  (628).  The  oscillations 
of  the  crystal  are  actually  driven  by  the  applied  voltage  EeJwt  which  acts 
through  the  piezoelectric  properties  of  the  crystal  to  produce  the  velocity 
U’ejwt.  Equation  (628)  states  that  the  effect  of  the  electric  driving 
potential  is  equivalent  to  a  mechanical  driving  force  4>EeJwt.  The  piezoelectric 
transducer  may  thus  be  visualized  as  a  sort  of  "transformer1'  between  the 
electrical  and  mechanical  systems,  the  "turns  ratio"  (secondary  primary) 
being  the  reciprocal  of  the  transformation  factor. 

In  summary,  our  analysis  has  shown  that  when  a  quartz 
crystal  is  rigidly  clamped  at  one  end  and  is  driven  by  an  alternating  voltage, 
it  acts  as  a  quarter -wave  resonator,  the  mechanical  system  being  analogous 
to  a  series -resonant  A.  C.  electrical  circuit.  The  analysis  has  been  somewhat 
oversimplified,  neglecting  all  secondary  effects  and  making  the  assumption  of 
in  ideal  infinite  mass  backing.  The  purpose  has  been  to  emphasize  the  basic 
concepts  involved,  rather  than  to  discuss  the  details  of  hardware  design. 

Also,  this  is  only  one  of  several  types  of  transducer  configurations.  For 
example,  instead  of  backing  the  crystal  with  a  heavy  mass,  it  is  possible 
to  design  an  efficient  radiator  by  allowing  the  back  end  to  vibrate  freely  in 
(ideally)  a  vacuum.  A  bar  which  vibrates  at  both  ends  will  have  a  node  in 
the  center  (or  in  the  vicinity  of  the  center  if  one  end  is  loaded),  apd  this  node 
is  equivalent  to  backing  the  front  portion  with  an  infinite  mass.  It  is  impossible  , 
of  course,  to  terminate  the  free  end  in  a  vacuum,  but  air  is  practically  equivalent 
to  a  vacuum  because  of  its  low  specific  acoustic  impedance  relative  to  that  of 
water.  It  is  beyond  the  scope  of  these  notes,  however,  to  analyze  other 
designs,  since  they  differ  more  in  engineering  details  than  in  basic  principles, 
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c.  .Equivalent  Circuit  of  Quarter -Wavs  Quartz  Oscillator 
To  obtain  the  equivalent  circuit  of  the  piezoelectric 
oscillator  we  must  compute  the  current 

i  =  Iejwt 

which  flows  when  the  voltage  Eejwt  is  applied  across  the  plated  surfaces 


normal  to  the  x-axis.  The  impedance  of  the  equivalent  circuit  is  then 


_  E 

2  =  r 


(644) 


or,  expressed  in  another  way,  the  admittance  of  the  equivalent  circuit  is 


Y  =  f  =2  (644a) 

By  examining  the  mathematical  form  of  z  (or'y),  we  shall  be  able  to  recog¬ 
nize  the  combination  of  circuit  elements  which  comprise  the  equivalent 
circuit. 

In  this  analysis  we  shall  consider  only  the  crystal  itself, 

as  though  the  power  source  were  connected  directly  across  the  plates.  A 

complete  transducer  will  of  course  have  other  electrical  elements  coupling 

the  power  source  to  the  oscillator,  and  the  complete  equivalent  circuit  will 

include  all  of  these  components  in  addition  to  the  equivalent  circuit  of  the 

oscillator  itself.  A  convenient  starting  point  for  the  analysis  is  equation 

(616),  which  relates  the  charge  density  appearing  on  the  plates  to  the  applied 

Sti 

voltage  and  to  the  strain  g-1  .  The  charge  density  is  the  charge  per  unit 
area,  so  that  to  obtain  the  total  charge  we  must  integrate  a  over  the  face. 


•6y 

q  =  j  J  C  dy  d2 


(6451 


The  current  is  the  time  derivative  of  the  charge 


i  =  *1 

dt 


(646) 


Z15 


The  strain  is  found  by  taking  the  derivative  of  (626)  with 
respect  to  y.  When  this  is  done,  the  charge  density  is  found  to  be 


0*  = 


c  a  i 

-  J 


ix  J  Cusm&^y  (fcS  -j  f^CjS  cai-4iy^), 


Ee 


jbjt 


The  first  term  is  a  constant  and  the  second  is  a  function  only  of  y.  The 
charge  is  therefore 

Yydl%£f‘kyt  r  .  .  ~1  — 


? 


ill  - >  - 

60Si/\ 


—  c±  I  Be 

j  yi  -'J 


Integration  plus  substitution  of  (624)  yields 

_  /  ^  n  J.  51 


6 


f 


J  Ujt 

Ee 


(647) 


and  the  current  is 


'  r  jwk  4. 

L  =  IS.  «  Jw  77^ 


I 


W  ’  esi  -  ;  f^pcor'k^y 

4>V  J  A 


b  e 


Here  we  see  that  the  admittance  of  the  equivalent  circuit  is  of  the  form 

1 


(648) 


where 


y  =  JwC°  +  %TTx5 


Co  * 


e 1  60  -Cy 

f-x 


(649) 

(650) 


n  -  £Si 
rR  "  4,2 

XM,.a».<5.Scotky.<;yi 


(651) 

(652) 
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This  is  the  admittance  of  a  parallel  circuit  having  a  capacitance  Co  in  one 
branch  and  a  series  combination  of  a  resistance  R  and  an  inductance  X  in  the 
other.  The  formula  for  Co  is  similar  to  what  wc  observed  earlier  for  the 


\ . 

V  [ 

V 

f 

capacitance  of  the  quartz  crystal,  the  only  difference  being  that  it  contains  the 
clamped  dielectric  constant  e'  instead  of  che  free  dielectric  constant  e.  CQ  is 
therefore  the  capacitance  which  would  be  measured  if  the  crystal  were  rigidly 
clamped  so  that  its  dimensions  could  not  be  changed.  It  will  be  noted  that  this 
is  a  real  electrical  property  of  the  crystal,  as  contrasted  with  R^  and  which 

represent  the  effect  on  the  electrical  circuit  of  mechanical  properties. 

Comparison  of  the  resistance  Rr  (651)  and  the  reactance 
Xm  (^52)  with  the  corresponding  components  of  the  mechanical  impedance 
(629),  that  is, 


shows  that 


zm  "  Rr  *  J  -^-m 

Rr  =  pcS  (radiation  resistance) 
Xm  =  pm  cy  S  cot  ky  •ty 

„  Rr 
RR  =  -n- 


zm  =  Rr+jXm  (629a) 

w^e"e  Rr  =  pcS  (radiation  resistance)  (643) 

Xm  =  pm  cy  S  cot  ky  ly  (653) 

shows  that 

Rx 

RR  =  -jz-  (654) 

i 

=  f  (655) 

(The  small  letter  m  denotes  the  mechanical  component;  the  large  letter  M 
denotes  the  electrical  equivalent;  and  the  subscripts  r  and  R  refer  to  the 
radiation  resistance.  )  Furthermore,  we  have  seen  that  at  frequencies  in 
tr.e  vicinity  of  the  fundamental  resonance  point  the  mechanical  reactance 
can  be  expressed  approximately  as  the  sum  of  reactive  components 


Xm  =  wm 


whei  e 


and 


w 

effed iV£- 


m  -  2  Pm  S  =^mass  of  crystal 
it2  Yv  S 


(656) 

(640) 


s  — 


it; 


=  dynamic  stiffness  coefficient  (641) 


The  electrical  reactance  of  the  equivalent  circuit  likewise  consists  of  an 
inductance  Lm  and  a  capacitance  Cm  *n  series,  such  that 

m 


4>‘ 


and 


_ 1_  _s_ 

cm  =  *2 


(657) 

(658) 


The  electrical  equivalent  circuit  for  the  vibrator  operating 
near  resonance  is  as  shown  in  the  following  diagram. 


W* 1 


R, 


The  same  information  may  be  presented  in  another  form,  using  the  previously 
mentioned  concept  of  a  hypothetical  transformer  with  a  "turns  ratio"  i/(f>. 


8, 
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It  must  be  stressed  that  the  concept  of  the  transformer  is  symbolic  in  that  th 
turns  ratio  is  not  a  pure  ratio  but  rather  a  dimensional  factor  relating 
mechanical  to  electrical  quantities. 

Two  factors,  present  in  a  real  crystal  but  neglected  in 
the  preceding  discussion,  are  friction  losses  in  the  crystal  vibration  and 
dielectric  losses  in  the  crysta’  as  a  capacitor.  If  these  are  included,  the 

v 

equivalent  circuit  looks  as  follows. 


The  leakage  resistance  R0  is  shunted  across  the  crystal  capacitance  CQ,  and 
the  friction  loss  resistance  R^{  is  in  series  with  the  radiation  load  resistance 
Rr. 

Another  practical  problem  encountered  in  the  real  world 
is  the  fact  that  the  dimensions  of  a  single  crystal  are  seldom  large  enough 
relative  to  a  wavelength  to  provide  a^resisvive  load.  As  we  have  seen,  the 
radiation  load  of  a  small  radiating  surface  has  a  large  reactive  component. 

To  overcome  this  difficulty,  a  number  of  vibrators  are  mounted  side-by- 
side,  forming  an  extended  array,  and  are  driven  in  phase.  (The  size  of 
the  array  is  also  important  from  a  consideration  of  transducer  directivity, 
as  we  shall  see  later.  ) 
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d.  Coefficient  of  Mechanical  Coupling 


The  ratio  of  the  capacitance  Cm  in  the  motional  branch 
of  the  equivalent  circuit  to  the  ordinary  capacitance  Co  of  the  crystal  is  a 
measure  of  the  amount  of  coupling  between  the  electrical  and  mechanical 
systems  of  the  transducer.  Obviously,  any  material  for  which  this  ratio  is 
large  will  have  a  strong  piezoelectric  effect.  From  (650),  (64‘.l),  and  (658) 


this  ratio  is  found  to  be 


or,  since 


the  ratio  is 


ir2  Yv  S 


■6x 

e'e0  "V 


S  =  -6X  -tz 
4*  =  di2  Yv 


s'  =  c.  (1  - 


dll  Y, 


Y„  di  | 


Cm  _  8 
CQ 


(624) 


(617) 


(659) 


The  quantity  is  independent  of  the  dimensions  of  the  crystal;  it  is 

characteristic  of  the  nature  of  the  crystal  material.  It  is  a  dimensionless 
quantity,  called  the  coefficient  of  electrdniechanical  coupling .  We  shall 
denote  it  by  the  symbol  k2.  _ _ 


dl2  Y, 


k  =  di2 


The  capacitance  ratio  is  thus 


8k2 

7T 2  (1  -  k2) 


(660) 


(659a) 


The  value  of  k  for  quartz  is  0. 1  and  for  barium  titanate  is  0. 1€. 
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e.  The  Quality  Factor  Q 

The  quality  factor  Q  is  a  dimensionless  ratio  which  is 
commonly  used  as  a  measure  of  the  shaipness  of  resonance  of  an  oscillating 
system.  For  a  series  resonant  electrical  system  at  its  resonant  frequency, 
Q  is  defined  as 


Q 


2ir 


_ Energy  Stored  in  Inductance  L. _ 

Energy  Dissipated  in  Resistance  R  per  cycle 


(661) 


In  a  resonant  A.  G.  circuit  the  energy  oscillates  between  the  inductor  and  the 
capacitor.  When  the  current  is  a  maximum,  the  energy  is  stored  in  the 
magnetic  field  of  the  inductor.  When  the  current  drops  to  zero,  the  maximum 
charge  appears  across  the  plates  of  the  capacitor,  and  the  energy  is  stored  in 
the  electric  field  of  the  capacitor.  Under  steady  state  conditions  these  two 
amounts  of  energy  are  equal.  Furthermore,  the  smaller  the  loss  of  energy 
in  the  resistance,  the  sharper  will  be  the  resonance.  It  is  readily  shown 
(see  equation  (680))  that  for  a  series  RLC  circuit,  (66 1  )  may  be  expressed  in 
either  of  the  following  two  forms 


Q 


w0  L 
__ 


1 

w0CR 


(662) 


In  a  mechanical  system  the  kinetic  energy  of  the  mass 
corresponds  to  the  magnetic  energy  of  the  inductor,  and  the  potential  energy 
of  the  elastic  material  corresponds  to  the  electrostatic  energy  of  the  capacitor. 

In  describing  sonar  transducers  it  is  customary  to  define 
two  Q's,  the  mechanical  Qm  and  the  electrical  Qe*  QM  is  the  Q  of  the 
mechanical  system,  and  its  value  for  the  piezoelectric  oscillator  above  is 

_  wo  Lm  _  wom 

"  Rr  +  Rm  "  Rr  +  Rm 

where  Rr  and  Rr  are  the  radiation  resistance  ^mechanical  and  electrica.' 
equivalent)  and  Rm  and  R^  represent  the  loss  in  the  crystal.  Although  a 
system  with  a  large  QM  is  an  efficient  oscillator  at  its  resonant  frequency, 
it  has  a  narrow  bandwidth.  In  fact,  it  is  readily  shown  that  for  a  series 
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resonant  circuit  the  bandwidth  Aw  between  the  3  db-down  points  on  either 
side  of  the  resonant  frequency  is 


w. 


Aw 


Q 


In  operational  sonars,  even  for  single -frequency  pulses,  there  is  a  require¬ 
ment  for  a  significantly  wide  bandwidth  to  accommodate  doppler  shifts  of  the 
echo.  Also,  because  of  signal  processing  considerations,  many  modern 
sonars  transmit  pulses  having  an  appreciable  bandwidth.  Reasonable  values 
for  the  of  a  sonar  projector  are  in  the  range  from  5  to  perhaps  10. 

In  the  equivalent  circuit  of  a  piezoelectric  transducer 
operating  in  water,  the  shunting  capacitance  CG  has  a  far  greater  admittance 
than  the  motional  (mechanical)  branch.  As  the  frequency  ir,  varied  from 
below  to  above  resonance,  the  mechanical  branch  produces  only  a  relatively 
small  wiggle  in  the  overall  admittance  curve.  For  this  reason  the  electrical 
QE  cannot  be  interpreted  in  the  ordinary  context  of  sharpness  of  resonance. 
At  the  resonant  frequency  the  equivalent  circuit  consists  of  the  capacitance 
Co  in  parallel  with  the  radiation  and  frictional  resistance  Rr  +  Rm.  The  Qg 
of  this  lossy  capacitor  is  to  be  interpreted  in  the  context  of  energy  storage, 
in  the  manner  of  (66l).  For  this  parallel  circuit  it  is  the  reciprocal  of  what 
it  would  be  for  a  series  circuit,  since  the  energy  loss  in  a  parallel  circuit 
i3  inversely  proportional  to  the  shunting  resistance.  Therefore,  at  the 
resonant  frequency, 

QE  =  ™o  C0  (Rr  +  Rm)  (664) 

It  will  be  noted  that  since  the  equivalent  circuit  is  highly 
reactive  due  to  the  large  shunting  capacitor,  .Jt  therefore  has  a  low  power 
factor.  The  power  factor  can  be  improved  by  tuning  the  circuit  by  means  of 
an  external  shunting  inductor  Lq! 
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f .  Impedance  Measurements 

Examination  of  the  equivalent  cirouit  of  a  piezoelectric  trans- 

/• 

ducer  shows  that  if  we  were  able  to  open  up  the  mechanical  branch,  the  admittance 
of  the  circuit  would  consist  only  of  the  electrical  portion.  How  does  one  ’’open 
up"  the  mechanical  branch  of  the  equivalent  circuit?  The  analog  of  the  electric 
current  is  the  velocity  of  che  radiating  surface.  Therefore  to  achieve  zero  current 
one  must  prevent  the  transducer  from  moving.  Looked  at  from  another  point  of  view, 
if  the  medium  into  which  the  acoustic  waves  radiate  had  an  infinite  specific  acous¬ 
tic  impedance,  then  Rp  wouxd  be  infinite.  These  remarks  are  c onsis tent  with  our 
earlier  finding  that  C  is  the  clamped  (or  blocked)  capacitance  of  the  crystal, 
since  it  involves  the  c lamped  dielectric  constant  e' ’. 

In  order  to  evaluate  the  components  of  the  mechanical  branch 
it  would  be  logical  to  measure  the  admittance  of  the  transducer  under  normal  op¬ 
erating  conditions  as  a  function  of  the  frequency,  then  measure  the  blocked  admit¬ 
tance  at  the  same  frequencies.  Since  the  blocked  admittance  is  the  admittance  of 
the  electrical  branch,  it  follows  that  by  subtracting  the  blocked  admittance  from 
the  normally  loaded  admittance,  we  shall  obtain  the  motional  admittance,  i.e.,  the 
admittance  of  the  mechanical  branch  alone, 

Note  that  in  measuring  admittance  we  must  measure  two  quantities, 
the  real  (in-phase)  component — the  conductance  G — and  the  imaginary  (out-of-phase) 
component — the  susceptance  B, — since 

y  =  G  +  o  B  (665) 

The  question  new  is,  how  do  we  measure  the  blocked  admittance? 
Clearly  it  is  not  a  simple  matter  to  clamp  the  crystal  and  keep  it  from  moving. 

One  way  to  evaluate  the  blocked  conductance  and  susceptance  is  to  estimate  them  from 
plots  of  the  normally  loaded  values  vs.  frequency.  In  the  vicinity  of  resonance 
the  normally  loaded  conductance  and  susceptance  curves  show  wiggles,  somewhat  as 
shown  below.  However,  as  the  frequency  departs  from  resonance  on  either  side,  the 


transducer  velocity  tends  toward  zero,  and  the  difference  between  the  blocked  and 
normally  loaded  values  of  the  admittance  components  likewise  tent  toward  zero.  A 
reasonable  estimate  of  the  blocked  admittance  components  can  be  obtained  by  fairing 
smooth  curves  through  the  graphs  of  the  normally  loaded  values,  as  suggested  by  the 
dotted  lines  in  the  preceding  diagram. 

When  the  resulting  values  of  the  motional  susceptance  are  plotted 
against  the  corresponding  values  of  the  motional  conductance  Gy,  a  very  interesting 
graph  is  obtained.  To  investigate  this,  let  us  begin  with  the  equation  for  the 
motional  admittance,  which,  for  simplicity,  we  shall  write  as  follows: 


Rh'  + 

where 

%'  =  %  + % 

ZH2  =  rm'2  +  XK2 

^  =  wLm  ~  ^ 

Hence 

* 

and 

o  XM 

B»  ~  'Z„2 

(666) 

(66 1) 
(668) 

(669) 

(670) 

(671) 


Squaring  and  adding  (670)  and  (671 )  yields 
Cm2  +  *"2 

Equation  (672)  may  be  rewritten  in  the  form 


(  -  "drr  )2  +  bh2 


(672) 


(-1-)2 

2%' 


(672a) 


which  is  the  equation  of  a  circle  of  radius  l/2%'  with  its  center  on  the  Gjj  axis 
at  Gm  =  ~ — r  ,  as  shown  in  the  following  sketch.  This  circle  is  called  a  motion- 

u  - 

al  admittance  circle.  It  is  the  locus  of  points  [Gjj(w),  3f,j(w)J  as  the  (angular) 
frequency  is  varied  from  0  to  °o.  To  see  this,  let  us  begin  with  a  very  low 
frequency,  so  small  that  is  the  dominant  term  in  both  and  B^. 


y- 


We  thus  see  that  the  limit  w  =  0  corresponds  to  the  origin,  Gm  =  Bm  =  0,  and 
that  as  the  frequency  is  increased,  we  move  around  the  circle  in  a  clockwise 

direction. 

The  resonant  frequency  w0,  where  XH  =  0,  corresponds  to  the  point 
(  %  =  jjp-  %  ~  0  ),  which  is  on  the  G^  axis  diametrically  opposite  the  origin. 

At  fi'oquencies  above  resonance  the  reactance  Xfi  is  positive,  and  hence  is  nega¬ 
tive.  This  corresponds  to  the  lower  half  of  the  circle.  Finally,  when  w-yoo, 
we  return  to  the  origin. 

The  purpose  of  obtaining  values  of  Gjj  and  Bwx  is  to  evaluate  the 
components  Rjj,  Rr,  and  Cjj.  We  have  already  seen  that  Rjj',  which  is  the  sum  of 
Rp  and  Rjj,  is  equal  to  the  reciprocal  of  the  circle  diameter.  In  order  to  separate 
the  radiation  resistance  %  from  the  interna?.,  loss  resistance  Rjj,  we  must  remove 
the  radiation  load.  Ideally  this  requires  operation  of  the  transducer  in  a  vacuum, 
but  air  will  suffice  for  practical  purposes,  ftince  its  specific  acoustic  impedance 
is  less  than  0.0003  times  that  of  water.  Thus,  if  G0  represents  the  conductance 
measured  at  the  resonant  frequency,  then 
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Rr  +  Rtf 


Jo' water 


rM  -  (G  )  . 

^o-air 


(673) 


(674) 


Typical  admittance  circles  for  operation  in  water  and  air  are  shown  in  the  preced¬ 
ing  sketch.  The  circle  for  air,  of  course,  is  considerably  larger  than  the  circle 
for  water,  since  the  conductance  is  larger. 

The  motional  inductance  and  capacitance  can  be  obtained  from  measure¬ 
ment  of  the  two  quadrantal  frequencies,  w^  and  These  are  the  frequencies  at 
the  top  and  bottom  of  the  admittance  circle.  At  the  top  By  is  equal  to  Gjj,  or 


^  "  w1LM  =  %’ 

and  at  the  bottom  B;,;  is  equal  to  the  negative  of  Gjj,  or 

~~  -  wrLm  =  -Rm’ 


(675) 


(676) 


Equations  (675)  and  (676)  may  be  solved  simultaneously,  yielding 


41  w2  -  wx 


wlw2Rh' 


(677) 


(678) 


Several  additional  interesting  observations  may  be  made  from  these 
relations.  First,  the  resonant  frequency  w0,  which  is 


1 


(679) 


is  equal  to  the  geometric  mean  of  the  two  quadrantal  frequencies,  as  may  be  seen 
by  substituting  (677)  and  (678).  Thus, 


wo  =  Vwlw2 


(679a) 


Secondly,  the  quadrantal  frequencies  occur  at  the  3  db-down  points,  since  when 
Xjj  ~  ±Rjj',  the  amplitude  of  the  oscillation  is  1/.J2  times  its  value  at  reson¬ 
ance.  Third,  substitution  of  (677)  into  (662)  shows  that  the  mechanical  Q  may  be 
expressed  in  terms  of  the  three  frequencies  as  follows: 
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Qm  =  =  _W Q - 

^  V  w2  “  W1 


(.680) 


g.  Efficiency. 

The  efficiency  of  the  transducer  is  the  ratio  of  the  power 
expended  in  the  load  resistance  R^  to  the  total  power  expended  in  the  transducer. 
For  this  purpose  we  shall  include  both  the  friction  loss  resistance  Rr  and  the 
dielectric  loss  resistance  Rq,  the  latter  being  shunted  across  the  capacitance  C0. 


Cm  Lm  Rk, 

—  — nrwn — ww 


The  efficiency  is  computed  in  two  steps.  The  electromechanical 
efficiency  Y]^  is  the  ratio  of  the  power  in  the  motional  branch  to  the  total  power 
in  both  branches.  If  an  rms  voltage  e  is  applied  across  the  terminals,  the  power 
lost  in  R0  is  e2/R0.  The  current  in  the  motional  branch  is 


XM  = 


where  is  the  magnitude  of  the  motional  impedance 


and  the  power  is 


Zm  - 


iM2(RR  +  RM) 


e2(RR  +  Rv 


Therefore 


rA.HR  +  .Rjt), 
lBM  =  e2  e2(RR  +  RT 

*o +  V 


Rn(Rs  +  Rm) 

ZM2  +  ro(rR  +  %) 


(681) 


fraction  of 
tion.  This 


The  second  step  is  the  mechanoacoustic  efficiency  which  is  the 

the  power  in  the  motional  branch  which  is  transmitted  as  acoustic  radia- 
is 


71  =  JSfo  . 

/  MA  Rg  +  Rjj 


(682) 


The  overall 


efficiency,  the  electroacoustic  efficiency  "Yj^  is  the  product  of  the  two, 


y,  _  _ RqF-R 

'la  "  ZK2  +  R0(Rr  +  RM) 


(683) 


At  the  resonant  frequency  the  reactance  is  zero  and  -  Rr  +  %. 
(683)  simplifies  to 


yi  _  RqRR _ 

! M  =  '(rrT  rm)(r0  +  Rr  +"Rm) 


In  this  case 


(684) 


h.  Piezoelectric  Crystal  as  &  Receiving  Hydrophone . 

When  the  crystal  is  U3ed  as  a  hydrophone  the  power  input  is 
in  the  form  of  a  mechanical  force  generated  by  the  acoustic  waves.  The  output  is 
in  the  form  of  a  voltage  at  the  electrical  terminals.  In  analyzing  the  hydrophone 
circuit  we  shall  make  the  customary  simplifying  assumption  that  the  output  termi¬ 
nals  are  open- circuited.  The  hydrophone  may  be  analyzed  either  by  direct  applica¬ 
tion  of  the  piezoelectric  equations  (615)  and  (616)  to  the  mechanical  system,  or 
from  the  point  of  view  of  the  equivalent  circuit.  We  shall  outline  the  first 
approach,  omitting  many  of  the  detailed  mathematical  steps,  and  shall  then  show 
that  the  second  leads  to  the  same  result. 

Before  we  begin,  it  should  be  noted  that  if  the  output  circuit 
is  open,  so  that  no  current  flows,  no  power  will  be  drawn  from  the  acoustic  waves 
in  the  water,  except  for  internal  losses  in  the  crystal  itself,  which  we  shall 
temporarily  neglect.  If  no  power  is  drawn,  the  force  exerted  on  the  crystal  face 
by  the  water  must  be  90  degrees  out  of  phase  with  the  velocity.  Since  the  force 
is  equal  to  the  product  of  the  acoustic  pressure  and  the  area  of  the  crystal  face, 
and  since  the  velocity  of  the  surface  is  equal  to  the  particle  velocity  of  the 
water,  this  means  that  the  pressure  and  particle  velocity  must  be  90  degrees  out  of 
phase.  In  order  for  such  a  state  of  affairs  to  exist,  the  incoming  wave  must  be 
reflected  at  the  surface,  and  the  relation  between  the  incident  and  reflected  waves 
must  be  such  that  the  resultant  pressure  at  the  surface  has  the  required  character- 
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istics  as  determined  by  the  transducer  system. 

The  goal  of  the  analysis  is  to  obtain  the  relationship  between  the 
input  acoustic  pressure 


p  .  =  P  e 


,iwt  _  l  eJwt 


(685) 


and  the  output  voltage  E  e^^.  This  relation  can  be  obtained  from  (615),  but  to 
do  so  we  must  express  the  strain  in  terms  of  E  or  P.  Assuming  the  same 

mechanical  configuration  as  before,  namely,  that  the  crystal  is  clamped  at  one  end, 
we  see  that  equation  (62l)  relating  yj  to  y  and  t,  is  applicable  to  the  present 
mode  of  operation,  the  only  difference  being  in  ihe  boundary  conditions  by  which 
the  coefficient  A  i3  determined.  When  operating  as  a  hydrophone,  the  velocity 
of  the  crystal  face  mu3t  be  equal  to  the  particle  velocity  of  the  water,  that  is, 


=  u  =  Ue^  when  y  =  ly 


The  resulting  value  of  A  is 


2  w  sin  kyly 


so  that  the  strain  is 


H  =  - 


V  sin  kyly 


(686) 


We  may  now  express  U  in  terms  of  the  output  voltage  E  by  application  of  (616).  It 
will  be  noted  that  if  there  is  no  output  current,  the  net  charge  on  the  plated  faces 
of  the  crystal  is  zero,  that  is, 

h  K 

r  r  J 


nv^  = 


Since  the  electrical  potential  is  constant  over  the  face,  the  first  term  on  the 
right  integrates  to 


=  C.FeJ“f 

A  /\  /*  V  U 


where  C0  is  the  clamped  capacitance  of  the  crystal  (650).  Inserting  the  value  of 
i^given  by  (686),  and  carrying  out  the  integration,  we  obtain 

*y 


wG0E  -• 


(687) 


where  ^  is  the  transformation  factor  defined  by  (624).  Substitution  of  (687) 
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m 

s? v 


fv 


W* 

yv'1 

5- 


15  ;<< 


yields 


^  =  _  l£y  Cfl  1  cog  .fyy  jwt 

3y  p  sin  kyly 


(686a) 


If  now  we  insert  this  value  of  the  strain  into  (6lt?) ,  we  find  at  the  boundary 

y  =  lv» 


M 


V 


S" 

J? 

4' 


?  " 

}  ‘ 
I, 


r  , 

f 


E  = 


(|12  +  cot  kyly)  YyS 


(688) 


The  above  result  appears  rather  complicated.  However,  in  special 
cases  it  reduces  to  simpler  forms.  One  case  of  great  practical  interest  is  the 
low-frequency  case.  If  a  hydrophone  is  to  receive  broadband  signals,  it  should 
have  a  fist  response  over  a  wide  range  of  frequencies.  For  this  application  it 
must  operate  well  below  resonance,  that  is,  in  the  frequency  range  where  kyly«i, 


and  cot  k„lv  7j  r~— . 

'  "  kyly 


In  this  case  (688)  becomes 
F 


E  = 


e 


+ V  Y»s 


(689)- 


which,  upon  substitution  of  (624),  (650),  and  (617),  reduces  to 

k2SP 


k2F 


T  =  T 


(639a) 


where  k  is  the  electromechanical  coupling  factor  (660).  In  this  expression  F/V 
is  the  electrical  equivalent  input  voltage. 

Another  case  of  interest  is  operation  at  the  resonant  frequency. 

At  resonance,  kyly  =  tt/2  and  cot  kyly  =  0,  so  that  the  output  voltage  i® 


E  = 


Fly 


F 

7 


(690 


dipYyS 

Here  the  output  voltage  is  equal  to  the  electrical  equivalent  of  F. 

Turning  now  to  the  equivalent  circuit,  we  see  that  the  radiation 

PeJwt 

load  resistance  Rr  is  removed  from  the  circuit  and  an  input  voltage  —  is 
inserted  in  its  place.  Since  the  transducer  is  open-circuited,  there  is  no  load 
at  the  other  end.  Including  the  internal  friction  loss  resistance  Rtf  and  the 
dielectric  loss  resistance  R0,  the  circuit  looks  as  fellows: 


}«1 

ft 

S) 
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L 

f\ 

h 

^  ' 

0 


This  is  a  series  circuit  vihose  complex  impedance  z  is  the  sum  of  She  motional  im¬ 
pedance  zjg  and  the  electrical  Impedance  zg 


z  = 


where 

and 


=  Zg  +  Zg 


%  =  RH  +  d(wLM  " 


zg 


(691) 

(692) 

(693) 


+  jwC0 


The  output  voltage  is  the  potential  drop  across  zg.  Hence 
E 


zg  F 
zfl  +  zg  7 


E  = 


Ho 


+ 


EH  *  j(«I*  -  TJj)  +  — ~ 


F 

1 


(69  4) 


Ro  +  jwC° 


If  the  resistances  %  and  R0  are  neglected,  as  was  done  in  the  preceding  analysis, 
the  output  voltage  becomes 


E  = 


& 

Co _ P 

1  +  ?  ~  w2LkCm  ^ 


(695) 


In  the  first  of  the  two  special  cases  considered  above,  i,e.,  opera¬ 
tion  at  frequencies  well  below  resonance,  we  found  earlier  that  the  motional 
reactance  is  a  pure  capacitance  whose  value  (from  (658)  and  (633))  is 


CM  = 


£  _  i.% 


(696) 


s  YyS 

In  this  case  the  equivalent  circuit  consists  merely  of  two  capacitances  in  series 
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ihr®' 

V— 'N^ 


and  the  output  voltage  simplifies  to 

E  =  °K  F 

cQ  +  Cm  7 


(637) 


ys(±lz  +  So.\  T" 

>Hix  Ay; 

v.’hich  agrees  with  our  previous  result  (689a). 

In  the  other  special  case,  where  the  hydrophone  operates  at  the 
resonant  frequency  w0,  it  is  seen  that  the  output  voltage  reduces  to  (690),  which 
confirms  our  previous  result.  It  should  also  be  noted  that  whenever  the  resistances 
in  the  circuit  have  negligible  effect,  the  circuit  is  reactive  at  all  frequencies 
and  the  output  voltage  is  in  phase  with  the  input  pressure  and  90  degrees  out  of 
phase  with  the  particle  velocity. 

i.  Numerical  Data 

The  following  table,  adapted  from  Kinsler  and  Prey,  Fundamen¬ 
tals  of  Acoustics.  Second  Edition.  '«.'i]ey,  1962,  lists  the  electromechanical  con¬ 
stants  of  three  common  piezoelectric  transducer  materials. 


Quantity 

Quartz 

X-cut 

ADP(20°C 
45°  Z-cut 

>,  Barium 
/Titanate 
(25°C) 

Units 

MKS  CGS 

! 

i ! 

Density,  p 

2.65 

1.80 

5.50 

103  kg/m3 

1  gm/cm ^ 

j 

Young's  modulus,  Y 

7.9 

2.9 

1.11 

lO^newt .  / m^ 

10-*-ldyne/cm2 

! 

Piezoelec,  strain  coef., 

d  2,5 

24 

56 

10-^2  m/volt 

10-20cm/volt 

*  ! 

j 

Free  diel.  const., 

4.5 

15.5 

12.0 

- 

- 

1 

I 

Coupling  coefficient,  k 

0.1 

0,29 

0.18 

- 

- 

.  f 

Longitudinal  velocit3*,  c 

5.45 

5.28 

4.53 

10^  m/sec 

lO^  cm/sec 

i 

f 

Longit.  impedance,  pc 

14.5 

5.9 

6,2 

lO^kg/ m^sec 

lO^gm/cm^s-.-c 

1 
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5 •  Magnetostrictive  Transducers 

We  have  gone  into  considerable  detail  in  disci  jsing  piezoelec+ric 
transducers  primarily  for  the  purpose  of  illustrating  some  of  the  basic  concepts 
of  mechanical  impedance  and  the  interrelation  between  the  electrical  and  mechani¬ 
cal  systems.  Since,  except  for  details  of  application,  these  basic  concepts  apply 
also  to  magnetostrictive  transducers,  this  section  wiil  be  limited  to  a  brief  dis¬ 
cussion  of  the  magnetostrictive  effect  and  its  application  to  the  vibrating  element 
of  a  transducer.  A  complete  discussion  of  transducer  theory  and  design  is  beyond 
the  scope  of  these  notes. 

v  When  a  longitudinal  magnetic  field  is  applied  to  a  rod  or  tube  of 

ferromagnetic  material  (parallel  to  the  direction  of  the  axis),  the  presence  of 
the  field  will  cause  a  change  in  physical  dimensions,  the  most  significan:  of 
which  is  a  change  in  length.  If  thfe  material  wa3  originally  unmagnetized,  the 
direction  of  the  change,  i.e.  expansion  or  contraction,  is  independent  of  the  di¬ 
rection  of  the  field.  That  is,  if  the  nature  of  the  material  is  such  that  it  ex¬ 
pands,  it  will  expand  whether  the  field  is  directed  toward  one  end  or  toware  the 
other.  In  most  such  materials  it  is  found  that  the  strain  (fractional  change  in 
length)  produced  is  approximately  proportional  to  the  square  of  the  magnetic  flux 
density,  B,  although  at  very  high  flux  densities  there  is  a  tendency  toward  satur¬ 
ation.  Some  materials  such  as  permalloy  expand,  while  others,  such  as  nickel, 
contract.  The  most  commonly  used  materials  in  magnetostrictive  transducers  are 
alloys  of  nickel. 

The  magnetic  field  is  generated  by  n  current  in  a  coil  wound  around 
the  tube.  The  magnetic  field  strength  H  produced  in  the  material  is  proportional 
to  the  strength  of  the  current  i  and  to  the  number  of  turns  per  unit  length  of 
the  coil  (or  to  the  total  number  of  turns  n  divided  by  the  length  1  of  the 
coil). 

H  =  const  •  ~~ 

« 

The  constant  of  proportionality  depends  upon  the  system  of  units  employed.  In  the 
old  CGS  system  H  is  measured  in  oersteds  ani  1  in  centimeters,  and  if  i  is 
i.  measured  in  amperes,  the  constant  of  proportionality  is  0.4TT  In  the  MKS  system, 

which  is  replacing  the  CGS  system  in  engineering  applications,  H  is  measured  in 
ampere-turns/meter,  i  in  amperes,  and  I  in  meters,  and  the  constant  of  proportion¬ 
ality  i3  unity.  The  relation  between  'jnpere-turns/meter  and  .oersteds  is 
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1  amp- turn/m  =  =  0.0126  oersted 


The  relation  between  the  magnetic  flux  density  and  the  field  strength  depends  upon 
the  material  and  is  usually  expressed  in  the  form 

B  =  H  =  H 

whore  i {A.  is  the  permeability  of  the  material,  jjJ  the  relative  permeability  (relative 
to  a  vacuum),  and yH,  is  a  constant  whose  value  depends  upon  the  system  of  units 
used.  It  is  called  the  permeability  of  free  space.  B  is  measured  in  gauss  in 
the  CGS  system  and  in  webers/meter^  in  the  MKS  system. 

1  weber/m^  =  10^  gauss 

H 

The  constant ^i0  has  a  value  Of  1  in  the  CGS  system  and  4  7T*  10  in  the  MKS  system. 
A  typical  magnetization  curve  of  B  vs.  H  i3  shown  below.  It  is  seen  that  the  curve 


is  non-linear,  so  that  fj.  is  not  a  constant  but  varies  with  the  field  strength. 

At  large  field  strengths  the  material  saturates. 

If  we  plot  the  strain  ^  produced  in  a  nickel  tube  as  a  function  of  the 

o  X 

driving  current  in  the  coil,  we  obtain  a  curve  similar  to  that  shown  below.  This 


curve  exhibits  the  combined  characteristics  of  the  magnetization  curve  and  the 
parabolic  relationship  between  the  strain  and  the  flux  density,  and  is  therefore 
symmetric  with  respect  to  the  current.  It  is  seen  that  if  an  alternating  current 
is  applied  to  the  coil,  the  system  will  behave  as  a  rectifier,  as  indicated  in 
the  above  diagram.  Furthermore,  because  the  curve  has  a  small  slope  near  the 
origin,  the  output  for  small  currents  will  be  very  small.  (A  large  current  would 
introduce  gross  distortions  in  waveform. ) 

In  practical  applications  it  is  desirable  that  the  system  be  as  linear  as 
practicable.  Examination  of  the  curve  shows  that  the  most  nearly  linear  portion — 
and,  fortunately,  the  largest  3lope — occurs  in  the  neighborhood  of  the  point  of 
inflection.  Optimum  operation  can  therefore  be  achieved  by  biasing  the  material 
with  a  constant  field  strength  sufficient  to  rais  the  flux  density  to  this  level 
when  no  current  flows.  In  this  way  approximately  linear  operation  with  a  relative¬ 
ly  high  sensitivity  can  be  achieved,  as  illustrated  in  the  diagram  below.  The  bias 


may  be  produced  either  by  means  of  a  permanent  magnet  or  by  mean3  of  another  coil 
which  is  energized  by  direct  current.  An  alternate  method  of  current  biasing  is 
to  use  the  same  coil  for  both  currents  and  to  separate  the  currents  by  means  of 
inductors  and  capacitors  as  shown  below. 


A  commonly  used  form  of  magnetostrictive  element  is  a  thin-walled  tube; 
This  form  has  the  advantage  of  low  eddy-current  losses,  but  its  mass  is  insufficient 
for  efficient  coupling  to  the  water.  Solid  rods  are  undesirable  because  of  large 
eddy  currents.  The  coupling  problem  is  solved  by  attaching  a  heavy  mass  to  one  end 
of  the  tube,  the  face  of  this  mass  being  coupled  to  the  water.  In  many  practical 
transducer  designs  a  large  number  of  tubes  are  attached  to  a  single  large  plate. 

Each  tube  is  provided  with  a  separate  coil  and  all  coils  are  energized  in  phase. 

If  the  mass  of  the  plate  is  large  compared  with  the  mass  of  the  tubes,  each  tube 
will  behave  approximately  as  a  quarter-wavelength  resonator.  The  free  ends  of 
the  tubes  are  placed  in  air  or  some  pressure-release  material.  Since  the  heavy 
mass  (the  plate)  is  near  the  node  of  the  tube  vibration,  it  will  be  driven  with 
great  force  and  small  amplitude.  In  a  properly  designed  transducer  the  mechanical 
impedance  of  the  system  will  match  the  impedance  of  the  water. 

If  we  consider  the  dynamics  of  a  single  tube  operating  at  resonance  with 
a  mass  M  attached  to  one  end,  it  can  be  shown  that  the  system  may  be  represented 
by  two  lumped  masses  M  and  m  connected  by  a  spring,  as  shown  belcw.  The  lumped 
mass  M  is  located  at  the  center  of  gravity  of  the  actual  attached  mass.  The 
lumped  mass  m  represents  the  vibrating  tube.  This  mass  is  located  at  the  far 
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end  of  the  tube  and  has  a  value  equal  to  one  half  the  actual  mass  of  the  tube. 

The  stiffness  s  of  the  spring  which  connects  the  masses  is  found  to  be 


where  Y  =  Young's  modulus 

S  =  cross-sectional  area  of  the  tube 
X  to  =  length  of  the  tube 

Xm=  wavelength  of  the  wave  in  the  tube. 

It  will  be  recalled  that  both  the  effective  mass  and  the  spring  stiffness  are  the 
same  as  we  derived  previously  for  a  quarter-wave  crystal  oscillator  at  resonance. 
The  systems  differ,  of  course,  in  that  the  crystal  was  clamped  at  one  end  and 
radiated  into  the  water  at  the  other  end,  whereas  in  the  magnetostrictive 
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oscillator  the  free  end  is  on  the  back  side  away  from  the  water  and  the  "clamped" 
end  is  not  really  clamped  but  is  attached  to  the  heavy  mass  which  is  located  just 
beyond  the  node  and  vibrates  with  a  small  amplitude.  A  simple  analysis  shows  that 
the  displacements,  velocities,  and  accelerations  of  the  lumped  masses  on  either 
end  of  the  spring  are  inversely  proportional  to  the  respective  masses.  The  vibra¬ 
tion  of  the  free  end  with  a  small  mass  and  large  amplitude  thus  balances  the 
vibration  of  the  large  mass  on  the  other  end.  The  node  of  the  actual  vibration 
is  located  at  the  center  of  gravity  of  the  two  lumped  masses.  The  net  effect  is 
the  same  as  would  be  obtained  if  the  free  end  were  removed  and  the  bar  we  '•e  rigidly 
clamped  (or  attached  to  an  infinite  mass)  at  the  node. 

It  will  be  noted  that  the  electric  input  to  the  piezoelectric  projector 
was  expressed  in  terms  of  the  applied  voltage,  whereas  the  input  to  the  magneto- 
strictive  projector  has  been  expressed  in  terms  of  the  current.  This  is  but  one 
aspect  of  r.  general  relationship  between  the  equivalent  circuits  of  the  twc  types. 
The  circuits  are  related  by  the  principle  of  duality,  by  which  the  current  in  one 
circuit  corresponds  to  the  voltage  in  the  other,  impedance  in  one  to  admittance 
in  the  other,  series  connections  in  one  to  parallel  connections  in  the  other,  etc. 


TECHNOLOGY  OF  UNDERWATER  SOUND 
REVISED  NOTES 


TRANSDUCERS  (continued) 

B.  Directional  Characteristics 
1 .  Introduction 

We  have  seen  that  a  small  sound  source,  such  as  a  pulsating 
sphere  whose  radius  is  small  compared  with  a  wavelength,  generates  a 
spherically  symmetric  (omnidirectional)  sound  field  in  which  the  pressuie 
is  a  function  of  only  the  radial  coordinate,  as  indicated  by  equation  (136) 

p  =  £  e  (136) 

The  situation  is  different  in  the  case  of  a  transducer  having  extended 
dimensions.  The  simplest  case  to  consider  is  the  case  of  two  omnidirectional 
sources,  each  of  the  same  strength  (that  is,  same  value  of  A  in  (136))  and 
operating  at  the  same  frequency  and  with  the  same  phase.  If  the  two  sources 
are  separated  from  each  other  by  a  finite  distance,  it  is  clear  that  to  any 
given  point  in  the  sound  field  the  distances  traveled  by  the  waves  from  the 
two  sources  will  in  general  not  be  the  same,  and  hence  the  two  waves  will 
interfere  with  one  another.  There  will  be  some  directions  in  space  where 
the  two  individual  pressures  will  be  in  phase  and  resultant  pressure  will  be 
large.  At  other  locations  the  waves  will  differ  in  phase  by  various  amounts 
and  the  resultant  pressure  will  be  smaller.  When  the  resultant  pressure  is 
measured  or  computed  as  a  function  of  the  direction  relative  to  a  fixed  set 
of  axes,  there  results  a  pattern  called  the  directivity  pattern  of  the  trans¬ 
ducer.  In  the  case  of  an  array  of  two  omnidirectional  sources,  the  pattern 
is  a  function  of  the  ratio  of  the  separation  distance  to  the  wavelength  of  the 
sound  waves. 

In  the  case  of  a  transducer  whose  radiating  surface  covers  a 
finite  area  S,  the  directivity  pattern  may  be  computed  by  dividing  the  area 
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into  infinitesimal  elements  dS  and  considering  each  little  element  as  an 
omnidirectional  source.  The  resultant  pressure  at  any  point  in  the  sound 
field  is  then  computed  by  adding  up  all  the  incremental  pressures  due  to 
the  elements  dS,  that  is,  by  an  integration  process. 

In  the  case  of  a  transducer  having  only  a  linear  dimension, 
such  as  a  straight  line  or  a  ring,  the  linear  dimension  may  be  divided  into 
infinitesimal  increments,  each  increment  being  considered  an  infinitesimal 
omnidirectional  sound  source,  and  the  resultant  pressure  at  any  point  in  the 
sound  field  may  be  compiled  by  a  similar  integration  process.  Real  trans¬ 
ducers,  of  course,  are  never  one -dimensional  lines,  but  a  cylinder,  for 
example,  whose  length  is  large  compared  with  its  diameter  maybe  approxi¬ 
mated  by  a  hypothetical  fdeal  linear  transducer. 

In  describing  the  directivity  pattern  of  a  transducer  we  are 
concerned  only  with  relative  (not  absolute)  values  of  the  pressure.  In  general, 
for  any  transducer,  there  is  a  single  direction,  or  a  locus  of  directions, 
along  which  the  pressure  is  a  maximum.  In  the  case  of  a  circular  piston, 
for  example,  the  pressure  is  a  maximum  along  a  line  normal  to  the  circular 
face.  This  is  the  direction  of  the  axis  of  the  sonar  beam.  The  actual  value 
of  the  pressure  at  a  specified  reference  distance  from  the  transducer  along 
this  axis,  when  considered  in  relation  to  the  input  electrical  current,  is  a 
measure  of  the  sensitivity  of  the  transducer,  and  will  be  discussed  in  a 
separate  section.  In  considering  the  directivity  pattern  we  are  concerned 
only  with  the  relative  pressure  response,  which  will  be  defined  as  the  ratio 
of  the  pressure  in  any  direction  (  0,  <j>)  to  the  pressure  along  the  axis,  both 
pressures  measured  at  the  same  distance  from  the  transducer.  If  p(9,  4*) 
represents  the  pressure  at  a  given  distance  along  the  direction  (0,  <)>),  and 
p0  represents  the  pressure  along  the  beam  axis  at  the  same  distance,  then 

Relative  pressure  response  ^  (701) 

Po 

Since  the  intensity  is  proportional  to  the  square  of  the  pressure, 
the  relative  intensity  response,  or,  since  we  are  talking  about  a  projector. 
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the  relative  transmitting  (intensity)  response,  q(0,  <J>),  is 


tl(0,<j>) 


.  jp(9>  4>)j; 


(702) 
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Ir.  describing  directivity  patterns  we  must  distinguish  between 
the  near  field  and  the  far  field.  The  near  field  may  be  loosely  considered 
to  be  that  region  in  space  which  lies  within  a  few  wavelengths  of  the  trans¬ 
ducer  (or  transducer  array).  If  we  divide  the  radiating  surface  into 
infinitesimal  elements  and  consider  each  element  as  a  simple  source,  then 
the  distances  from  these  elements  to  a  point  in  the  near  field  will  exhibit 
large  percentage  variations,  so  that  the  amplitudes  of  the  waves  from  the 
closest  elements  will  be  appreciably  larger  than  the  amplitudes  of  the  waves 
from  the  more  distant  elements.  Thus,  in  the  near  field,  the  contributions 
from  the  closest  elements  will  have  a,  proportionately  larger  effeqt  than  the 
contributions  from  the  more  distant  elements.  The  structure  of  the  near 
field  is  therefore  in  general  quite  complicated,  and  exact  mathematical 
computations  are  all  but  impossible.  Fortunately,  in  most  sonar  applica¬ 
tions  the  near  field  is  of  little  concern  to  any  one  except  the  transducer 
designer.  It  should  be  pointed  out,  however,  that  interest  in  the  near  field 
has  recently  been  generated  by  practical  problems  assbciated  with  the 
calibration  of  large  transducer  arrays. 

The  far  field  is  that  region  of  space  where  the  distance  from  the 
transducer  is  large  compared  with  the  transducer  dimensions.  In  this  case 
the  transducer  may  be  considered  as  effectively  equivalent  to  a  point  source 
having  the  appropriate  directional  characteristics.  The  distance  must  be 
great  enough  to  permit  the  two  following  assumptions.  First,  the  spreading 
loss  to  any  point  in  the  far  field  is  the  same  for  all  elements  of  the  trans¬ 
ducer.  Differences  in  path  length  produce  differences  in  phase  but  not  in 
amplitude.  Second,  ray  paths  from  all  elements  of  the  transducer  to  any 
point  in  the  far  field  are  parallel  lines.  This  second  assumption  permits 
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us  to  talk  about  directions  in  space,  as  we  did  in  defining  the  relative 
pressure  response,  without  worrying  about  the  differences  in  direction 
associated  with  finite  transducer  dimensions,  (In  the  near  field  the  paths 
from  different  elements  of  the  transducer  have  significantly  different 
directions.)  In  these  notes  we  shall  discuss  only  far-field  directivity 
patterns. 


The  discussion  thus  far  has  been  concerned  with  acoustic 
projectors.  Similar  considerations  apply  to  hydrophones.  In  this  case  we 
consider  plane  waves  impinging  on  the  hydrophone  (or  hydrophone  array). 
When  a  wave  of  a  given  intensity  arrives  along  the  maximum  response  axis, 
which  we  shall  call  the  ’'beam1'  axis,  we  shall  designate  the  output  voltage 
as  eG.  When  a  wave  of  the  same  intensity  arrives  from  any  other  direction 
(0,  <j>),  we  shall  designate  the  output  voltage  as  e(9,  (j>).  The  relative  voltage 
response  is  then 


e(6,  d>) 

Relative  voltage  response  =  - 


(703) 


The  corresponding  power  response,  or  relative  receiving  response,  t|'  (0,  4>), 
is  the  square  of  this, 


*1 


e(9,  <t>)"|2 

eo  J 


(704) 


A  transducer  which  has  the  same  relative  transmitting  and 
receiving  response,  that  is,  for  which 


ir(e,4>)  =  Tj  (0,  4>)  (705) 

is  called  a  reversible  transducer. 

When  the  relative  response  is  expressed  in  decibels,  it  is 
called  the  deviation  loss,  and  will  be  designated  by  a  large  N.  Thus 


N(0,  «j>)  =  10  log  "  -10  log  r^e,  (j>)  (706) 

N'(0,4.)  =  lOlog^~y  =  -10  log  V  (0,  4.)  (706a) 
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In  the  derivation  of  directivity  patterns  for  specific  trans¬ 
ducer  types  we  shall  talk  in  terms  of  projectors.  Howevei ,  the  same 
patterns  will  apply  to  the  identical  (ideal)  transducers  if  used  as  hydrophones. 

An  introductory  note  is  in  order  relative  to  the  specification  of 
directions  in  space  in  terms  of  the  angles  (0,  <f>).  For  the  transducer  types 
to  be  discussed  we  shall  employ  spherical  polar  coordinates.  Depending 
upon  the  transducer  type,  two  different  forms  will  be  used.  In  both  types  the 
angle  (j>  will  correspond  to  longitude  on  the  earth.  In  one  type  0  will  correspond 
to  latitude  on  the  earth,  that  is,  0  will  be  measured  north  and  south  from  the 
equator.  In  the  other  type  0  will  correspond  to  the  co-latitude,  measured 
away  from  the  pole. 


2 .  Directivity  Patterns  for  Specific  Transducer  Types 
a,  Two -spot  Array 

We  shall  consider  first  the  pattern  of  an  array  consisting 
of  two  identical  omnidirectional  sources  separated  by  a  distance  a  and 
operating  in  phase  with  each  other.  Let  us  set  up  a  coordinate  system  having 
its  origin  at  the  midpoint  of  the  line  joining  the  two  sources  Si  and  S2-  We 


desire  to  compute  the  resultant  pressure  at  the  point  P  located  at  a  distance 
r  from  the  origin,  along  a  line  making  an  angle  0  with  the  line  OX,  which 
is  perpendicular  to  Sj  S2.  Assuming  the  individual  pressure  due  to  each 
source  separately  to  be  given  by  an  expression  of  the  form  (136),  the 


resultant  pressure  is 


A  j(wt-kri)  A  j(wt'kr2) 


+  ~  eJ 
r2 


(707) 
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where  r  j  and  are  the  respective  distances  SjP  and  S2P  from  the  sources 
to  the  point  P,  and  k  is  the  wave  number, 

2tt 


k  = 


X 


If  the  point  P  is  in  the  near  field,  as  suggested  by  the  preceding  sketch, 
the  expressions  for  ri  and  r£  in  terms  of  r,  0,  and  a  involve  radicals 
and  are  very  complicated.  We  shall  therefore  restrict  our  analysis  to  the 
far  field,  where  r  >  >  a.  In  this  case  the  three  lines  Sj:P,  OP,  and  S2P 
are  essentially  parallel,  and 


and 


r  1  =  r  -  —  sin  9 


r2  =  r  +  —  sin  9 


(708) 

(708a) 


Furthermore,  since  a  is  very  small  compared  to  r,  we  may  with  negligible 
error  replace  both  rj  and  r 2  with  r  in  the  denominators  of  (707),  obtaining 

p(0)  =  -  e  j(wt_kr  +  T-  sin  0)  +  e  j(wt‘kr  -  ~T  sin  0) 


Ae  ijka  sin  0  ,  -Jfjka  sin  0) 

-  (e  co  +e 


To  simplify  the  notation,  let 


ka 


tt  a 


Then 


•4/  =  —  sin  0  =  —  sin  0 
L  K 

j(wt-kr) 


P(9) 


2Ae 


cos  ip 


(709) 

(710) 
(709?.) 
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It  is  clear  that  the  resultant  pressure  is  a  maximum  in  the  direction  of  the 
axis  OX,  since  in  this  direction  the  path  lengths  r^  and  r ^  are  equal  and  the 
pressures  add  in  phase.  In  this  direction 


9  =  1J1  =  0 

and  therefore  the  maximum  pressure  at  a  distance  r  is 

2Ae  j<V't-kr) 
p - - - - 


(711) 


Hence  the  relative  pressure  response  (701)  is 

■2151  =  cos  * 

Po 

or,  in  an  alternate  form 

p(8)  _ _ sin  2^ 
pD  "  2  sin  ijj 


(712) 

(712a) 


The  above  procedure  illustrates  the  basic  far -field 
assumptions  which  will  be  employed  in  computing  directivity  patterns  of 
other  transducer  types.  First,  the  fractional  difference  in  path  length  between 
rj  and  r£  is  so  small  that  they  may  both  be  replaced  by  the  average  distance  r 
in  the  expressions  for  the  amplitude  of  the  waves.  The  path  difference 
affects  only  the  relative  phases  of  the  waves  at  the  field  point  P  where  the 
resultant  pressure  is  computed.  Second,  the  paths  and  r^  are  so  nearly 
parallel  that  their  difference  in  length  may  be  computed  on  the  assumption 
the4;  they  are  parallel  lines. 

The  pattern  of  this  simple  array  is  obtained  by  plotting  the 
pressure  ratio  (712)  as  a  function  of  9,  It  is  seen  first  of  all  that  the 
pressure  is  a  maximum  at  0  -  0  and  that  the  pattern  is  symmetric  (the  same 
for  positive  and  negative  values  of  8),  From  the  definition  of  \l>  (710)  it  is 
seen  that  the  shape  of  the  pattern  depends  upon  the  ratio  r- ,  that  is,  upon  the 
spacing  of  the  two  sources  in  relation  to  the  wavelength  of  the  sound  waves. 
Suppose,  for  example,  that 

a  =  Z\ 
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Then,  as  0  increases  from  0  to  ^/i>  4*  will  increase  from  0  to  2  tr  ,  and 
cos  4*  will  vary  from  1  to  0  to  -1  to  0  and  back  to  +  1.  The  points  at  which 
the  response  is  zevo  (ip  =  f  ^/'i  and  ^  3tt/2  in  this  example)  are  called 
nulls.  The  central  portion  between  the  first  null  on  either  side,  and  containing 
the  direction  of  maximum  response,  is  called  the  beam  or  the  major  or  primary 
lobe.  The  portions  between  adjacent  nulls  on  either  side  of  the  major  lobe  are 
called  secondary  lobes  or  side  lobes.  In  the  present  example  there  are  two 
side  lobes  on  either  side.  It  is  seen  that  in  the  first  side  lobe  (tt/2  <  ijj  <  3rr/2) 
the  pressure  ratio  is  negative,  indicating  a  phase  reversal.  In  the  second 
side  lobe  (3ir  jl  <  4*  <  2tt  )  the  ratio  is  positive  again.  This  is  a  general 
characteristic  of  most  transducers  -  the  phase  alternates  between  successive 
side  lobes.  The  relative  intensity  response,  being  the  square  of  the  pressure 
response,  is  of  course  positive  in  all  lobes.  It  is  seen  that  for  a  two-spot 
array  the  maximum  intensity  in  each  of  the  side  lobes  is  the  same  as  in  the 
primary  lobe.  This,  of  course,  is  not  a  good  design  for  a  practical  sonar 
transducer,  and,  as  we  shall  see,  appreciable  reduction  in  the  heights  of  the 
side  lobes  can  be  achieved  in  more  sophisticated  designs. 

Another  factor  of  practical  importance  is  the  response  in 
the  'end -fire 11  direction,  that  is,  in  the  direction  of  the  line  joining  the 
sources  (0  =  90°).  In  many  applications  it  is  desirable  to  have  a  low  response 
in  the  direction  at  right  angles  to  the  beam  in  order  to  reject,  interfering  noise, 

In  the  example  we  have  chosen  the  response  at  90°  is  a  maximum.  It  can  be  seen 
that  there  will  be  a  null  here  if  the  separation  distance  of  the  two  sources  is 
equal  to  an  odd  number  of  half  wavelengths. 

An  important  measure  of  the  directional  characteristics  of 
a  transducer  is  the  beamwidth.  Unfortunately,  there  is  no  universally 
accepted  standard  definition  of  beamwidth.  From  a  theoretical  standpoint 
it  would  be  convenient  to  define  the  beamwidth  as  the  angular  distance  between 
the  first  null  on  either  side  of  the  beam.  Such  a  definition  is  not  particularly 
practical,  since  the  region  in  the  vicinity  of  the  null  is  of  no  practical  value. 
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Three  different  definitions  are  in  common  use,  all  of  them  being  expressed 
as  the  angular  spread  between  points  of  various  relative  intensities,  that  is, 
between  the 

3  db-down  points 
6  db“dcwn  points 
10  db-down  points 

The  corresponding  intensity  ratios  are  1/2,  1/4,  and  1/10,  and  the  correspond 
ing  pressure  ratios  are 

Db  Down  Rel.  Press.  Resp. 

. . . .  •  —  n’i<  — . . •  i  hi  i  in  i - .■  ■  i  p'M 

3  0.?07 

6  0.500 

10  0.316 


In  the  above  example,  where  a  =  Zk,  the  beamwidth  is  20,  where 

cos  (2ir  sin  0)  = 

Po 


The  computation  of  beamwidths  for  the  two-spot  array  with  a  2 X  spacing  is 
shown  in  the  following  table 


Do 

cos  (2ir  sin  0) 

2it  sin  0 

sin  8 

20 

3 

.707 

.250  tt 

.125 

14.4° 

6 

.500 

.333  tt 

.167 

19.  2  °- 

10 

.316 

.398  7r 

.199 

22.9° 

It  can  be  seen  that  the  three  definitions  lead  to  significantly  different  numerical 


values.  For  this  reason  it  is  advisable  when  specifying  beamwidths  to  state 
the  definition  to  which  the  values  apply. 
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It  will  be  noted  that  in  (709)  and  (712)  the  pressure  is 

written  as  a  function  only  of  the  angle  0.  The  angle  <{>  is  measured  in  a 

plane  perpendicular  to  the  line  Si  S2.  From  the  geometry  of  the  situation 

it  is  clear  that  the  pattern  is  symmetric  about  the  axis  Sj  S2«  The  actual 

pattern,  of  course,  is  three-dimensional,  and  the  two-dimensional  pattern 

discussed  above  is  only  a  trace  of  the  three-dimensional  pattern  in  the  plane 

of  the  paper.  The  actual  pattern  Is  therefore  obtained  by  rotating  the  two- 

dimensional  pattern  about  the  axis  Sj  S2*  We  thus  see  that  the  "beam,  "  or 

major  lobe,  is  not  a  beam  at  all  in  the  sense  of  a  searchlight  beam,  but  rather 

a  doughnut-shaped  affair;  and  the  direction  of  tnaximum  response  is  not  a 

single  direction  but  rather  a  locus  of  all  such  directions  in  the  equatorial  plane. 

The  side  lobes  are  conically-shaped  regions.  Comparing  our  polar  coordinate 

system  with  that  of  the  earth  we  see  that  the  angle  <J>  corresponds  to  longitude, 

as  stated  earlier,  and  0  corresponds  to  latitude.  The  primary  lobe  covers  the 

equatorial  region,  and  the  pole  is  the  line  joining  the  two  sources.  This 

coordinate  system  is  useful  in  describing  all  axially  symmetric  beam  patterns 
whose  maximum  response  is  in  the  equatorial  plane, 

b,  Multi-Spot  Array 

Let  us  now  consider  a  linear  array  consisting  of  n  equally 
spaced  omnidirectional  sources,  the  spacing  between  adjacent  ones  being  a. 

All  sources  axe  assumed  to  be  identical  and  to  be  operating  in  phase.  The 
mathematical  formulation  is  slightly  different,  depending  on  whether  the 
number  of  elements  is  even  or  odd,  but  the  end  result  is  the  same.  For 
convenience  we  shall  assume  n  to  be  even.  We  choose  the  origin  of  the 
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coordinate  system  at  the  midpoint  of  the  array  and  define  the  angle  0  as 
before. 


1 4 V 

5  \ 

-i^  \ 


To  obtain  the  far -field  pattern,  we  assume  equai  amplitudes  for  the 
pressures  due  to  all  individual  sources,  and  we  treat  all  the  ray  paths  as 
being  parallel.  The  resultant  pressure  at  a  distance  r  in  the  direction  9  is 
merely  an  extension  of  (709) 


P(6)  = 


^j(wt  kr)p  ij  (n-l)ka  ein  8  ,  (n-3)ka  sin  9  ,  |j<casm£ 

■  ■  ”  ■  1,1  /  e  +  e  +  e 

r  L 

-  *jka  sin  9  +  +g~  *j(n-3)ka  sin  9  +  e-|j(n-l)ka  sin  oj  ^?i3^ 


The  maximum  response  occurs  at  9  =  0  and  is  the  sum  of  the  individual 


pressures,  all  with  the  same  phase 


Po  = 


j(wt-kr) 


(714) 


Upon  substitution  of  i|/  from  (710),  the  relative  pressure  response  is  found 
to  be 

E(2L  .ife(n-iij++e(n-3)j,|,+i^  ,ejt+c-W  +_  _+e-(n-lWl  (715) 

Po  nL  J 

This  result  maybe  expressed  in  either  of  two  alternate  forms.  First,  from 


the  cosine  formula 


i  ,  jx  ,  -jx . 
cos  x«  J(e  +  e  ) 
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we  obtain 


P—  —  -  — Tcos  ib  +  cos  3 ib  +  ...  +  cos  (n-l)ibl 

PonL  J 

(n~l)j4> 


(715a) 


To  obtain  the  alternate  expression,  factor  out  e 
brackets,  leaving 

1  +  e  +  e’4^  +  ...  +  e-Z<n-1)j+ 

This  series  is  of  the  form 


from  the  series  in 


1  +  x  +  x2  +  .  .  .  -!- 


n-1  1 -x 


n 


1-x 


Hence 


p(9)  =  e(n-W  t  l-e"2njl}) 

p0  n  1  -e  _2ji}j 

1  enji|i  -e~nM 


And,  since 
we  obtain 


n 


ejip  -  e"j4» 


1  ,  jx  -jx. 

sin  x  =  —  (e  -e  ) 
2j 


p(9)  _  sin  n  ib 
pQ  n  sin  i|j 


(715b) 


I' 

fa 


where 


ka  .  rr  a  . 

ijj  =  —  sm  0  =  — •  sin  0 

L.  K 


The  nulls  in  the  multispot  pattern  occur  for  values  of 


(710) 


i}i  =  4*^,  such  that 


n  ijjy  =  u-n ,  ^=1*2,.. 


(716) 


The  corresponding  beam  pattern  angles  9^  are  obtained  by  inseiting  (710) 

U\ 


sin  0U  = 


ra 


(717) 


Since  sin  0^  <1,  the  maximum  number  of  nulls  on  either  side  of  the  main 
lobe  is 


na 


^  1  X 


(718) 


The  points  cf  maximum  response  (the  peaks)  of  the  lobes  can  be  obtained  by 
setting  the  derivative  of  (715)  equal  to  zero.  The  resulting  equation  is 

tan  nijj  =  n  tan  iJj  (719) 
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This  equation  is  most  conveniently  solved  for  given  value  of  n  by  plotting 
both  tan  m}/  and  n  tan  p  vs.  4*  and  reading  off  the  values  of  ijj  at  the  inter¬ 
sections  of  the  curves.  If  the  array  contains  more  than  two,elements,  the 
values  of  mjj  which  satisfy  (719)  are  reasonably  close  to  odd  integral 
multiples  of  tt/2,  and  hence  the  corresponding  values  of  sin  m{j  are  fairly 
close  to  unity.  Therefore,  if  we  substitute  sin  ni|>  =  1  in  (715),  the  resulting 


envelope  equation 


(EW)  ,  _ _ I _ 

Po  env.  •  n  sin  41 


(720) 


gives  a  good  measure  of  the  maximum  response  in  the  side  lobes  at  the 
appropriate  values  of  ijj .  Since:  it  is  usually  desirable  to  reduce  the  response 
in  the  side  lobes  as  much  as  possible,  we  should  like  sin  p  to  continue  to 
increase  as  the  angle  0  increases  from  0  to  90°.  Reference  to  (710)  reveals 
that  the  spacing,  a,  between  adjacent  elements  should  not  exceed  one -half 
wavelength,  Ifa  =  '|X,  then 

ijj  =  —  sin  0 

so  that  when  0  =  ^  ,  ijj  =  ^  *  With  this  spacing  it  is  seen  that  sin  ijj  increases 
steadily  from  0  to  1  as  0  goes  from  0  to  90°.  if  the  spacing  is  less  than  \  \  , 
sin  iJj  increases  with  0,  but  the  maximum  value  is  less  than  1.  On  the  other 
hand,  if  the  spacing  is  greater  than  \  sin  ip  reaches  its  maximum  value 
(and  the  envelope  of  the  beam  pattern  reaches  its  minimum  value)  at  a  value 
of  0  less  than  90°.  Beyond  this  point  the  side  lobes  begin  to  build  up  again. 

c.  Continuous  Linear  Transducer 

In  analyzing  any  continuous  line  type  transducer,  whether  a 
straight  line  or  any  other  shape,  we  divide  the  line  into  infinitesimal  elements 
of  length  d§  and  treat  each  of  these  as  an  omnidirectional  source  of  strength 
Ad§,  where  the:  constant  A  is  a  measure  of  the  pressure  produced  per  unit 
length  of  the  line.  In  the  present  discussion  we  shall  analyze  a  straight-line 
transducer  of  length  We  shall  set  the  origin  of  our  coordinate  system  at 
the  midpoint  of  the  line,  as  indicated  in  the  sketch.  Consider  an  element  d§ 


"  rrrrrvn 
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at  a  distance  §  from  the  origin.  The  length  of  the  path  from  this  element  to  a 
point  P  in  the  far  field,  located  at  a  distance  r  at  an  angle  0  from  the  origin, 
is  r  ••  5  sin  0.  Neglecting  §  in  comparison  vdth  r  in  the  amplitude  factor,  the 
incremental  pressure  at  P  due  to  d§  is  seen  to  be 

dp(e)  =  e  j(wt"kr  +  k?  sin  6> 
and  the  resultant  pressure  is 


_  A  j(wt-kr)  j'\  jk?  ai”  9  d? 


which  readily  integrates  to  ^ 

t  i  -i  *  i  v  Bin  (  -~  sin  0) 

p(9,  = 

-  sine 

As  in  the  case  of  the  multispot  array,  the  pressure  is  a  maximum  on  the 

axis  0  =  0,  where  all  elements  of  the  line  add  in  phase,  giving 

At  j(wt-kr) 

D  -  e  * 


The  relative  pressure  response  is  then 

p(0)  sin  vh 

Po  4» 


(721) 


where 


kt  .  tt  t  . 

—  sin  0  =  —  sin  0 

U  K 


{111) 
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It  should  be  noted  that  the  same  result  can  ,be  obtained  from 
the  multispot  array  by  the  limiting  process  of  letting  the  number  of  elements 
go  to  infinity  while  maintaining  a  fixed  length  of  the  array.  To  do  this,  we 
let 

n  ->  ® 

a  — y  0 

,  na  =  t 

b 

in  equation  (715).  When  this  is  done,  it  is  seen  that  -r—  sin  0  becomes  an 

A  A, 

increasingly  small  angle,  so  that 


.  /IT  a  .  -  v 

n  sin  (-y~  sm  9) 


una 


sin  0 


tt^  .  a 
—  sm  0 
A 


while 

Hence 


.  /irna  .  , 

sm  ( ■— —  sin  8) 


TT  ^ 

sin  (~y~  sin  0) 


sin  (~-  sin  0) 


p(0) 


~  sin  0 

which  agrees  with  (721). 

As  may  be  expected,  the  pattern  of  a  continuous  line  trans¬ 
ducer  is  similar  to  that  of  a  multispot  array  containing  a  large  number  of 
elements.  The  nulls  occur  where 

iji  =  nir ,  n  =  1,  2,  3,  ...  (723) 

or 


sin  0  = 


n\ 


(724) 


The  locations  of  the  maxima  of  the  side  lobes  are  found  by  setting  the 
derivative  of  (721)  equal  to  zero.  The  corresponding  values  of  i{;  are  obtained 
as  solutions  of  the  transcendental  equation 

tan  i}/  =  4<  (725) 

The  solutions  are  listed  in  many  books  of  mathematical  tables.  The  first 
five  values  are  tabulated  belowv 
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Side  Lobe 
No. 

ijj  at  Max. 
(radians) 

Height  of  lobe 
(db  down) 

1 

4.493 

13.26 

2 

7.725 

17.83 

3 

10. 904 

20.79 

4 

14.066 

22.99 

5 

17.221 

24.73 

For  any  given  value  of  j-  the  maximum  value  of  i{>  occurs  at  8  =  90°  and  is 


+ma*  =  r  (726) 

The  maximum  number  of  maxima  on  either  side  of  the  beam  can  be  found  by 
comparing  i{jmax  with  tke  values  listed  in  the  above  table.  The  value  of  the 
response  at  each  of  the  maxima  is  found  by  substituting  the  values  from  the 
table  into  (721).  The  decibel  equivalents  of  these  maxima,  that  is, 

-20  log 

Po 


P (0) 


are  also  listed  in  the  table. 


The  beamwidth  of  a  linear  transducer  is  obtained  by  setting 

.20  log  ={,§]  db 
or 


sin  ijj 


0.707  (3  db) 
0.500  (6  db) 
0.316  (10  db 


1 

)J 


which  leads  to 


C  0.44?  \/l  (3  db)  "I 
sin  0  =|  0.602  (6  db)  7 

U.738  \Jt  (10  db)  J 


The  beamwidth,  of  course,  is  20. 

As  in  the  case  of  multispot  arrays,  the  beam  pattern  in 
three  dimensions  is  obtained  by  rotating  the  two-dimensional  pattern  about 
the  transducer  axis. 
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d.  Ring  Transducer 

Another  example  of  a  continuous  line  transducer  is  the 
circular  ring.  The  procedure  for  deriving  the  beam  pattern  for  a  ring  is 
basically  the  same  as  for  a  line.  There  is,  however,  a  difference  in  the 
nature  of  the  pattern^  which  leads  to  the  selection  of  a  different  coordinate 
system.  The  team  of  a  circular  ring  transducer  is  like  that  of  a  search¬ 
light.  The  beam  axis  is  a  single  line  through  the  center  of  the  ring  normal 
to  its  plane.  It  is  logical  therefore  to  measure  the  angle  6  from  the  axis, 
that  is,  the  co-latitude  measured  from  the  pole,  rather  than  the  latitude 
measured  from  the  equator.  The  angle  <£,  of  course,  is  still  the  longitude 
angle.  From  symmetry  considerations  the  pattern  of  a  circular  ring  is 
independent  of  (j>. 

We  shall  merely  state  the  resulting  equation  of  the  rela¬ 
tive  pressure  response  without  deriving  it. 

^=J0(4;;  (726) 

Po 

where 

,  TT  d  •  n 

ijj  =  —  sin  9 

d  s  diameter  of  ring 
J0  =  Bessel  function  of  zero  order 

e.  Circular  Piston 

— - ; - 1 - 

The  circular  piston  is  one  of  the  simplest  and  most  commonl 
used  forms  of  transducer  involving  a  continuous  area,  and  we  shall  derive  its 
beam  pattern  to  illustrate  the  method  of  analysis  employed  for  area  type 
transducers. 

We  choose  the  center  of  the  circular  face  as  the  origin  of 
our  coordinate  system.  The  axis  cf  symmetry  is  the  line  through  the  origin 
»  perpendicular  to  the  plane  of  the  face.  This  is  the  axis  of  the  beam.  We 
shall  define  0  as  the  polar  angle  measured  away  from  this  axis.  The  plane 
of  the  radiating  face  thus  corresponds  to  the  equatorial  plane  of  the  earth  and  j 
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8  corresponds  to  the  co -latitude.  The  longitude  angle  <j>  is  measured  in 
the  plane  of  the  face  relative  to  an  arbitrarily  chosen  reference  direction 
(Greenwich  meridian).  From  the  geometry  of  the  situation  it  is  clear  that 
the  pressure  in  the  sound  field  generated  by  this  transducer  is  symmetric 
about  .he  axis  and  is  thus  independent  of  (j>.  Therefore,  without  loss  of 
generality  we  may  select  the  point  P  in  the  far  field  at  which  we  compute 
the  pressure  to  lie  in  the  <j>  =  0  plane,  the  other  coordinates  being  r  and  0. 

To  compute  the  pressure  p(8)  at  the  point  P  we  divide 

the  radiating  face  into  infinitesimal  elements  dS  and  consider  each  element 

to  be  an  omnidirectional  source  of  strength  AdS,  where  A  in  this  case  is  a 

measure  of  the  pressure  produced  per  unit  area.  In  accordance  with  the 

standard  far -field  assumptions,  the  amplitude  of  the  pressure  at  P  due  to 
AdS 

each  element  is  — —  (the  same  value  of  r  being  used  for  all  elements). 

Let  the  radius  of  the  piston  face  be  a,  and  let  the  element  dS 
be  located  at  the  point  Q  at  a  distance  s  from  the  center,  its  location  being 
described  by  the  polar  coordinates  (s,  «j>).  The  element  of  area  is 

dS  =  s  d  s  a  ij> 
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We  must  now  compute  the  distance  QP  from  the  radiating 

element  to  the  far -field  point.  By  hypothesis  the  point  P  lies  in  a  plane 

defined  by  $  =  0  and  the  distance  OP  is  equal  to  r.  If  we  drop  a  perpendicular 

from  Q  to  Q1  on  the  <j>  =  0  axis,  .it  is  seen  that  all  points  on  QQ1  are  equi- 

* 

distant  from  P.  Prom  the  sketch  it  is  seen  that 

Qip  =  OP  -  OQ'  sin  9 
or 

Q'P  -  r  -  s  sin  9  cos  4> 

The  incremental  pressure  at  P  is 

.  A  j(wt-kr)  jks  sin  9  cos  4>  ,  , 

dp(0)  =  “e  e  sdsdcj) 

The  resultant  pressure  is  obtained  by  integrating  dp(9)  over  the  area  of  the 
face.  It  is 


4 

a 

Vi 

’4 

f  •* 

u 


p(6)  =  £  e  j(",t_kr)  J  -ikB  ,to,c“s*,dsd* 


(727) 
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m 
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This  integral  cannot  be  evaluated  in  closed  form.  However,  a  series 
solution  can  be  obtained  by  expanding  the  exponential  in  powers  of  jks  smd  casef), 
If  we  integrate  over  (j)  first,  we  note  first  of  all  that  from 
symmetry  considerations  the  integral  from  0  to  ir  is  equal  to  the  integral 
from  ir  to  2tt.  Second,  the  integrals  of  odd  poweis  of  co  •>  from  0  to  tr 
vanish.  Third,  if  n  is  even, 


St 


F  , 


IT 


p  ?n.,i  }  •  3  •  5  •  ♦  •  (2n~l) 

cos  4n  4>  d  4>  =  - — - r - - - 

J  T  T  2  •  4*  •  ^  •  2n 


$ 


«• 


■l 


Fourth,  on  the  axis  where  9  =  0,  the  reference  pressure  po  may  be  evaluated 
directly,  yielding 

7ta2A  j(wt-kr) 

Po  =  —  e 
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The  relative  pres  SUI  5  response  therefore  is 


p(6)  _ 

Po 


=  h  J  F1  •  h  7(ks  sin  0)2  +  ?!  xl  <ks  sin  e>4  - 

o  *- 


=  2 


where 


1  11  .  2  L  1  11.3  ,  - 
2142  ^  +  4'  6  24 


,  .  .  A  2ira  „ 
4;  ~  ka  sin  0  =  — —  sm  6 

K 


1  1  1.3.5 

6!  8  2.4.6  4 


(728) 


(729) 


Equation  (728)  may  be  transformed  as  follows 

p(8)  _  i fi! _ 4^5 

^  L2  23  11  21 


25  21  31 


2 '  31  41 


(728a) 


The  series  in  brackets  is  the  Bessel  function  of  first  order,  J 1  (4* ) *  The 

pressure  ratio  may  therefore  be  written  as 

p(9)  =  2JlM  (?28b) 

Po 

The  first  order  Bessel  function  is  an  oscillatory  function 
resembling  a  damped  sine  wave,  and  the  pattern  as  a  function  of  9  is  similar 
to  that  of  a  linear  transducer.  The  first  five  nulls  occur  at  the  following 
values  of  iji  : 

Null  No.  t|i  (rac^W) 

1  3.832 

2  7.016 

3  10.174 

4  13.324 

5  16.471 


The  maxima  of  the  first  five  side  lobes  are  as  follows: 
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LbSe  fro. 

1 


Db..down 

1  5.136  17.57 

2  8.417  23.81 

3  11.620  27.96 

4  14.796  31.08 

5  17.960  33.60 

It  should  be  noted  that  the  three-dimensional  beam  pattern 
of  a  circular  piston  is  fundamentally  different  from  that  of  a  line.  The 
primary  lobe  is  directed  along  the  axis  of  the  circular  face  rather  than  being 
spread  out  over  the  equatorial  plane. 

f.  Rectangular  Plate 

The  method  of  analysis  for  a  rectangular  plate  transducer 
is  similar  to  that  of  the  circular  piston,  except  that  the  integration  is  ca.rried 
out  over  a  rectangular  instead  of  a  circular  area.  There  is  a  significant 
difference,  however,  in  the  resulting  beam  pattern.  The  pattern  is  no  longer 
symmetric  about  the  axis;  it  is  a  function  of  <j>  as  well  as  8.  We  shall  omit 
the  derivation.  If  the  length  and  width  of  the  rectangle  are  l  and  w,  respect¬ 
ively,  and  the  arbitrary  reference  direction  from  which  4>  is  measured  is  taken 
parallel  to  the  side  l,  the  relative  pres  sura  response  is  found  to  be 

P(Q;  <t>)  =  sin^  sinyw  ,  , 

po  - 1  ; 


where 

ijj i  =  l  sin  9  cos  4>  =  sin  9  cos 

i{Jw  =  w  sin  8  sin  <j>  =  sin  9-sin  4> 

K 

This  pattern  has  several  interesting  characteristics, 
Consider  first  the  case  where  <}>  =  0.  This  gives  the  pattern  in  the  plane 


(730) 

(731) 
(731a) 
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perpendicular  to  the  side  w.  It  is  seen  chat 

sin  _ 

+  W 

since  i}jw  =  0.  Hence 

p(9,  0)  =  sin 

Po  ‘H 


(732) 


The  pattern  in  this  plane  is  the  same  as  that  of  a  linear  transducer  of  length  l. 
Similarly  in  the  plane  <{>=90°,  =  0  and 


P(0'  f)  sin 
Po 


(733) 


This  is  the  same  as  the  pattern  of  a  line  of  length  w.  Next,  consider  a  value 
4>  such  that 


or 


w  sin  <j>  =  ^  cos  <j> 

-1  ^ 

4>  =  tan  — 


1734) 


This  leads  to 


w  sin  (J> 


The  relative  voltage  response  is 


.  'tyy 

cos  4*  =  m  I  z 
T  +  vr 
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p(0,  tan  —  ) 
w 


tt  w  sin  6~|  f 


Sin  - = — 

k  A2  +  w2 

tA  w  sin  6 
Xv/  -J,2  +  w2 


(735) 


In  the  special  case  where  w  =  -t,  the  value  of-  <j>  is  45°  and  the  relative  pressure 


response  is 


P  (9.  f> 


.  tt  l  sin  9 

sin  rz\ 


ir  v  sin  0 


(735a) 


It  is  seen  that  in  the  plane  defined  by  (734)  the  relative  pressure  response  is 

S  XXI  X 

the  square  of  a  — — —  function.  It  therefore  does  not  exhibit  the  usual  phase 
reversals  which  normally  occur  between  successive  side  lobes,  and  furthermore 
the  side  lobes  are  much  weaker  than  those  of  a  linear  transducer  of  equivalent 
length;  they  are  twice  as  many  db  down.  In  the  special  case  of  a  square 
radiating  surface  this  condition  occurs  in  the  plane  of  the  diagonal. 

g.  Pressure  Gradient  Hydrophone 

Consider  a  hydrophone  array  consisting  of  two  omnidirectional 

elements  separated  by  a  distance  a,  the  two  outputs  being  subtracted  rather 

than  added.  Suppose  that  a  plane  wave  is  traveling  along  the  direction  of  the 

line  joining  the  two  elements.  If  the  instantaneous  value  of  the  pressure  at 

i  wt 

the  midpoint  of  this  line  is  P  e  J  ,  then  the  pressures  at  the  two  elements  are 

Pl  =  PeJ'"‘  •  2  7 

and  j(wt-  ^) 

p^  =  P  e  ” '  * 

and  the  output  voltage  of  the  array  is 


=  Bp[ej(wt  +  'r-)  -  ej(wt  •  'T)] 

.  ka  jwt 
=  2j  BP  sm  y  eJ 


(736) 


where  B  is  a  constant  representing  the  sensitivity  of  the  elements.  'If, a' single 
ofnnidirecti.oxial. element  were  placed  at  the  location  of  the  midpoint  of  the 
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two -element  array  its  output  would  be 


BPe  J 

It  is  seen  that,  relative  to  the  single  hydrophone  at  the  center,  the  output  of 
the  two -hydrophone  differential  array  is  shifted  in  phase  by  90  degrees  and 

ICcL 

is  multiplied  by  ?.  sin  —  . 

If  the  system  is  to  be  used  as  a  practical  instrument,  certain 

restrictions  must  be  placed  upon  the  spacing,  a.  For  example,  if  a  were 

equal  to  a  whole  wavelength,  a.  =  X,  then  the  output  would  be  zero,  since  the 

two  waves  would  be  in  phase,  and 

.  ka  .  ira  . 
sin  —  =  sin  —  =  sm  rr  =  0 

On  the  other  hand,  if  a  were  extremely  small  compared  with  a  wavelength. 


.  ka 

sm  — —  <  <  1 

Ls 

and  the  output  would  be  extremely  small.  Although  the  maximum  output  occurs 

ks.  j 

when  sin  —  =1,  or  a  =  ^rX,  it  is  desirable  because  of  beam  pattern  considera- 

M 

tions  (to  be  discussed  below)  that  the  spacing  be  short  enough  that  the  small 

k3L  kcL 

angle  approximation  sin  —  to  — -  may  be  applied,  the  upper  limit  being  about 
l/6  of  a  wavelength.  If  the  small  angle  approximation  is  applied  to  (736),  the 
result  is 

e0x>jkaBPe^Wt  (736a) 

Comparison' with  equation  (23)  shows  that  the  output  (736a)  is  proportional  to 
the  pressure  gradient  at  the  midpoint  of  the  line  joining  the  two  hydrophones. 


The  transducer  is  therefore  called  a  pres  sure -gradient  hydrophone. 

To  derive  the  beam  pattern  let  us  suppose  that  a  plane  wave 

is  received,  whose  direction  of  propagation  makes  an  angle  0  with  the  axis 

jwt 

of  the  hydrophone  array.  If  the  pressure  at  the  midpoint  is  P  e  ,  then 


#  css  &  - 


=  P  e 


J  (wt  +  y  9) 

lcsi 

j(wt  -  y  cos  0) 


and  the  output  voltage  is 


e(0)  =  2j  BP  sin  (“~  cos  9)  e^Wt 


The  relative  voltage  response  is  t£en 

_  <  T  °°8  9> 

eQ  .  ka 

sxnT 


(738) 


(739) 


If  the  spacing  of  the  elements  is  close  enough  that  -r-  may  be  considered  a 
small  angle,  the  relative  voltage  response  is  approximately 

=  cos  8  (739a) 

e6 

The  beam  pattern  is  thus  a  cosine  pattern.  A  simple  calculation  will  show 
that  larger  values  of  ~  (such  as  ~=  j  )  tend  to  broaden  the  beam. 

It  is  easily  shown  that  the  same  type  of  response  is  obtained 
from  a  rectangular  block  of  length  a,  which  is  mounted  in  such  a  way  as  to 
permit  it  to  oscillate  in. a  single  dimension. 

One  of  the  difficulties  in  using  pressure -gradient  hydrophones 
is  the  ambiguity  in  sensing  the  direction  from  which  a  wave  is  arriving.  The 
only  difference  in  output  between  a  wave  having  a  direction  8  and  a  wave  having 
a  direction  tt  -  0  is  a  phase  reversal.  The  rms  outputs  are  identical.  To 
overcome  this  difficulty,  an  auxiliary  omnidirectional  hydrophone  is  sometimes 
located  in  the  vicinity  of  the  midpoint  and  its  output  is  added  to  that  of  the 
pressure -gradient  hydrophone.  If  the  output  of  the  auxiliary  hydrophone  is 
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adjusted  to  be  equal,  to  that  of  the  pres  sure -gradient  hydrophone  in  the  direction 
of  maximum  response,  that  is,  is  equal  to  ka  BP  e^Wt,  and  if  the  phases  of 
the  two  outputs  are  shifted  relative  to  each  other  by  90  degrees,  so  that  both 
have  the  same  phase,  then  the  combined  output  is  (assuming  a  <  ~ ) 

esum(0)  =  ka  BP  U  +  cos  6)  e  jwt 
and  the  relative  pressure  response  is 


~  e(6)*| 

-  6° 


=  2  (1  +  cos  9) 


(740) 


The  auxiliary  hydrophone  serves  to  provide  phase  discrimina¬ 
tion.  If  the  incomiiig  wave  is  arriving  from  the  direction  0  =  0,  the  two  outputs 
are  in  phase  and  the  resultant  pressure  is  twice  that  of  each  separately.  If 
the  wave  is  coming  from  the  direction  9  =  180°,  the  two  outputs  are  180°  out 
of  phase  and  the  resultant  is  zero.  The  pattern  described  by  (740)  is  called 
a  cardioid  pattern.  The  cosine  and  cardioid  patterns  are  illustrated  in  the 


sketches  below. 


CosinF 


CARDIOID 


3.  Shading  of  Transducers 

The  presence  of  side  lobes  in  a  transducer  beam  pattern  is 
usually  undesirable.  In  a  projector  the  energy  radiated  into  the  side  lobes  is 
wasted  and  may  under  some  circumstances  produce  harmful  reverberation. 
In  a  hydrophone  the  noise  introduced  through  the  side  lobes  introduces 


additional  interference;  Aiso,  a  signal  detected  through  a  side  lobe  is 
capable  of  causing  great  confusion.  ■- 

It  has  been  found  that  the  side  lobe  response  of  a  trans¬ 
ducer  can  be  reduced  by  a  technique  known  as  shading.  The  essence  of  the 
technique  is  to  reduce  the  sensitivity  of  outer  portions  of  the  transducer 
surface.  In  the  case  of  a  linear  niultispot  array,  shading  may  be  accomplished 
either  by  reducing  the  sensitivity  of  the  outer  elements  relative  to.  those  in  the 
center,  or  by  spacing  the  outer  elements  farther  apart.  In  a  single  area-type 
transducer  an  equivalent  effect  can  be  obtained  by  breaking  up  the  surface  into 
annular  zones  and  progressively  reducing  the  sensitivity  of  the  outer  zones. 

The  following  derivation  will  illustrate  one  method  of  shading 
a  linear  multispot  array.  It  is  based  on  an  article  by  C.L.  Dolpli  in  the 
June  1946  issue  of  the  Proceedings  of  the  IRE.  Rather  than  deriving  the 
general  formulas,  we  shall  illustrate  the  method  by  applying  it  to  the  specific 
case  of  a  6 -element  array  with  a  fixed  spacing,  a,  between  adjacent  elements. 
The  relative  pressure  response  for  an  unshaded  array  is  given  by  (715a)  with 
n  =  6.  We  shall  assume  the  shading  to  be  symmetric  about  the  center,  so  that 
symmetrically  located  elements  have  the  same  sensitivity.  Let  /^represent 
the  sensitivity  of  the  two  center  elements.  3  and  4,  A3  the  sensitivity  of 
the  elements  2  and  5,  and  A5  the  sensitivity  of  the  outer  elements  1  and  6, 

The  relative  pressure  response  of  the  shaded  array  is  then 

p (0)  _  Ax  cos  41  4-  A3  cos  3’4»  +  A5  cos  5i(<  , 

Po  Ax  +  A3  +  A5 


If  we  designate 

cos  vp  =  pt  (742) 

then  the  cosines  of  the  multiple  angles  can  be  expressed  a3  polynomials  in  p,. 


cos  3ip  =  4  >i,3  -  3 

cos  Sip  -  16  -  20  [a3  +  5  y, 


(742a) 

(742b) 


These  polynomials  are  known  as  Chebyshev  polynomials  and  are  designated 
as  Tn(n)  where  n  represents  the  highest  power  of  appearing  in  the 
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polynomial.  As-ij;  varies  from  0  to  180  degrees,  u  varies  from  1  to  -1. 
Since 

Tnji)  =  cos  nijj 

it  is  seen  that  Tn(n)  has  n-1  maxima  and  minima  in  the  interval  —1  <  |i  <  +  1, 
and  that  its  /alue  is  either  +  1  or  -1  at  each  of  these  points. 

Substitution  of  these  polynomials  into  (741)  yields 


p(8)  _  1&A5(j,5  _  (2OA5  -  4A3)ij.3  +  (5A5  -  3A3  +  Ai)n 
Po  A5  +  A3  +  Ai 


(741a) 


Since  the  numerator  of  this  expression  is  a  5^  degree  polynomial  in  pi,  let 
us  choose  values  of  the  A's  to  make  this  a  Chebyshev  polynomial  cf  the  5^1 
degree.  Let  z  be  a  parameter  (whose  value  is  to  be  determined)  such  that 
the  numerator  of  (741a)  is  equal  to 

Tg(zp.)  =  i6z3  p,3  -  20z3  p,3  +  5z p,  (743) 

The  A's  may  be  evaluated  in  terms  of  z  by  equating  coefficients  of  like  powers 
of  p,.  Thus, 

A5  =  z5  (744a) 

A3  =  5z5  -  5z3  (744b) 

Ai  =  10z3  -  15z3  +  5z  (744c) 


Aj  +  A3  +  A5  =  l6z3  -  20z3  +  5z  =  T5\z) 


(744d) 


The  relative  pressure  response  is 

m  !l«  (741b) 

Po  T5  (z) 

We  note  that  the  direction  of  maximum  response,  0  =  0,  corresponds  to  p,  =  1, 

and  to  a  relative  pressure  response  of  unity.  The  peaks  of  tbe  side  lobes 

will  occur  at  the  maxima  and  minima  of  T5(zp,),  whose  value  at  these  points 

is  ±  1.  Thus  the  maximum  (absolute)  value  of  the  relative  pressure  response 

is  the  same  for  all  the  side  lobes  and  is  equal  to  -s  .  Since  the  side  lobe 

1  Ts(z) 

response  must  be  ]ess  than  the  response  on  the  beam  axis,  it  follows  that 

T5(z)>  1 


and  hence 


z  >  1 
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We  are  thus  concerned  with  a  Chebyshev  polynomial  outside  its  normal 
range. 

The  problem  is  now  to  find  the  value  of  z  which  will 
produce  the  desired  amount  of  side  lobe  reduction.  To  this  end,  let  r  denote 
the  ratio  of  the  response  on  the  axis  to  the  response  at  the  peaks  of  the  side 
lobes,  so  that  che  side  lobes  are  reduced  by 

Side  lobe  reduction  =  20  log  r  (745) 

For  a  pre-selected  value  of  r  we  must  evaluate  z  from  the  equation 

r  =  ]  6  z^  -  20  +  5  z  (746) 

Although  this  equation  can  be  solved  for  z  by  numerical  methods,  the  process 
becomes  increasingly  tedious  as  the  number  of  elements  in  the  array  is  in¬ 
creased.  For  side  lobe  i  eductions  of  about  10  d’b  or  more  a  veiy  good  approxi¬ 
mation  is  obtained  from  the  formula 


_  i_ 
2 


1  1 
(2r)n_1  +  (2r)  n_1. 


(747) 


Using  this  value  qf  z,  the  coefficients  Ai,  A3,  and  A5  may  be  evaluated 
from  (744a),  (744b),  and  (744c),  and  the  beam  pattern  may  then  be  computed 
from  (741). 

To  illustrate  the  theory  with  a  numerical  example,  the  follow¬ 
ing  table  Hsts  the  numerical  values  of  r,  z,  and  the  coefficients  Ai,  A3,  and 
A5  for  6- element  linear  shaded  arrays  whose  side  lobes  are  15,  20,  25,  and  30  db 
down  relatix  e  to  the  main  lobe. 

CONSTANTS  OF  A  6 -ELEMENT  SHADED  MULTISPOT  ARRAY 


It  will  be  noted  that  as  the  side  lobe  reduction  is  increased,  relatively  more 
weight  is  given  to  the  cential  elements  Aj  and  less  to  the  cuter  elements  Atj. 


•< 

ti 

1 


% 


Db  Down 

r 

z 

Ai 

A3 

A5 

1.5 

5.623 

1. 1186 

2.JL13 

1.759 

1.752 

it 

20 

10.000 

1.1846 

4.315 

3.352 

2.333 

.*  ’  'i 

25 

l7. 783 

1.2660 

8.415 

6.115 

3.252 

f 

30 

31.623 

1.3641 

15. 976 

i0. 923 

4.  273 

* 
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The  values  of  z  listed  in  the  above  table  were  calculated  from  the  exact 
equation  (746).  The  corresponding  approximate  values  from  (747)^  are 
1.1192,  1.1849,  1.2661,  and  1.3641. 

Beam  patterns  for  shaded  and  unshaded  arrays  with  an 
element  spacing  a  =  •§  ).  are  shown  in  the  accompanying  graphs. 

It  is  to  be  expected  that  a  price  must  be  paid  for  the  side  lobe 

reduction.  As  may  be  seen  from  the  graphs,  the  price  is  a  broadening  of  the 

beam.  The  approximate  beamwidths  of  the  four  patterns  are: 

Array  Beamwidth  (lOcU>) 

_  (Degrees) 

Unshaded  28 

Shaded,  20  db  33 

Shaded,  25  db  36 

Shaded,- 30  db  38.5 

4.  The  Near  Field 

Although  a  general  analysis  of  the  near  field  of  transducers  is 
beyond  the  scope  of  these  notes,  it  will  be  useful  to  include  a  brief  discussion 
of  the  behavior  of  the  pressure  along  the  beam  axis  in  the  near  field.  We 
have  already  seen  that  pressure  in  the  far  field  varies  inversely  as  the  first 
power  of  the  distance  from  the  transducer.  As  we  move  inward  along  the 
axis  toward  the  transducer,  we  find  that  this  law  gradually  begins  to  break 
down.  The  rate  of  increase  of  pressure  with  diminishing  distance  begins  to 
slacken  off,  and  in  general  a  number  of  oscillations  are  observed  in  the 
pressure  amplitude.  These  oscillations  are  due  to  interference  of  portions 
of  the  wave  from  different  portions  of  the  transducer  surface  and  are  related 
to  Fresnel  diffraction  phenomena  observed  in  optics. 

The  usual  example  discussed  in  textbooks  is  the  circular 
piston.  This  is  a  rather  convenient  example  because  it  lends  itself  readily  to 
a  qualitative  physical  explanation.  We  shall  discuss  this  example  in  a  rather 
rough  manner  and  shall  then  consider  a  second  type  of  transducer  -  the 
continuous  line. 
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We  wish  to  consider. the  resultant  pressure  at  the  poiiit  P  oh 
the  axis  at  a  distance  r  from  the  center  of  the  transducer.  In  particular, 


we  desire  to  investigate  qualitatively  how  the  pressure  varies  as  the  distance 
r  is  varied.  Let  us  begin  by  drawing  an  arc  of  a  tangent  circle  of  radius  r 
with  center  at  P.  We  next  draw  a  concentric  arc  whose  radius  r  j  is 
one-half  wavelength  larger,  i.  e. , 

rA  =  r  + 

and  continue  drawing  arcs  whose  radii  increase  in  steps  of  jr\ 

r2  =  ri  +  i etc. 

until  we  reach  the  edge  of  the  disc.  These  arcs  are  traces  (in  the  plane 
of  the  paper)  of  spherical  surfaces  which  intersect  the  disc  in  circles  as 
shown  above,  dividing  the  disc  into  annular  zones.  By  virtue  of  this  con¬ 
struction,  we  see  that  the  phase  at  P  of  all  the  radiation  originating  within 
any  one  zone  will  have  a  maximum  spread  of  180  degrees.  Furthermore, 

/ 

the  areas  of  all  the  zones  are  approximately  equal.  This  means  that  the 
resultant  pressure  due  to  two  adjacent  zones  will  be  approximately  zero, 
since  on  the  average  the  separate  pressures  due  to  the  two  zones  are 
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approximately  180  degrees  out  of  phase..  We  may  therefore  cancel  the 
effects  of  the  zones  in  pairs,' 'and1  the  net  result  will  be  roughly  equal  to 
the  contributionfrom-  the'fraction  of  a  zone  left  over  at  the  edge  of  the  disc. 

If,  therefore,  the  distance  r  has  such  a  yalue  that  the  disc 
contains  an  even  integral  number  of  zones,  the  resultant  pressure  will  be 
approximately  zero.  If  the  distance  r  is  such  that  the  disc  contains  an  odd 
integral  number  of  zones,  the  pressure  will  be  a  maximum.  We  see  there¬ 
fore  that  as  r  is  varied  from  0  to  infinity,  the  pressure  will  exhibit  a  number 
of  oscillations  equal  to  the  number  of  wavelengths  in  the  radius  of  the  disc. 

At  short  distances  (small  r),the  pressure  fluctuates  rapidly  with  r,  and  at 
longer  distances  it  fluctuates  more  slowly.  If  a  denotes  the  radius  of  the 
disc,  the  last  zero  occurs  when  r  reaches  a  value  such  that 


-  r  =  \ 


or,  if  r  >  >  a, 


(748) 


Beyond  this  point  a  gradual  transition  to  the  far  field  occurs. 

Consider  now  a  linear  transducer  of  length  The  pressure 
at  a  point  P  at  a  distance  r  on  the  perpendicular  bisector  of  the  transducer 
line  is 


P  =  A  J 


j(wt-kr ’) 


(749) 


where 


A  =  strength  of  source  per  unit  length 

r1  =  fx*  +  =  slant  distance  from  element  d§  to  P 

§  =  distance  from  center  of  line  to  element  d§ 
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Equation  (749)  cannot  be  integrated  in  closed  form,  but  a 
reasonable  approximation  can  be  obtained  for  values  of  r  greater  than  about 
:by  expanding  the  radical  and  neglecting  powers  of  §  above  the  second.  This 
approximation  yields 


2Aej(wt-kr)  2  ga  ” 

p  * - - -  j 


(749a) 


where  from  symmetry  considerations  the  integral  over  the  whole  line  is 
replaced  by  twice  the  integral  over  half  of  the  line. 

The  real  part  of  the  pressure  is 


where 


2A  r  n 

p  =  —  |_GC  cos  (  t-kr)  4  Gs  sin  (  t-kr)J 


Gc  =  !  4  -7r> 


?  ,  k52 

rr  )  COS  - -  d§ 

Zvc  2r 


(749.1) 


_  ft  1  ?2N  •  k§2  16 

Gs  “  J  (l  -  77 z)  sln  77~d5 


The  amplitude  of  the  real  pressure  is 
Prn  =  “  +  °l 


(749.2) 
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By  substitution  of 
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The  accompanying  graph  is  a  plot  of  the  pressure  amplitude 
(in  arbitrary  units)  vs.  distance  along  the  beam  axis  (expressed  in  wave¬ 
length  units)  for  a  transducer  which  is  10  wavelengths  long,  that  is, 

l  =  10X 

The  approximation  we  have  made  begins  to  break  down  at  ranges  less  than 
7  or  8  wavelengths  and  cannot  be  used  below  about  4  or  5  wavelengths. 

The  fluctuations  in  the  pressure  field  of  the  linear  transducer  are  consider¬ 
ably  smaller  than  those  of  a  circular  piston.  The  reason  for  this  is  that 
instead  of  annular  zones  we  now  have  linear  segments,  and  these  segments 
are  not  of  equal  length.  Hence  only  partial  cancellation  occurs  at  the 
minima. 

The  dashed  curve  shows  the  inverse  first  power  law,  which 
applies  in  the  far  field.  This  curve  represents  the  pressure  which  would  be 
produced  by  an  omnidirectional  source  having  the  same  far -’field  pressure 
distribution  as  the  linear  transducer  (along  its  beam  axis).  The  divergence 
between  the  two  curves  is  a  measure  of  the  near -field  effect.  Because  of  the 
continuous  nature  of  the  transition  from  near  to  far  field,  any  decision  as  to 
where  the  far  field  begins  must  be  somewhat  arbitrary.  A  reasonable 

b c.+vreet\  -the 

boundary^for  the  10X  line  would  appear  to  be  about  100  wavelengths.  At  this 
distance,  the  path  length  from  the  center  of  the  line  is  100X  and  the  path 
length  from  either  end  of  the  line  is  (100\)2  +  (5\)2.  The  difference  in 
path  length  is 

y(100\)2  +  (5\)2  -  100\a7^\ 

As  a  rough  rule  of  thumb,  the  far  field  may  be  said  to  begin  at  a  range  such 
that  maximum  spread  of  path  lengths  from  points  on  the  transducer  line  to 
a  point  on  the  beam  axis  is  about  l/8  of  a  wavelength.  Applying  this 
criterion  to  linear  transducers  in  general,  we  obtain  the  following  result 
for  the  distance  r  to  the  far  field 


271 


A 


X 

8 


IT?  - 


x* 

16 


r  = 


V 


r  ^ 


(-751) 


where  -t  is  the  length  of  the  transducer.  Equation  (751)  may,  in  fact,  be 
applied  to  a  transducer  of  any  shape,  provided  £  is  interpreted  as  the  maximum 
dimension  of  the  transducer. 

These  considerations  are  important  in  transducer  calibration 
procedures,  where  measurements  should  be  taken  in  the  far  field.  We  see 
that  the  required  separation  distance  increases  as  the  square  of  the  maximum 
linear  dimension  of  the  transducer  being  calibrated.  The  requirements  are 
tthus  far  more  severe  for  highly  directive  transducers. 

5.  Directivity  Factor;  Directivity  Index 

In  the  previous  discussion  of  beam  patterns  we  have  considered 

in  some  detail  the  response  of  transducers  in  directions  away  from*the  beam 

axis.  It  should  be  noted  ,  however, vthat  the  off-axis  performance  is  of  interest 

largely  from  a  negative  point  of  view.  That  is  to  say,  the  chief  purpose  of 

> 

designing  directivity  into  a  projector  is  to  concentrate  the  energy  into  a  beam 
so  that  a  larger  fraction  of  the  input  power  is  usefully  employed  for  detecting 
targets  and  less  is  lost  in  stray  directions  where  it  generates  unwanted 
reverberation.  Likewise,  in  a  receiving  array,  directivity  serves  to  reject 
noise  and  other  interference  arriving  from  directions  other  than  the  target 
direction,  thereby  enhancing  the  signal  to  noise  ratio.  Therefore,  to  evaluate 
the  performance  of  a  projector  against  targets  located  in  the  vicinity  of  the 
beam  axis  it  is  useful  to  be  able  to  summarize  the  directive  effect  of  the  beam 
pattern  in  a  single  number  which  measures  the  gain  of  the  system  relative  to 
an  omnidirectional  projector.  Similarly,  it  is  useful  to  summarize  the  gain 
of  a  directional  receiving  array  relative  to  an  omnidirectional  hydrophone. 

The  number  used  for  this  purpose  is  called  the  directivity  factor  and  its  decibel 


¥ 


I 

I 


jJ 

W 


)4 

i 


H 


\ 


;f 

l  % 


272 


equivalent  is  called  the  dir e ctiyity  .index . .  For  a  projector  these  quantities 
are  called  the  transmitting  directivity  factor  and  transmitting  directivity 
index;  for  a  hydrophone  array  they  are  called  the  receiving  directivity  factor 
and  receiving  directivity  index.  In  the  analysis  which  follows  we  shall  derive 
formulas  for  the  transmitting  directivity  factor  and  directivity  index  of  a 
number  of  different  transducer  types  and  shall  then  discuss  briefly  their 
'applicability  to  receiving  arrays. 

It  is  clear  that  a  directional. projector,  by  reducing  the  amount  of 
radiation  transmitted  in  off~axis  directions,  tends  to  concentrate  its  radiated 
power  into  a  beam.  Therefore,  a  directional  transducer  will  generate  a  higher 
intensity  at  any  given  distance  along  its  beam  axis  than  ancmaidrectioraltrariedicer 
operating  at  the  same  power  level.  Or,  stated  in  another  way,  to  produce  the 
same  acoustic  intensity  at  any  point  on  the  beam  axis,  the  total  acoustic  power 
radiated  by  a  directional  transducer  is  less  than  that  which  must  be  radiated 
by  an  omnidirectional  transducer.  The  ratio  of  these  amounts  of  power  is  the 
gain  of  the  directional  transducer.  The  directivity  factor  is  sometimes  defined 
as  this  gain,  (a  number  greater  than  1)  and  sometimes  as  the  reciprocal  of  the 
gain  (a  number  less  than  l),  We  shall  use  the  latter  definition.  Let  us  define 
an  "equivalent  omnidirectional  transducer"  as  an  omnidirectional  transducer 
which  generates  the  same  far -field  acoustic  intensity  as  the  directional  trans¬ 
ducer  generates  along  its  beam  axis.  Then  the  directivity  factor  d  is  defined 
as  follows: 

^  _  Total  acoustic  power  of  directional  transducer _  (752) 

J  Total  acoustic  power  of  equivalent  omnidirectional  transducer 

and  the  directivity  index  D  is 

D  =  10  log  ~  =  -  10  log  d  (753) 

The  distance  at  which  the  intensity  is  measured  is  immaterial, 
so  long  as  we  use  the  same  distance  for  both  transducers.  We  may  therefore 
use  any  distance  r,  it  being  assumed,  of  course,  that  the  far -field  directivity 
pattern  applies.  If  the  intensity  at  this  distance  is  Io»  then  for  the 
omnidirectional  transducer  the  intensity  is  constant  over  the  entire  surface  of 
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a  sphere  of  radius  r  surrounding  the  transducer,  and  the  power  as 

:h  ti  .  '  r -an  - 

PQ  =  4irr2  IQ  (754) 

For  the  directional  transducer  the  intensity  varies  over  the  sphere  in  accord¬ 
ance  with  the  beam  pattern,  being  proportional  to  the  relative  transmitting 
(intensity)  response,  which  is  equal  to  the  square  of  the  relative  pressure 
response.  The  total  power  is  therefore 

P=np^fIodS  (755) 

where  dS  is  an  element  of  area,  and  the  integration  is  carried  ou$  over  the 
entire  surface  of  the  sphere  surrounding  the  transducer. 

In  two  dimensions  the  angle  0  in  radians  subtended  by  an  arc  of 
length  s  of  a  circle  of  radius  r  is 

0  =  ^  (radians) 

Similarly  in  three  dimensions  the  solid  angle  Si  subtended  by  an  area.  S  of  a 
sphere  of  radius  r  is 

n  S  , 

W  -  p  (steradians) 

We  may  therefore  replace  the  element  dS  by 

dS  =  r2  dS2 

Inserting  this  into  (755)  we  see  that  the  directivity  factor  (752)  is 

d  ■  -h  N  ^ !  da  (756> 

a.  Two -Spot  Array 

In  the  coordinate  system  we  have  used  for  linear  arrays 
the  angle  0  is  measured  from  the  equatorial  plane  and  ranges  in  value  from 
-  v/ 2,  to  +  ff/2»  The  element  of  solid  angle  is 

d«  =  cos  0  d0  (757) 

Inserting  the  pressure  response  function  (712)  for  a  two-spot  array,  we  obtain 
for  the  directivity  factor 
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d  =  “  J  J*  cos^jj  cos  0d8d<j> 
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(758) 


where 


.  TTa  •  r> 

iji  =  -r—  sin  9 


or 


cos  9d8  =  —  dijj 

TT  cl 


Since  the  integrand  is  independent  of  4>  and  symmetric  in  8,  we  may 
integrate  immediately  over  <j>  and  replace  the  8-integral  with  twice  the  integral 
from  0  to  t^2*  Changing  variables  from  8  to  ijj ,  we  obtain 
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(759) 


As  is  to  be  expected,  the  directivity  factor  is  a  function  of 
the  spacing,  a,  of  the  two  elements.  If  the  spacing  is  very  small,  that  is, 
if 

a  <  <  X 

sin  x 

the  "sine"  function  (— — — )  is  approximately  1,  so  that  d~l  and  D~0  db,  and  the 
array  behaves  as  an  omnidirectional  transducer. 

As  the  spacing  is  increased,  the  sine  function  decreases  in 
value  and  the  directivity  index  begins  to  build  up.  At  a  spacing  of  one  half 
wavelength,  where 
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)  1  sin  — —  =  sin  n  =  0 
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we  see  that  d  =  ^and  D  =  3  db.  As  the  spacing  is  further  increased,  the 
directivity  index  reaches  a  maximum  value  of  4. 1  db  at 

=  4.493  or  a  =  0.715  X 
K 

Beyond  this  point  the  directivity  index  a  curve  of  D  vs.  a  shows  a  series 
of  damped  oscillations  about  its  average  value  of  3  db. 
b.  Multi-Spot  Array 

The  most  useful  form  of  the  relative  pressure  response  of 
a  multi-element  linear  array  for  the  computation  of  the  directivity  factor  is 
the  exponential  form  (715).  As  noted  previously,  this  function  has  a  slightly 
different  appearance,  depending  upon  whether  the  number  of  elements  is  odd 
or  even.  Equation  (715)  assumes  an  even  number.  At  the  outset  we  note  that 
the  integrand  is  independent  of  <j>  and  is  symmetric  in  0,  and  that  it  is 
expeditious  to  change  the  variable  from  0  to  i}).  When  these  operations  are 
carried  out,  we  obtain 
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It  is  readily  seen  that  this  formula  boils  down  to  (759)  when  n  =  2. 

The  same  general  comments  apply  to  the  directivity  factor 
of  the  multispot  array  as  were  made  for  the  two -element  array.  If  a  is  very 
small  compared  with  X,  we  see  that  d  is  approximately 


1  ? 

d  =  “  +  "2  E  (n  -  '*») 

n  n  m=  1 


_  1  .2  n(n-l)  _ 

'  n  n2  2  “ 

and  the  array  acts  as  an  omnidirectional  transducer.  Whenever  the  spacing 
between  elements  is  an  integral  number  of  half  wavelengths,  all  the  sine 
terms  are  zero  and  the  directivity  index  is 

D  =  10  log  n  (761 ) 

As  the  spacing  is  increased,  the  directivity  index  executes  a  series  of  damped 
oscillations  about  the  value  given  by  (76 1 ). 


c.  Continuous  Line  Transducer 

The  relative  pressure  response  for  a  linear  transducer  is 
given  by  (721).  Insertion  of  this  function  into  (756)  gives 
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This  integral  may  be  reduced  by  integration  by  parts,  yielding 


where 


Si(x)  is  the  sine  integral 


(761) 


Si(x)  =  J*  dS  (762) 

o 

If  the  length  -6  of  the  array  is  greater  than  about  one  wavelength,  the  sine 
integral  is  approximately 

Si(x)  ~  ~  -  — —  (763) 

M  X 

so  that  the  directivity  factor  is  approximately 

d  =  <?64> 

This  formula  is  excellent  for  most  linear  transducers  of  practical  interest. 

For  rough  calculations  a  still  simpler  formula  may  be 
obtained  by  neglecting  the  second  term  of  (764),  yielding 


(764a) 


Zl 

D  ~  10  log  — 


(765) 


For  transducer  lengths  greater  than  a  wavelength  the  error  in  decibels  intro¬ 
duced  into  the  directivity  index  by  this  last  approximation  is  approximately 
0.  4\ 

l  ~  * 

d.  Circular  Piston 

The  circular  piston  transducer  differs  from  the  linear  types 
discussed  above  in  that  its  beam  axis  is  a  single  line  normal  tq  the  piston  face. 
As  noted  previously,  it  is  desirable  for  this  type  of  transducer  to  measure  the 
angle  0  from  the  pole  instead  of  from  the  equator,  so  that  the  element  of 
solid  angle  is 

d&  =  sin  8  d0dd>  (766) 
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In  designing  transducers  of  this  type  it  is  usually  desirable  to  concentrate 
the  radiation  in  the  forward  direction  (0  ~  0)  by  providing  a  baffle  in  the 
rearward  direction  (8  =  180°).  In  practical  sonar  transducers.it  is 
impossible  to  prevent  the  side  lobes  from  spreading  into  the  rear  hemisphere, 
although  the  desired  condition  can  be  approximated  in  large  arrays.  In  the 
present  discussion  we  shall  make  the  assumption  of  an  ideal  infinite  baffle 
which  confines  the  entire  sound  field  to  the  forward  hemisphere.  Under 
this  assumption  the  general  formula  for  the  directivity  factor  of  an  area- 
type  transducer  is 


TT 

2  2 


d  =  5  /  l  3in  9ded* 

Substituting  (728b)  for  the  circular  piston,  we  obtain 


4  =  i$ 


sin  6d6d<j> 


(767) 


(768) 


where 


i  2rra  •  o 

i|j  -  __ —  sm  0 

A. 


This  integral  has  been  evaluated,  and  the  result  is 


d  =  f  ^  )2 
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(769) 


If  the  radius  a  is  larger  than  about  half  a  wavelength,  the  second  term  in  (769) 
is  relatively  small  and  the  directivity  factor  is  approximately 


d  -  < 

It  will  be  noted  that  since  the  area  of  the  piston  face  is 

A  =  naz 

the  directivity  factor  may  be  expressed  in  the  form 


(770) 


(771) 
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The  directivity  factor  of  a  rectangular  plate  of  dimen¬ 


sions  £  and  \v  is  (assuming  again  an  infinite  baffle) 


ff/2  ■> 

'  ^  sin  4 1 1  sinijj, 
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)2  sin.  6d0d4> 


(772) 


where 


i|/£  =  sin  ®  cos  4* 


i  gw  .  .  .  , 

i)j  w  =  —jr —  Sin  0  sin 

This  integral  does  not  lend  itself  readily  to  evaluation.  However,  we  can 
obtain  an  approximate  solution  for  the  special  case  where  the  dimensions 
and  w  are  large  compared  with  a  wavelength.  Let  us  change  variables  as 


follows 


x  =  sin  0  cos  «j> 


y  =  sin  0  sin  $ 

If  -t/\  and  are  large,  then  both  sine  functions  in  (772)  will  drop  to 

small  values  before  0  becomes  very  large.  Since  the  integrand  becomes 

extremely  small  at  large  values  of  0,  we  may  replace  tj/2  with  00  in  the 

upper  limit  of  integration.  The  corresponding  limits  of  integration  for  x 

and  y  are  -  00  to  + 00 .  The  element  of  area  is 

3x  9y 
5?  30 

dx  dy  =  d0  d<{> 

3x  9^ 

3(J>  3(J) 

=  sin  0  cos  6d6d<t> 

Since  we  are  inter  es:jted  only  in  small  values  of  0J  we  may  replace  cos  0 
by  1.  Substitutions  of  these  approximations  into  (772)  yields 


280 


*-=■  s 


r'toc  \  *■ 
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dx  J 


which  integrates  to 


4tt'*'W 


(773) 


Note  that  the  product  -t-w  is  the  area  A  of  the  transducer  face,  so  that  once  again 
we  find 

d  -  P71) 

It  has  been  found  that  (771)  is  a  good  approximation  to  area- 
type  transducers  of  any  shape,  provided  none  of  the  linear  dimensions  is  less 
than  about  two  wavelengths. 

We  noted  earlier  that  the  beam  pattern  of  a  rectangular  trans  - 
ducer  is  related  to  the  patterns  of  two  linear  transducers  of  lengths  t  and  w,  at 
right  angles  to  each  other.  It  is  of  interest  to  compare  the  directivity  index  of 
the  rectangular  transducer  with  those  of  the  lines,  L.et  D^,w  refer  to  the 
rectangular  plate  and  Dl  and  Dw  refer  to  two  lines.  Then,  approximately. 


in  ,  ,  4tt^w  x 

10  log  (  — £2—  / 

10  log  (■—  ) 


Therefore 


=  10  log  (  ~~  ) 


D£w  =  Dl  +  Dw  +  10  log  tr 


(774) 


Dlyj  =  Dl  +  Dw  +  5  db  (774a) 

The  directivity  index  of  the  plate  is  about  5  db  larger  than  the  sum  of  the 
directivity  indices  of  the  crossed  lines. 
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f.  Effect  of  Shading 

The  reduction  in  side  lobes  due  to  shading  would  be 
expected  to  increase  the  directivity  index.  This  effect,  however,  is  more 
than  compensated  by  the  broadening  of  the  beam.  To  investigate  this  effect, 
let  us  go  back  to  the  earlier  example  of  a  6 -element  linear  array  with 
Cheby she v  polynomial  shading.  Going  back  to  (741 ),  let 


ai  = 


Ai 


,  i  =  1,  3,  5 


1  Aj  +  A3  +  As 

Integration  of  the  complex  exponential  equivalent  of  (741)  in  lieu  of  the 
cosine  form  yields 


(775) 
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(776) 


In  our  previous  numerical  example  we  selected  a  spacing  of  one  half  wave¬ 
length 

X 

a=2 

For  such  a  spacing,  all  the  sine  terms  of  (776)  vanish,  leaving 

d  =  i(aj2  +  a3z  +  a52) 

Numerical  calculations  for  the  cases  discussed  previously  yield  the  following 
values  of  directivity  index 
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.  D 

Array. _ db 

Unshaded  7. 78 

Shaded,  15  db  7.75 

Shaded,  20  db  7.53 

Shaded,  25  db  7.26 

Shaded,  3C  db  7.02 


6 .  Noise  Rejection  by  Dire cfcjonal  Hydrophones  and  Arrays 

At  the  outset  we  must  distinguish  between  two  different  types 
of  noise  -  (1)  noise  originating  from  a  single  discrete  source,  and  (2)  general 
ambient  noise  present  in  the  sea.  Noise  of  the  first  type  arrives  at  the 
hydrophone  as  a  plane  wave  traveling  in  a  specific  direction,  or  at  most  a 
small  angular  spread  of  directions.  The  sensitivity  of  the  system  to  noise 
of  this  type  is  determined  by  the  deviation  loss  in  the  direction  from  which  the 
sound  is  coming.  For  example,  in  the  case  of  a  helicopter  dipped  sonar  the 
noise  generated  by  the  vehicle  arrives  at  the  transducer  from  a  small 
angular  region  about  the  vertical.  The  effect  of  this  noise  in  interfering  with 
horizontally  arriving  signals  is  determined  by  the  deviation  loss  of  the  trans¬ 
ducer  in  the  vertical  direction. 

Our  primary  concern  in  this  section  is  with  the  general  ambienl 
noise  present  in  the  ocean.  The  bulk  of  this  noise  originates  from  a  very 
large  number  of  sources  distributed  throughout  the  surface  of  the  ocean  and 
the  near -surface  region.  For  this  reason  the  noise  arrives  at  the  receiving 
transducer  not  from  any  one  direction  but  from  a  continuous  distribution  of 
directions.  In  describing  the  noise  intensity  (or,  more  accurately,  intensity 
per  unit  band),  it  is  useful  to  introduce  the  concept  of  intensity  per  unit  solid 
angle.  Because  of  the  continuous  distribution,  the  amount  of  energy  traveling 
in  any  discrete  direction  is  zero;  the  amount  traveling  in  cone  of  solid  angle 
dfi  is  proportional  to  dft. 

Let  Jjj  (0,  <}>)  represent  the  intensity  per  unit  band  per  unit  solid 
angle  arriving  from  the  direction  (0,  <}>).  Then  the  intensity  per  unit  band 
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arriving  from  a  small  cone  of  solid  angle  dSi  is  Jj2(0,  4>)  dJ2.  The  total  noise 
intensity  pe$‘ unit  band  received  by  an  omnidirectional  hydrophone  is*  *’ "aX 

Jo  =  H  Jn(e,4»)dn  (777) 

where  the  integration  is  carried  over  the  entire  sphere  of  unit  radius  sup¬ 
rounding  the  hydrophone.  In  the  special  case  of  an  isotropic  noise  field, 
where  Jj}  (0,  $)  is  a  constant  independent  pf  0  and  4>*  we  see  that 

Jo  =  J7  Jq  =  4*  Jf2 

or 


^  4it 


(778) 


Thus  for  an  isotropic  field  the  intensity  per  unit  band  per  unit  solid  angle 
(that  is,  per  steradian)  is  equal  to-*-  times  the  overall  intensity  per  unit 

iTT 

band  measured  by  an  omnidirectional  hydrophone. 

S' 

If  now  we  consider  a  directional  receiving  array,  we  see  that 
the  effect  of  the  noise  arriving  from  the  small  cone  of  solid  angle  d£2  in  the 
direction  (0,  <J>)  is  modified  by  the  relative  receiving  response  of  the  array  in 
that  direction, Tht'effective  noise  per  unit  band  sensed  by  the  array  is  thus 


L.  ~ 


(779) 


where,  as  before,  the  integration  is  carried  out  over  the  entire  sphere. 
The  ratio  of  the  total  noise  as  sensed  by  the  directional  array  to  the  total 
noise  as  sensed  by  an  omnidirectional  hydrophone  is 


Jo  "  ‘TT^W*Jdfi 


(780) 


From  (780)  it  is  apparent  that  the  gain  in  noiso  rejection  by  a-  directional 
transducer  relative  to  an  omnidirectional  transducer  is  dependent  upon  the 
directional  properties  of  the  ambient  noise  field.  In  the  special  case  of  an 
isotropic  noise  field,  where  J,n,(0,  <j>)  is  constant,  equation  (780)  reduces  to 
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(781) 
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which,  when  compared  with  (756)  is  seen  to  be  the  receiving  directivity  factor 
of  the  array.  In  other  words,  the  directivity  factor  and  directivity  index 
apply  to  a  receiving  array  only  when  the  array  is  operating  in  an  isotropic 
noise  field.  If  the  field  is  isotropic,  the  effective  noise  intensity  per  unit 
band  sensed  by  the  directional  array  is  less  by  a  factor  d  than  the  intensity 
per  unit  band  sensed  by  an  omnidirectional  hydrophone 

Jeff  =  d  J0  (782) 

and  the  corresponding  effective  spectrum  level  of  the  noise  is 

Neff  =  No  -  D  (783) 

where  N0  is  the  spectrum  level  corresponding  to  Jo. 

If  the  noise  field  is  not  isotropic,  equation  (783)  is  not  valid, 
and  the  effective  noise  sensed  by  the  transducer  should  be  computed  directly 
from  (779).  Noise  is  normally  expressed  in  decibels.  Ideally  a  directional 
field  should  be  described  in  terms  of  spectrum  level  per  unit  solid  angle, 
which  we  shall  designate  as 

Nj2  (0»  <)>)  ir-  db//£ib2/cps  steradian 

To  evaluate  the  effect  of  the  noise  on  a  directional  transducer,  we  may 
express  J&  (0,  4>)  in  (pressure)2  units  by  the  relation 

(6, 4>)  =  1O°*lNs2(0*^  ,  (784) 

Values  of  (0,  c{>)  are  then  substituted  into  (779).  The  integration  must 
usually  be  carried  out  by  numerical  methods.  The  effective  noise  level  is 

Nefi  *  10  log  Jeff  (785) 

The  experimental  determination  of  the  intensity  per  steradian 
in  a  directional  noise  field  is  not  a  simple  matter.  If  an  ideal  hydrophone 
array  could  be  built  which  had  a  very  narrow  beam  covering  a  small  solid 
angle  Af2,  without  side  lobes,  then  the  intensity  per  unit  band  per  steradian 
could  be  obtained  by  dividing  the  observed  intensity  per  unit  band  by  An 

T  -  '-L 

An 
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In  practice,  however,  the  beam  does  not  have  a  sharply  defined  cut-off,  and 
side  lobes  are  always  present.  The  analytical  process  of  estimating  the 
true  field  from  measurements  by  practical  transducer  arrays  is  complicated  and 
will  not  be  discussed  in  these  notes.  Considerable  .work  of  this  type  has  been 
done  in  the  field  of  radio  astronomy. 

Measurements  made  at  great  depths  in  the  ocean  have -revealed 
a  considerable  angular  dependence  of  ambient  sea  noise  in  a  vertical  plane. 

The  highest  intensity  is  received  from  the  vertical  direction.  The  intensity 
received  horizontally  many  be  as  much  as  18  db  down,  depending  upon  the  sea 
state  and  the  frequency.  The  directional  effect  increases  with  increasing  sea 
state.  A  transducer  array  having  a  horizontal  beam  will  experience  a  lower 
ambient  noise  background  when  operating  at  great  depth  than  when  operating 
near  the  surface. 

7.  Reverberation  Factor:  Reverberation  Index 

Although  the  subject  of  reverberation  will  not  be  discussed 
until  later,  a  brief  account  of  the  effect  of  the  directional  characteristics  of 
transducers  upon  the  received  reverberation  will  be  given  in  this  section.  We 
shall  restrict  our  attention  to  the  ideal  case  of  volume  reverberation  in  an 
infinite  homogeneous  ocean.  It  is  assumed  tnat  when  a  ping  is  sent  out  by  the 
transducer,  every  cubic  yard  of  water '.scatters  back  to  the  transducer  a 
constant  fraction  ox  the  incident  acoustic  radiation.  Considered  as  a  function 
of  the  direction  in  space  relative  to  the  beam  axis,  the  intensity  of  the 
incident  radiation  over  a  sphere  surrounding  the  transducer  is  proportional 
to  the  relative  transmitting  response  H(^>  $)*  Since  the  returning  reverberation 
comes  in  at  the  same  angle  as  the  outgoing  radiation  which  caused  it,  the 
effect  on  the  receiving  array  is  proportional  to  the  relative  receiving  response 
■q'(9,  <f>)  .  Thus,  the  overall  effect  of  the  reverberation  is  proportional  to  the 

product  of  these  two  functions  The  reverberation  factor  is  the  integral 
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of  this  combined  relative  response  over  the  sphere, 

dR  =  ^  n  n (©»  +)  V(8.  $)  dQ  (786) 

The  reverberation  index  is  the  decibel  equivalent  of  d^, 

°R  =  10  lQg  ^  (?8?) 

XV 

If  we  assume  that  the  transducer  is  reversible,  then 

4 

and 


We  shall  apply  this  result  to  two  representative  cases,  the 
continuous  line  and  the  rectangular  plate.  For  the  continuous  line  we  obtain 

2L 

1  p  sin  ij;  .4 

dR  =  71  J  J  (  ~ 77^)  cos  0  de  d<j> 
tt_  0  ^ 

"2 

ir-6 

.X 

a.  p  .  sm  id  .4  . .  , 

=  71 1  <  +  ’  d*  <789' 

Successive  integration  by  parts  leads  to  the  expression 

dR  ”  jp  [4  Si  <-p>  -  2  Si  <T -  7C(6  sin‘  T  -  8  sin4T> 

-  2  & )2  s”3  T  cos  T"  "  &  >2  sin4  T  ]  l789*) 

When  the  transducer  is  more  than  one  or  two  wavelengths  long  this  formula 
may  be  approximated  by 

dR  ~  JZ  (789b) 


ri  (0, 4>)  V  (e,  4>)  =  if  (e,  <}>) 


_  p(9»  4>) 
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The  approximate  reverberation  index  is 

3 1 

Dr  tz  10  log  — 

/V 


=  10  log  —  +  10  loS  2 


D+  1.76  db 


(790) 


Thus  the  reverberation  index  is  larger  than  the  directivity  index  by  about 
1. 8  db. 

A  similar  approximation  may  be  obtained  for  a  rectangular 
plate,  the  result  being 

dR  »  Q-A-  <791) 


Dr  ~  10  log  +  10  log  | 


D  +  3.52  db 


(792) 


As  a  rough  rule  of  thumb  the  reverberation  index  is  about 
1.8  db  larger  thrn  the  directivity  index  for  transducers  whose  beams  are 
spread  cut  over  the  equatorial  plane  (for  example,  linear  transducers)  and 
about  3.5  db  larger  for  transducers  with  a  searchlight  pdttern  (foi  example, 
circular  piston  and  rectangular  plate). 

8.  Capture  Area 

Wheii  a  transducer  is  used  as  a  hydrophone  the  input  power  is 
obtained  from  the  acoustic  radiation.  The  maximum  power  which  can  be 
obtained  from  the  radiation  is  called  the  available  power.  It  is  obtained 
when  the  waves  are  coming  in  the  direction  of  the  maximum  response  axis. 
Since  the  acoustic  intensity  is  a  measure  of  the  power  per  unit  area,  the 
available  power  must  be  equal  to  the  product  of  the  intensity  by  the  effective 
area  of  the  hydrophone,  which  is  called  the  capture  area,  Ac. 
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For  a  hydrophone  which  is  in  the  form  of  a  plate  whose 
dimensions  are  large  compared  to  the  wavelength  of  sound,  the  capture 
area  is  approximately  equal  to  the  actual  area  of  the  plate.  This  area  is 
related  to  the  directivity  factor  and  the  wavelength  by  equation  (771).  Thus 

X.2  c2 

c  4ird  4irf2d 

*■  It  has  been  found  from  radio  antenna  theory  that  equation  (793) 

yields  approximately  the  correct  value  of  the  capture  area  for  all  types  of 
+>  antennas;  it  likewise  yields  approximately  the  correct  value  of  the  capture 

area  for  all  types  of  acoustic  hydrophones.  The  capture  area  is  equal  to 
the  actual  area  only  for  hydrophones  having  a  relatively  large  area.  For 
tothei  types  this  is  not  the  case. 


Let  us  consider  two  examples.  First,  a  linear  hydrophone. 
The  directivity  factor,  according  to  (764a),  is  approximately 


Therefore  the  capture  area  is 

a  -  A2  IL  =  lc 

c  4ir  \  2n  2irf 


(794) 


The  capture  area  of  a  linear  hydrophone  is  proportional  to  the  length  and 
inversely  proportional  to  the  frequency. 

Second,  an  omnidirectional  hydrophone.  The  directivity  index 
is  by  definition  unity. 


Therefore  the  capture  area  is 


Ac  = 


d  =  1 


4  it  Arrf2 


(795) 


The  capture  area  is  inversely  proportional  to  the  square  of  the  frequency  and 
is  independent  of  the  actual  area  of  the  hydrophone. 
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TECHNOLOGY  OF  UNDERWATER  SOUND 
(REVISED  NOTES) 


TRANSDUCERS  (continued) 

C.  Thermal  Noise, 
i.  Introduction. 

In  the  detection  of  acoustic  signals  the  sonar  operator  must 
always  compete  with  background  interference.  Some  sources  of  interfering 
noise  can  be  controlled  to  varying  degrees;  others,  such  as  ambient  sea 
noise,  depend  on  meteorological  conditions  and  other  accidents  of  nature. 
Even  though  under  ideal  conditions  it  is  conceivable  that  all  these  sources 
of  noise  might  be  reduced  to  negligible  proportions,  there  is  one  basic  factor 
that  sets  a  lower  limit  below  which  signals  cannot  be  detected.  This  factor  is 
thermal  agitation. 

According  to  the  kinetic  theory  of  matter,  all  the  elementary 
particles  of  which  matter  is  composed  are  in  a  continual  state  of  agitation. 
This  energy  of  agitation  is  proportional  to  the  absolute  temperature.  In  a 
gas  each  molecule  possesses  on  the  average  an  amount  of  energy  equal  to 

|n  k0  Tk 

where 

n  =  number  of  degrees  of  freedom  per  molecule 

kQ  =  Boltzmann's  constant  =  1.371  x  10"^  erg/0  Kelvin 
=  1.371  x  10”23  joule/  “Kelvin 

T^-  =  absolute  temperature  in  degrees  on  the  Kelvin  scale 
(=  273.2  plus  Centigrade  temperature) 

The  simplest  molecules  are  those  of  the  inert  gases,  like  neon, 
which  consist  of  a  single  atom.  These  molecules  possess  three  degrees  of 
freedom  by  virtue  of  their  translational  motion  in  three  dimensions.  More 
complicated  molecules  may  have  rotational  and  vibrational  degrees  of 
freedom  in  addition  to  the  three  translational  degrees  of  freedom.  The 
theorem  of  equipartition  of  energy  states  that  on  the  average  the  energy  of  a 
molecule  is  equally  divided  among  all  of  its  degrees  of  freedom. 


As  a  result  of  the  pioneering  work  of  .J.  B.  Johnson  and 
H.  Nyquist  of  the  Bell  Telephone  Company,  and  the  developments  of 
statistical  theory  which  have  grown  out  of  their  work,  the  concepts  ofcl'a$'5>‘C±l 

statistical  Mechanics 

,\  hxi/c,  ,been  extended  to  broadband  random  processes  in  general  and 
thermal  noise  in  particular.  If,  for  example,  we  consider  the  noise  voltage 
generated  in  a  resistor  by  the  thermal  motions  of  the  electrons  of  which  it 
is  composed,  we  find  that  this  is  a  typical  broadband  random  process. 

Suppose  this  noise  is  filtered  through  a  bandpass  filter  having  a  bandwidth 
W.  It  has  been  shown  that  if  this  voltage,  considered  as  a  function  of  time, 
is  sampled  at  a  rate  not  exceeding  —7—  samples  per  second,  these  samples 
are  statistically  independent  random  variables.  The  maximum  number  of 
statistically  independent  samples  which  can  be  obtained  in  any  time  t  is 
2  V/t.  Each  independent  sample  may  be  considered  as  equivalent  to  a  degree 
of  freedom.  By  the  equipartition  theorem,  the  total  thermal  energy  generated 
by  the  electrons  in  the  resistor  in  a  bandwidth  W  in  time  t  is 

i(2Wt)k0  TK  =  WtkQ  TK 

The  average  thermal  power  generated  in  the  resistor  in  the  frequency  band 
of  width  W  is  the  energy  per  unit  time, 

Pth  =  kc  TKW  (801) 

and  the  average  power  per  unit  band  is 

Pth 

Uth  =  —  =  kG  TK  (802) 

To  compute  the  rms  noise  voltage  in  the  band  W,  we  picture  the  resistor 
as  being  equivalent  to  an  a.c.  generator  having 


an  emf  whose  rms  value  is  the  thermal  noise  voltage  eth  and  whose  internal 
resistance  is  the  resistance  R  of  the  resistor  under  consideration,  The  value 
of  eth  is  such  that  the  available  power  from  this  equivalent  generator  is  equal 
to  the  thermal  power  of  (801).  The  available  power  is  the  maximum  power 


which  can  be  drawn  when  the  load  impedance  is  matched. to  the  source 
impedance.  The  actual  power  which  is  drawn  from  a  power  source  depends 
upon  both  the  load  impedance  and  the  internal  impedance  of  the  source.  If 
the  source  and  load  impedances  are 

zs  =  Rs  +  j  Xs 
ZL  =  rL  +  j  Xl 


the  "ms  current  is 


[(Rs  +  rl)2  +  (xs  +  xL)2J/2- 


and  the  power  delivered  to  the  load  is 

PL  =  i2  RL  =  7 


_ e2  Rl. _ 

(Rs  +  Rl)2  +  (xs+-xL)2 


(803) 


If  the  impedance  of  the  source  is  fixed,  the  maximum  output  power  is  obtained 
by  matching  the  load  impedance  to  the  source  impedance.  The  optimum  values 
are  obtained  by  taking  the  derivatives  of  Pl  with  respect  to  Rl  and  XL  and 
setting  these  equal  to  zero.  Thus, 

9PL  _  e2  2(Rs+RL)e2RL  _  A 
^RL  =  Z2  “  P 

3pL  2(Xs  +  XL)e2RL  ^ 

SxT* - -  =  ° 

where  Z2  =  (Rs  +  Rl)2  +  (Xs  +  XL)2 


These  equations  solve  to 


Rl  =  Rs 


(804a) 

(804b) 


XL  =  -  Xs  (o04b) 

♦  '  , 

The  maximum  power  is  drawn  from  a  generator  when  the  load  impedance  is 
the  complex  conjugate  of  the  source  impedance,  that  is,  when  the  load 
resistance  is  equal  to  the  source  resistance  and  the  load  reactance  is  equal  to 


f  | 
;  j 


the  negative  of  the  source  reactance  (inductive  vs.  capacitance,  or  vice  versa). 
In  this  case  the  overall  circuit  is  purely  resistive  and  half  of  the  power 
generated  by  the  emf  is  dissipated  in  the  internal  resistance  and  half  in  the 
load  resistance.  Substituting  (804a)  and  (804b)  into  (803),  we  see  that  the 
maximum  load  power,  or  available  power  from  the  source,  is 

PAV!  =  4r  (805) 

In  the  case  of  thermal  noise  in  the  resistor  R,  (805)  leads  to 


the  following 


Pth  =  ko  TK  W 


e2th 


4R 


or 


eth  =  R  kQ  TK  W 


(806) 


2.  Thermal  Equivalent  Water  Noise. 

Thermal  agitation  affects  a  hydrophone  in  two  ways:  (a)  the 
molecules  oi  water,  which  are  constantly  in  motion,  strike  the  hydrophone  in  a 
random  manner  and  generate  a  noise  voltage;  (b)  the  electrons  in  the  electrical 
circuit  elements  of  the  hydrophone  experience  thermal  agitation  and  generate 
noise  in  the  circuit. 

The  thermal  agitation  of  the  water  molecules  is  a  basic  property 
of  the  medium  and  its  effect  upon  a  hydrophone  is  most  conveniently  described 
in  terms  of  a  hypothetical  equivalent  acoustic  wave  which,  when  received  in 
the  conventional  manner  by  an  omnidirectional  hydrophone,  produces  the  same 
electrical  output  as  the  molecular  motions.  The  total  power  per  unit  band 
received  from  the  water  is  the  same  as  that  generated  by  the  load  resistor  in 
the  equivalent  circuit  of  the  hydrophone,  its  value  being  given  by  (802).  The 
thermal  equivalent  intensity  per  unit  band,  is  that  value  which,  when 

multiplied  by  the  capture  area  of  the  hydrophone,  is  equal  to  the  thermally 
generated  power  per  unit  band 

Jth  Ac  =  Uth  (807) 
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The  capture-area  of  an  omnidirectional  hydrophone  is  given  by  (795) 


Ac  4tt  f2 


Hence 


T  _  4tt  f2  kQ  TK 

Jth  -  - r - 


(795) 


.  (808) 


If  the  Boltzmann  constant  is  expressed  in  joules/  °K,  c  in  cm/sec,  and  f  in 
cps,  then  Jth  is  in  watts/cm2  cps  and  the  thermal  equivalent  spectrum  level. 


L'th  is 


I-th  =  10  log  Jth 

c2 

=  20  log  f  -  10  log  — ~ —  db//watt/cm2  cps 


(809) 


As  a  numerical  example,  if  the  water  temperature  is  60  °F,  so  that 
Tk  =  288.  7  °K,  the  thermal  equivalent  spectrum  level  is 


Lth  =  20  log  f  "  296.  5  db //watt/cm2  cps 


(810) 


Lj-h  =  20  log  f  -  174.6  db//tib2/cps 


(810a) 


The  thermal  equivalent  spectrum  level  increases  with  frequency. 
Ordinary  ambient  sea  noise,  caused  chiefly  by  the  action  of  wind  and  waves, 
decreases  with  frequency.  In  the  frequency  range  above  a  few  hundred  cps, 
ambient  sea  noise  is  described  by  the  Knudsen  curves  which  relate  the 
spectrum  level  to  the  frequency  and  the  sea  state.  These  curves  are  based  on 
measurements  made  during  World  War  II.  Although  some  more  recent  measure¬ 
ments  have  shown  considerable  variability  in  ambient  noise  levels,  the 
Knudsen  curves  are  still  widely  used.  Dr.  H.  O.  Benecke,  while  at  the 
Naval  Air  Development  Center,  fit  the  Knudsen  curves  with  an  empirical 


formula 


Lamb  =  -54  +  50  log  (ns  +  1)  -  17  log'f  db//xb2/cps  (811) 


where  n,c  denotes'the  sea  state  and  f  is  the  frequency  in  kc/sec.  (The  frequency 
in  (810)  is  in  cps, )  Comparison  of  (811)  with  (810a)  shows  that  the  ambient 
noise  is  equal  to  the  thermal  noise  at  60 ’F  when 


(f  in  K<j 


37  log  f  =  60.6  +  30  log  (ns  +  1) 
or,  when  f  has  the  values  listed  below 


Sea.State 


0 

2 

4 

6 


Frequency 

(kc/sec) 

43 

105 

160 

210 


In  the  range  of  frequencies  of  interest  in  most  sonars  the  thermal  noise 
level  is  well  below  the  other  noise  encountered  in  the  sea. 

If  the  transducer  has  directivity,  the  effect  of  the  thermal  agita¬ 
tion  relative  to  signals  received  along  the  maximum  response  axis  is  reduced* 
The  general  formula  for  the  capture  area  is  (793),  which  includes  the 
directivity  factor  d.  At  any  given  frequency  the  capture  area  of  a  directional 
transducer  is  larger  than  that  of  an  omnidirectional  transducer  by  a  factor  d. 

The  thermal  equivalent  intensity  per  unit  band  in  this  case  is 

47rf2k0Tkd 

J  2 

CZ 

and  the  thermal  equivalent  spectrum  level  is 

Lth  =  20  log  f  -  10  log  4~-k-0~rK  "  °  {813) 

where  D  is  the  receiving  directivity  index  of  the  transducer. 

3.  Thermal  Equivalent  Hydrophone  Noise. 

Thermal  noise  originating  in  the  electrical  circuit  components 
of  the  hydrophone  appears  directly  as  noise  at  the  output  terminals.  If  we 
wish  to  express  this  noise  in  terms  of  an  equivalent  acoustic  wave  in  the 
water,  we  must  take  into  account  the  efficiency  of  the  hydrophone.  In  the 
previous  discussion  we  were  concerned  only  with  replacing  the  actual  thermal 
noise  in  the  water  with  an  equivalent  noise.  Both  the  actual  and  equivalent 
noise  sources  were  located  at  the  mechanical  input  to  the  hydrophone  and  both 
suffered  the  same  efficiency  loss  in  the  transformation  from  input  acoustic 
to  output  electrical  power.  Now,  however,  the  source  of  the  noise  is  electrical, 
and  we  are  replacing  it  with  an  equivalent  acoustic  source.  In  order  that  the 
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_ _ 


acoustic  power  be  truly  equivalent;  we 

must  multiply  it  by  the  efficiency  before  setting  it  equal  to  the  internally 
generated  noise  power.  Let  rj  denote  the  acousto-electrir.  efficiency  and 
let  Nae  be  the  corresponding  loss  in  decibels 

NAS  =  -  10  log  ^ae  '  '  *  (814) 

Then  if  is  the  thermal  equivalent  intensity  per  unit  band  corresponding 
to  the  internally  generated  thermal  noise)  or  transducer  equivalent  intensity 


per  unit  band,  we  have 


Ac  i. 


j.  -  4ir  f2  k° Tk  d 

th  ^AE 

and  the  transducer  equivalent  spectrum  level  is 

Hh  =  10  lQg 


(815) 


=  20  log  £  +  NaE  ‘  D  -  10  log  ■  (8l6) 


For  satisfactory  performance  it  is  desirable  that  the  overall 
thermal  equivalent  spectrum  level  (including  the  thermal  effects  of  both  the 
water  and  the  internal  electrical  components)  be  at  least  10  db  below  the 
ambient  noise  level. 


D.  Calibration  of  Transducers 

This  section  will  be  limited  to  a  brief  discussion  of  some  of  the 
principles  involved  in  transducer  calibration.  A  description  of  the  hardware 
and  operational  procedures  employed  in  transducer  calibration  stations  is 
beyond  the  scope  of  these  notes. 

Calibration  measurements  are  made  for  a  number  of  different 
purposes,  such  as  to  determine  beam  patterns,  frequency  response,  and 
sensitivity.  For  many  of  these  purposes,  such  as  the  determination  of  beam 
patterns,  only  relative  measurements  are  required.  However,  the  determina¬ 
tion  of  sensitivity  requires  absolute  measurements  -  that  is  to  say, 
measurements  of  the  relationship  between  the  electrical  input  and  acoustical 
output  of  a  projector,  and  the  relationship  between  the  acoustical  input  and 
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electrical  output  of  a  hydrophone.  In  routine  operations,  such  measurements 
are  made  relative  to  a  calibrated  standard  transducer.  Thus,  although  the 
routine  measurements  are  in  this  sense  relative  measurements,  they  depend 
ultimately  upon  the  absolute  calibration  of  the  standard.  Absolute  measure¬ 
ments  are  made  by  a  method  which  is  based  on  the  reciprocity  theorem,  which 
we  shall  discuss  shortly.  Before  doing  this,  however,  we  shall  introduce  a 
little  background  material. 

1 .  Transducer  Sensitivity. 

The  transmitting  sensitivity  of  a  projector  is  the  ratio  of  the 
free-field  pressure  produced  a r.  a  specified  distance  from  the  transducer  to  the 
input  electrical  current. 

„  Free-field  rms  pressure  at  distance  r 

St  - - - -  (821) 

A  Input  rms  current 

Because  of  the  spreading  of  sound  waves  the  sensitivity  is  a  function  of  the 
distance  r.  In  these  notes  we  shall  make  the  following  assumptions: 

(1)  For  a  directional  transducer  we  shall  consider  pressure  to  be 
measured  on  the  beam  axis. 

(2)  We  shall  consider  only  the  far -field  response. 

The  term  "free-field"  signifies  that  the  pressure  is  due  to  the 
outgoing  wave  alone,  the  field  being  free  of  reflections  from  any  bounding 
surfaces. 

For  the  purpose  of  standardization,  the  sensitivity  should  be 
referred  to  a  standard  distance,  such  as  1  yard.  Actual  measurements,  of 
course,  must  be  made  in  the  far  field  (or  suitable  corrections  must  be 
applied  to  near-field  measurements),  and  the  conversion  to  the  1  yard  refer¬ 
ence  distance  is  made  by  application  of  the  spherical  spreading  law. 

In  the  CGS  system  the  transmitting  sensitivity  is  expressed  in 
pb/'ampere,  and  in  the  MKS  system  in  (newtons/m2)/ampere,  where 

1  newton/m2  =  10  pb 

The  sensitivity  is  also  frequently  expressed  in  decibels.  Since 
the  power  is  proportional  to  the  square  of  the  pressure  and  to  the  square  of 
the  current,  the  sensitivity  is  20  log  5t>  in  db  referred  to  1  pb/amp  or 
1  (newton^my^Amp. 
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The  receiving  sensitivity  of  a  hydrophone  is  the  ratio  of  the 
open-circuit  output  voltage  to  the  free-field  pressure  at  the  location  of  the 
hydrophone 

Outp  it  cpen -circuit  rms  voltage  /o??\ 

k  Free-field  rms  pressure  ' 


Here  we  assume  that  the  pressure  is  due  to  a  plane  wave  arriving  in  the 
direction  of  the  beam  axis.  Also,  it  should  be  noted  that  in  general  the 
presence  of  the  hydrophone  alters  the  sound  field.  The  pressure  appearing 
in  the  definition  (822)  is  understood  to  be  the  pressure  which  would  exist  if 
the  hydrophone  were  not  there.  Expressed  in  decibels  the  receiving  sensi¬ 
tivity  is  20  log  Sr,  in  db  referred  to  a  volt  per  microbar  or  a  volt  per 
newton/m2,  depending  on  the  system  of  units. 

2.  Pressure  Due  to  a  Simple  Source;  Extended  Source 

At  this  point  we  shaL'  -xtend  our  earlier  discussion  of  spherical 
waves.  The  pressure  and  particle  velocity  of  a  spherical  wave  was  expressed 
in  terms  of  an  arbitrary  constant  A  in  equations  (136)  and  (138).  Let  us  now 
assume  that  the  spherical  wave  is  generated  by  a  small  pulsating  sphere  of 


mean  radius  a,  such  that 


a  <  <  \ 


(823) 


Let  the  rate  of  change  of  the  radius,  that  is,  the  radial  velocity,  be 

u  =  UeJwt  (824) 

At  the  surface  of  the  sphere,  the  particle  velocity  of  the  water  must  be  equal 
to  the  velocity  of  the  spherical  surface.  Therefore,  when  r  =  a-,  equations 
(138)  and  (824)  yield 

U  =  -A-  (1  -  J_)  e  -->ka 

pea  ka 


^0  -  ka)(l  -  jka  +  ...) 


“  77 

But  from  (823)  we  see  that,  since  k  =  —  » 

A. 

ka  <  <  1 

If  we  neglect  ka  in  comparison  with  1,  we  obtain 

A  =  j  p  cka2  U 


(825) 


(823a) 


(826) 
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Let  us  now  express  U  in  terms  of  the  rate  of  change  of  the 
volume  of  the  sphere.  The  amplitude  of  the  pulsation  is  the  integral  of 
(824),  so  that  the  volume  of  the  sphere  is 


V  =  %  (a  t-i.  f 

3  ' 


(827) 


Since  the  amplitude  —  is  assumed  to  bo  small  compared  to  a,  we  may  retain 
only  the  first  power  of  U  in  the  expansion  of  (827) 


,T  4-rra3  ,  47ra2U 
V  =  —  +  — : - — 


(827a) 


Then 


Q  =  4tt a2  U  (828) 

The  quantity  Q  is  called  the  volume  velocity  of  the  sphere. 

Note  that  (828)  could  have  been  derived  directly  by  observing  that  for  small 
amplitudes  the  volume  velocity  is  the  product  of  the  linear  velocity  and  the 
area  of  the  spherical  surface.  Substitution  of  (828)  into  (826)  yields 


A  =  JfSiiQ  =  ip.Q 
4tt  2X. 

The  acoustic  pressure  at  a  distance  r  (136)  is  then 

_  -  A  j(wt-kr) 

P  "  ~2Xr  ' 


(829) 


(830) 


The  small  sphere  which  generates  the  pressure  field  (830)  is 
called  a  simple  source  and  the  volume  velocity  Q  is  called  the  strength  of  the 
source. 

If  we  now  consider  an  extended  source  consisting  of  a  radiating 

surface  of  finite  area,  we  may  break  up  the  surface  into  elements  dS,  as  we 

did  in  deriving  beam  patterns,  and  treat  each  element  as  a  simple  source. 

The  general  expression  for  the  pressure  is  then 

j(wt-kr') 

P  =  iff  JJ  5 - TT -  Un  dS  (831) 


where  r1  is  the  distance  from  the  element  dS  to  the  point  at  which  the  pressure 
is  computed  and  Un  is  the  component  of  the  velocity  amplitude  normal  to  the 
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surface.  If  we  restrict  our  attention  to  a  point  on  the  beam  axis  in  the  far 
field,  then  r‘  has  a  constant  value  r  for  all  elements  of  the  surface,  and 

P  =  III  °  j<Wt'kr)  JJUndS  (832) 

s 

In  this  case  the  pressure  along  the  axis  is  equal  to  that  produced  by  a  simple 
source  of  strength 

Qs  =  JJ  Un  dS  (833) 

s 


3.  The  Reciprocity  Theorem 

The  relationship  between  the  transmitting  and  receiving 
sensitivities  of  a  reversible  transducer  can  be  determined  from  an  applica¬ 
tion  of  the  reciprocity  theorem  stated  by  Lord  Rayleigh  in  his  classical  work, 
The  Theory  of  Sound.  The  theorem  states  that  in  a  linear  network,  if  we 
observe  the  output  in  branch  B  caused  by  an  input  in  branch  A,  and  if,  on 
the  other  hand,  we  observe  the  output  in  branch  A  caused  by  an  input  in 
branch  B,  then  the  ratios  of  the  outputs  to  their  respective  inputs  will  be 
equal. 


To  apply  this  theorem  to  the  calibration  of  a  transducer,  the 
network  under  consideration  consists  of  the  transducer  plus  the  acoustic 
medium  out  to  the  point  P  at  distance  r.  Let  branch  A  be  the  electrical 
terminals  of  the  transducer  and  branch  B  be  located  in  the  medium  at  the 
point  P.  The  inputs  and  outputs  are  as  follows: 

Input  A:  Electrical  current 

Output  b:  Free-field  pressure  at  P 
Input  B:  Simple  source  at  P 

Output  A.:  Open-circuit  voltage  at  terminals 
Let  the  following  quantities  refer  to  ms  values: 

I  =  input  current 

p1  =  free-field  pressure  at  P  due  to  I 
Q  =  strength  of  simple  source  at  P 
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p  =  free-field  pressure  at  transducer,  due  to  Q 
E  =  open  circuit  voltage  due  to  p  (and  hence  to  Q) 

Then  the  sensitivities  are 

sT  =  ~  (834) 

Sr  =  |  (835) 

and  the  reciprocity  thereon  states 

~  (MKS  system)  (836) 

Although  we  shall  not  prove  the  theorem,  a  few  words  of 
explanation  may  be  useful.  When  the  transducer  is  used  as  a  projector,  the 
pov/er  is  applied  at  the  electrical  terminals.  At  the  other  end  the  source  is 
removed  and  the  free-field  pressure  is  the  "open-circuit"  output.  When  the 
transducer  is  used  as  a  hydrophone,  the  input  power  is  applied  acoustically 
at  the  simple  source  Q;  the  electrical  power  source  is  removed,  and  the 
output  is  the  open-circuit  voltage.  We  have  previously  considered  an  electro¬ 
acoustic  network  in  which  force  and  linear  velocity  were  the  analogs  of  voltage 
and  current.  Here  the  corresponding  quantities  are  pressure  and  volume 
velocity.  A  check  of  the  dimensions  in  (836)  will  show  that  both  products  EX 
and  p'Q  have  the  dimensions  of  power.  A  more  careful  check  of  the  units 
reveals  the  following. 

The  product  El  (volts  x  amperes)  is  expressed  in  watts. 

The  product  p'Q  has  the  dimensions  of  force/area  times  volume/ 
sec,  which  is  force  x  velocity.  In  the  MKS  system 
1  newton  x  1  meter/sec  =  1  watt 
In  the  COS  system 

1  dyne  x  1  cm/sec  =  1  erg^sec  =  lO-^  watt 
Therefore,  the  reciprocity  relation,  as  expressed  in  (836)  is  valid  only  in 
the  MKS  system.  In  the  CGS  system  it  must  be  replaced  by 

E_  =  i07  ~  (CGS  system)  (836a) 
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From  here  on  we  shall  assume  the  CGS  system  and  shall  use  (836a). 

We  are  now  in  a  position  to  relate  the  sensitivities  Sx  and  Sr. 
The  pressure  generated  at  the  transducer  by  the  source  Q  is  given  by  (830). 
If  we  consider  p\  I,  E,  and  Q  to  be  rms  values,  then,  since  the  absolute 
value  of  the  complex  exponential  is  1,  or 


the  rms  pressure  is 


so  that 


.  ej(wt-kr)|  =  j 


pcQ 

p  = 


p1  _  IQ7  pc  E_ 
P  2\r  p 


Insertion  of  (834)  and  (835)  yields 

Sx  = 


107  pc 


(837) 


Sr  =  J  ST 


where 


7  4 

2  x  10" '  \r  cm  sec 


(838) 


(839) 


The  constant  J  is  called  the  reciprocity  parameter. 

It  is  seen  that  the  reciprocity  parameter  depends  only  upon  the 
wavelength  X,  the  distance  r  at  which  the  transmitting  sensitivity  is  measured, 
and  the  specific  acoustic  impedance  pc  of  the  medium.  For  all  transducers  for 
which  this  relation  holds,  the  ratio  of  the  sensitivities  is  independent  of  the 
transducer  parameters. 

4.  Direct  Calculation  of  J  for  Quartz  Crystal  Transducer. 

As  a  check  on  the  general  theorem  stated  above,  let  us  calculate 
the  transmitting  and  receiving  sensitivities  of  the  ideal  quarter -wave  quartz 
crystal  transducer  which  was  analyzed  previously.  The  equivalent  circuit  of 
the  transducer  as  a  projector  is  reproduced  below. 
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The  impedance  zQ  is  the  blocked  impedance  consisting  of  the  clamped 
capacitance  C0  shunted  by  the  leakage  resistance  R0.  The  mechanical 
impedance  z'm  includes  all  the  motional  characteristics  except  the  radiation 
resistance  Rr.  The  previously  defined  mechanical  impedance  zm  includes 
Rr,  so  that' 

2m  =  zrn  *  Rr  (840) 

The  relation  between  the  velocity  amplitude  U  of  the  crystal 
face  and  the  amplitude  of  the  input  voltage  E  is  given  by  (628)  which  may 
be  written  as 

(841) 


U 


2m  +  Rr 


The  relation  between  the  input  current  and  voltage  is  given  by  (648),  which 
may  be  written  as 


I  =  ( 


1 


<? 


Zm  +  Rr 


)E 


Inserting  (842)  into  (041)  we  obtain 

U  = 


<j>Izc 


r  zo  +  zm  +  Rr 


(842) 


(843) 


To  compute  the  pressure  at  a  point  at  a  distance  r  on  the  beam  axis,  we 
make  the  following  assumptions. 

(1)  The  area  S  of  the  transducer  is  a  plane  and  its  dimensions 
axe  large  compared  to  a  wavelength. 

(2)  The  point  at  which  we  desire  to  know  the  pressure  is  in  the 
far  field,  so  that  the  distance  r  is  constant  for  all  points  on  S. 

(3)  The  transducer  is  mounted  in  an  infinite  baffle,  so  that  all 
radiation  is  confined  to  the  forward  hemisphere. 
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With  these  assumptions  the  pressure  is  equal  tb  twice  the 
value  given  by  (832).  If  P  denotes  the  amplitude,  so  that 

•d  Jwt 
p  =  P  e 


p  =  jPcUS  e  kr 
\r 

The  transmitting  sensitivity  is  obtained  from  (843)  and  (844) 

St  a  P|  =  ££S±.  . zg _ 

*  T  \  V*  A  2  ry  A.  ry  l  _L  T? 


(844) 


(845) 


The  equivalent  circuit  for  the  measurement  of  receiving 
sensitivity  is  as  follows 


where  F  is  the  amplitude  of  the  force  exerted  by  the  water  on  the  transducer 
face, 


F  =  P'S 


(846) 


and  P1  is  the  pressure  at  the  transducer  face.  P'  is  not  the  free-field 
pressure,  because  of  the  disturbance  caused  by  the  presence  of  the  trans¬ 
ducer.  Looking  in  at  the  acoustic  input  terminals,  we  see  that  the  circuit 
is  a  series  combination  of  a  mechanical  impedance  ^  and  an  equivalent 
impedance  $  zQ.  Hence  the  relationship  between  P1  and  the  velocity  amplitude 
U  of  the  face  is 

F'S-=  (<j>2  Z0  +  Z^)U  (847) 

and  the  output  open  circuit  voltage  amplitude  is 
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E  .  ZlLUimJL 


<!> 

_  <f>  Zp  P'S 
4>2  20  +  zm 


(848) 


We  must  now  relate  p*  to  the  free-field  pressure  P.  In 
accordance  with  our  previous  assumptions  we  may  treat  the  incoming  wave 
as  a  plane  wave  arriving  in  a  direction  normal  to  the  surface.  In  order  to 
satisfy  the  phase  relations  in  the  transducer  there  must  be  a  reflected  wave, 
which  we  assume  also  to  be  planar. 

The  free -field  pressure  P  is  the  pressure  of  the  incident  wave. 
The  driving  pressure  P'  is  the  sum  of  the  pressures  of  the  incident  and 
reflected  waves.  The  velocity  of  the  surface  is  the  (algebraic)  sum  of  the 
particle  velocities  of  the  two  waves.  If  the  subscripts  i  and  r  refer  to  incident 
and  reflected,  then 


and 


Hence 


Insertion  of  (847)  into  (851)  yields 


Pi  =  pc  Ui  =  P 

(849) 

Pr  =  pc  Ur 

(849a) 

P'  =  Pi  +  Pr 

(850) 

U  =  Ui  -  ur 

(850a) 

we  find 

P'  =  P  +  pc  Ur 

pcU  =  P  -  pc  Ur 

P  =  }(P'  +  pcU) 

(851) 

pcS 


P 1 

P  =  •—  (l  +  ,z  A 

2  zQ  +  zm 


2  r»  rr  *  ^ 


or,  since 


Rr  =  pcS 
P'  =  2P 


£ 


+  Zm 


<|)  z0  +  z^  +  Rr 


The  receiving  sensitivity  is  obtained  by  substituting  (852)  into  (848) 

z, 

t  r*»  ii 

Sr  = 


5  „  24,s 


T  zo  +  zm  +  Rr 


(852) 


(853) 


305 


Comparison  of  (853)  and  (845)  shows 


_  2Xr 
Sr  =  —  ST 
pc 


which  (except  for  the  factor  10  which  we  have  ignored)  is  the  same  as  (838). 
The  ideal  quartz  crystal  obeys  the  reciprocity  theorem. 


5.  Absolute  Calibration  Using  Reciprocity  Theorem. 

To  measure  the  sensitivity  of  a  transducer  by  use  of  the 
reciprocity  theorem,  it  is  necessary  to  employ  three  transducers,  which  we 
shall  label  A,  B,  and  C.  Transducer  A  is  the  transducer  being  calibrated. 

It  must  obey  the  reciprocity  relation;  in  order  to  do  so,  it  must  be  linear  and 
have  the  same  efficiency  when  used  as  a  projector  as  when  used  as  a  hydro¬ 
phone.  Transducer  B  is  used  only  as  a  projector;  its  receiving  character¬ 
istics  are  unimportant.  Transducer  C  is  used  only  as  a  hydrophone;  its 
transmitting  characteristics  are  unimportant. 

The  calibration  consists  of  three  measurements  as  indicated  in 
the  following  sketch  and  table. 


Measurement  No. 

Projector 

Hydrophone 

Input  Current 

Output  Voltage 

%  K 

1 

B 

C 

Ii 

El 

2 

A 

C 

12 

e2 

3 

B 

A 

13 

E3 
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The  receiving  sensitivity  of  transducer  C  is  the  same  in  measurements 
1  and  2,  and  if  the  same  separation  between  transducers  is  employed  in 
measurements  1  and  3,  the  transmitting  sensitivity  of  B  is  the  same  for 
both  measurements.  (If  the  separations  are  different,  an  appropriate  correc¬ 
tion  must  be  m<\  ’e,  based  on  the  fact  that  the  transmitting,  sensitivity  is 
inversely  proportional  to  the  separation  distance. ) 

Let  the  sensitivities  of  the  three  transducers  be  identified  by 
subscripts  A,  B,  and  C.  Now,  in  each  measurement  the  free-field  pressure 
produced  by  the  projector  is  identical  to  the  free-fieid  pressure  measured  by 
{he.  hydrophone.  In  och  er  words,  the  pressure  p'  in  the  transmitting  sensi¬ 
tivity  of  the  projector  is  the  same  as  the  pressure  p  in  the  receiving  sensi¬ 
tivity  of  the  hydrophone.  Applying  equations  (834)  and  (835)  to  the  three 

measurements,  we  obtain  the  following  relations 

E, 

STB  SRC  =  —  (854a) 

e2 

StaSrc  =  (854b) 

E3 

StB-Sra  =  jj*  (854c) 

Furthermore,  the  reciprocity  relation  (838)  applies  to  transducer  A 


S'ra  =  J  STA  (855) 

The  above  four  equations  may  now  be  solved  to  give  the  following  results 

I1!  E2  e3 


StA  * 


■El  I2  13  J 


(856a) 


,  jhW^r  ,as^ 

Sra  Vnw  (  ’ 

Also,  as  a  by-product,  the  sensitivities  StB  and  Srq  may  also  be  evaluated 


STB  = 


Is  l  12  e3 

TlE?l3  J 

^El  e2  I3  J 

II  12  E3 


(857) 


(858) 
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6.  Requirements  for  Free-Field  Calibration, 

For  accurate  calibration  it  is  important  that  the  sound  field  at 
the  receiving  hydrophone  be  free  from  reflections  from  the  bounding  surfaces 
of  the  body  of  water  in  which  the  measurements  are  made.  Unless  special 
precautions  are  taken  or  special  methods  are  used,  the  only  way  of 
guaranteeing  free -field  conditions  is  to  make  the  dimensions  of  the  test 
facility  so  large  that  the  spreading  loss  of  the  reflected  paths  reduces  the 
reflected  intensity  to  acceptable  levels.  For  very  precise  measurements  the 
reflected  signals  should  be  at  least  40  db  below  the  direct-path  signal. 
However,  for  most  measurements  a  reduction  of  20  db  is  adequate. 

When  the  calibration  is  done  in  lakes  or  other  large  bodies  of 
water,  the  limiting  dimension  is  usually  the  water  depth.  For  minimum 
interference  from  both  top  and  bottom,  the  two  transducers  (the  transducer 
being  calibrated  and  the  reference)  should  be  located  half-way  down.  If  h  is 
the  water  depth,  there  is  then  a  clearance  of  jrh  above  and  below.  If  the 
transducers  are  separated  by  a  distance  r,  the  ^requirement  that  the  spreading 
loss  of  the  surface -or -bottom -reflected  path  be  at  least  20  db  higher  than  that 
of  the  direct  path  is 

20  log  -  >  20 
r  — 


or  h  >  10  r  (858) 

Since  the  minimum  acceptable  depth  depends  upon  the 
separation  r,  we  must  investigate  the  requirements  placed  upon  r.  We  have 
already  seen  that  to  achieve  far-field  conditions  the  separation  must  meet  the 
requirement 


d2 

r  *  T 


(859) 


where  d  is  the  maximum  linear  dimension  of  the  active  portion  of  the  trans¬ 
ducer  and  \  is  the  wavelength.  The  inequality  (859)  is  based  on  the  require- 
ment  that  the  far-field  pressure  distribution  )  along  the  axis  of  a  directive 

transducer.  If  we  consider  the  situation  which  exists  when  the  orientation  is 
at  right  angles  to  the  beam,  we  see  that  the  separation  between  the  nearest 
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portion  and  the  reference  transducer  is  r  -  jd  and  the  separation  between 
the  farthest  portion  and  the  reference  transducer  is  r  +  |-d.  The  difference 
in  intensity  levels  for  such  an  orientation  is 

AL  =  20  log  (f44|) 

A  rule  of  thumb  which  is  commonly  used  for  this  condition  is 

r  >  5d  (860) 

It  is  seen  that  this  rule  leads  to  a  maximum  intensity  difference  between  the 
nearest  and  farthest  elements  of  about  1.75  db. 

From  these  two  conditions  and  from  (858)  we  find  that  the 


minimum  water  depth  is  determined  by 

,  .  1 0  d2 


(861) 


h  >  50d  (862) 

For  large,  highly  directive  modern  transducers  the  depth 
requirements  are  quite  severe.  Depths  of  hundreds  of  feet  are  frequently 
required.  The  Navy  has  two^deep -water  calibration  stations.  One  is 
located  on  Lake  Pend  Oreille,  Idaho,  which  has  a  maximum  depth  in  excess 
of  1000  feet.  The  other  station  is  located  in  the  eastern  part  of  the  country 
on  Seneca  Lake,  New  York,  with  a  depth  of  about  600  feet. 


7.  Special  Calibration  Techniques. 

Since  the  two  large  facilities  have  a  limited  workload  capability, 
it  is  necessary  to  conduct  most  calibration  measurements  in  smaller  local 
facilities.  Most  laboratories  engaged  in  underwater  acoustic  work  have 
small  outdoor  bodies  of  water  which  are  suitable  for  a  large  fraction  of  the 
calibration  measurements.  In  addition,  it  is  useful  to  perform  measurements 
in  indoor  tanks. 

Anechoic  Linings 

When  measurements  must  be  made  in  small  volumes,  the  problem 
of  reflections  can  be  alleviated  by  a  number  of  special  techniques.  The  most 
obvious  idea  is  to  make  the  walls  non-reflective.  Considerable  success  has 
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been  achieved  with  a  material  known  as  insulcrete,  consisting  of  sawdust 
and  concrete.  The  boundaries  are  lined  with  wedges  of  this  material. 

One  practical  problem  is  that  for  effective  anechoic  linings  at  low  fre¬ 
quencies  the  wedges  must  be  very  large.  Several  rubber -base  materials 
have  good  abstjyption  characteristics  at  low  pressures  but  are  not  very 
effective  at  high  pressures. 

The  Navy  Electronics  Laboratory  has  recently  developed  a 
nc-.v  type  of  calibration  pool,  Transdec,  in  which  boundary  reflection  is 
controlled.  The  shape  of  the  pool  is  that  of  a  canted  ellipsoid  of  revolution. 
Reflections  from  the  walls  of  the  pool  and  from  the  surface  of  the  water 
terminate  in  an  absorptive  sound  trap  which  surrounds  the  lip  of  the  pool. 

By  this  technique  the  interference  due  to  reflected  energy  is  sharply  reduced 
and  the  far -field  test  region  is  an  appreciable  portion  of  the  total  volume  of 
the  pool. 

Special  Methods  Involving  Transoucer  Directivity 

There  is  a  class  of  techniques  which  fakes  advantage  of  trans¬ 
ducer  directivity  in  order  to  reduce  the  effect  of  reflected  energy.  An 
example  of  such  a  technique  is  the  use  of  a  vertical  line  for  the  reference 
transducer,  the  line  being  so  placed  that  the  reflected  waves  from  the  sur¬ 
face  and  bottom  arrive  in  the  direction  of  a  null  in  the  beam  pattern  of  the 
line.  The  application  of  these  techniques  must  be  worked  out  separately  for 
each  individual  case. 

Pulse  Measurements 

An  appreciable  reduction  in  the  required  dimensions  of  the  test 
volume  can  be  achieved  by  employing  pulsed  operation.  In  this  method  a  short 
pulse  is  emitted  and  received  before  the  boundary  reflections  arrive.  When 
this  method  is  used,  however,  it  is  necessary  that  the  received  pulse  be 
of  sufficient  duration  to  reach  steady  state  before  any  reflected  signals 
arrive.  For  a  transducer  of  small  dimensions  the  time  to  build  up  to  95  per¬ 
cent  of  the  steady  state  value  is  approximately  Q/f,  where  Q  is  the  overall  Q 
of  the  calibration  system  including  the  transducer  under  test.  This  result 
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may  be  obtained  from  the  fact  that  the  transient  build-up  of  the  amplitude 
of  a  series  resonant  circuit  is  proportional  to 


while 


1 


Rt_ 

ZLi 


Q  « 


2u  fp  L 
R 


Hence,  at  95  percent  of  steady  state 


1 


IT  fp  t 
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0.95 
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it  fpt 
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-  log,  0.  05 


3.0  Q  Q 

c  -  .■  <%/  f 

nr  i0  i© 

If  the  transducer  has  appreciable  siae,  an  additional  delay  is 
caused  by  interaction  between  elements,  for  which  an  allowance  should  be 
made  equal  to  the  time  required  for  the  wave  to  sweep  at  least  once  over 
the  maximum,  dimens  ion  d  of  the  transducer.  Furthermore,  in  order  no 
obtain  a  satisfactory  measurement  it  is  advisable  to  continue  the  pulse  for  an 
additional  time  equivalent  to  at  least  three  cycles  at  the  operating  frequency. 
Adding  all  these  time  intervals  and  multiplying  by  the  speed  of  sound,  we 
obtain  the  result  that  the  difference  in  length  Ar  between  the  reflected  path 
and  the  direct  path  should  be  at  least 


Ar  =  (Q  +  3 )  \  +  d 

(864) 

Ar  =  (Q  +  n  +  3 )  \ 

(864a) 

where  n  is  the  number  of  wavelengths  in  the  maximum  dimension,  that  is, 

n  =  f-  (865) 


In  facilities  where  the  depth  h  is  the  limiting  dimension,  this  criterion  may 
be  expressed  as 


Ar  = 


h  =  /lx  Ar  +  (Ar)2  (866) 

As  a  numerical  example,  suppose  the  transducer  is  two  wave¬ 
lengths  long  (n  -  2)  and  the  Q  of  the  system  is  7.  The  criteria  (859)  and 
(860)  give 

-  -  -  4X 


r  2.  -r 


Also, 

The.  required  depth  is  then 


r  >  5(2\)  =  10k 


Ar  =  (7  +  2  +  3)\  =  12h 


h  >  / 2(lOX.)(l2h)  +  (I2h)2 


=  /384h  ~  20X 

The  minimum  depth  as  a  function  of  frequency  is  shown  in  the  following  table. 


Frequency 

(kc) 


Min.  Depth 

(ft.) 


Noise  Techniques 

A  radically  different  technique  having  limited  though  very 
useful  application  to  small  hydrophones  is  the  so-called  noise  method,  in 
which  the  calibration  tank  is  flooded  with  wideband  noise  and  the  frequency 
response  of  the  hydrophone  is  obtained  by  sweeping  through  the  desired 
range  of  frequencies  with  a  bandpass  filter.  The  calibration  is  obtained  by 
comparing  the  results  against  similar  data  taken  on  a  reference  hydrophone. 
This  method  is  used  at  the  Naval  Air  Development  Center  for  calibrating 
sonobuoy  hydrophones  over  a  range  of  frequencies  extending  down  to  200  cps. 
It  is  rapid,  inexpensive,  and  repeatable  to  within  about  ±  1  db,  and  is,  in  fact, 


the  only  economically  feasible  method  of  calibrating  large  quantities  of 
cheap  hydrophones.  Experience  has  shown  that  a  remarkably  uniform  sound 
field  can  be  generated,  the  variation  being  less  than  0.5  db  over  a  range  of 
10  inches,  The  noise  method  is  of  course  subject  to  error  in  the  vicinity  of 
resonant  frequencies  and  its  application  is  therefore  limited  to  relatively 
low-Q  devices. 

8.  Near -Field  Calibration  Techniques 

The  development,  since  World  War  II,  of  larger  and  larger 
transducer  arrays  has  provided  increasing  impetus  to  efforts  to  develop  and 
perfect  near -field  calibration  techniques.  If,  through  suitable  analysis  of 

i 

measurements  made  in  the  immediate  vicinity  of  the  transducer,  one  were 
able  to  predict  the  far -field  pattern,  it  would  then  be  possible  to  carry  out  the 
calibration  procedure  in  a  volume  not  much  larger  than  that  occupied  by  the 
transducer  itself. 

Considerable  effort  has  been  applied  to  this  problem,  both  at  the 
Underwater  Sound  Reference  Laboratory,  Orlando,  Florida.,  and  at  the 
Defense  Research  Laboratory  of  the  University  of  Texas.  Several  methods 
have  been  explored  and  techniques  have  been  developed  to  the  point  where 
routine  calibrations  can  be  run  successful) /  on  many  types  of  transducers. 

In  this  section  we  shall  discuss  the  DRL  method.  It  is  based 
fundamentally  on  Green's  theorem,  which  states  that  if  cj>(x,  y,  z)  and 
i|j  (x,  y,  z)  are  continuous  functions  of  the  spatial  coordinates,  then 

n  <♦!£-*  «  =  JIf  (<t>  ^  )  dv  (867) 

S  V 

where  the  surface  integral  is  taken  over  a  closed  surface  S  and  the  volume 
integral  is  taken  over  the  entire  volume  enclosed  by  S.  The  derivatives 

and  are  taken  along  the  direction  normal  to  the  surface  element 
on  on 

dS,  andV2*s  the  Laplacian  operator  (111). 

In  applying  this  theorem  to  the  near -field  calibration  problem, 
we  surround  the  transducer  with  an  imaginary  surface  S,  which  is  the  surface 
over  which  the  near -field  measurements  are  taken.  At  the  point  P  in  the 
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far  field,  at  which  we  desire  to  determine  the  pressure,  we  place 
(mathematically)  a  simple  source.  We  assume  in  the  present  discussion 
that  the  pressure  field  is  sinusoidal,  and  to  simplify  the  writing  we  shall 
factor  out  the  complex  exponential  ejw'£  which  appears  in  every  term. 

Let  <j>  represent  the  pressure  due  to  the  transducer,  that  is» 
due  to  the  sources  located  within  the  closed  surface  S, 

<j>(x,  y,  z)  =  p(x,  y,  z)  (868) 

and  let  i}/  be 


i|i(x,  y,  z)  = 


jjkr 


(869) 


where  r  is  the  radial  distance  measured  from  the  point  P  at  which  the 

simple  source  is  located,  and  k  is  the  wave  number. 

k  _  2rr  w 

X  c 

The  function  ip  is  proportional  to  the  pressure  which  would  be  created  by  a 

simple  source  located  at  the  point  P. 

« 

We  are  concerned  in  (867)  with  the  region  outside  the  closed 

surface  S.  Since  this  region  extends  all  the  way  to  infinity,  there  are  two 

bounding  surfaces  -  the  surface  S  surrounding  the  transducer,  and  the 

surface  of  the  sphere  at  infinity.  However,  both  4>  and  ip  vanish  at  infinity, 

Sib  6<b  .  . 

and  the  integral  of  <{>  over  the  infinite  sphere  is  zero. 

ei^r 

It  will  be  noted  that  both  the  pressure  p  and  the  function  — — — 
satisfy  the  wave  equation 

SJZ  4>  +  k2(+>  =  0  (870) 

at  all  points  in  space  except  at  a  sound  source.  It  may  be  shown  that  if 
the  region  V  contains  no  sources,  so  that  both  <j>  and  ij;  obey  the  wave 
equation  (870),  then  the  volume  integral  on  the  right  side  of  (867)  vanishes. 
By  our  hypothesis  the  transducer  is  completely  enclosed  within  the  surface  S 
and  is  therefore  not  included  in  the  volume  V.  The  only  source  we  have  to 
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worry  about  >£  trie  simple  source  at  P.  Let  us  exclude  this  source  from  the 
region  oi  integration  by  uu.rrounding  P  with  a  small  sphere  of  radius  a. 

The  volume  integral  is  now  zero  and  in  its  place  we  have  a  surface  integral 
over  the  Jmall  sphere.  Equation  ^867)  is  now  transformed  to  the  following 


JJ 


(—) .  ( 


ej^r  bp 1 

—  8nJ 


dS  =  0 


(871) 


s  sphere 

r  =  a 

Strictly  speaking,  since  we  are  integrating  over  the  region  outside  the 
closed  surfaces,  the  direction  n  in  the  derivatives  in  (871)  should  be 
measured  toward  the  insides  of  the  surfaces.  However,  the  equation  will 
remain  valid  if  we  reverse  the  direction  of  n  in  both  integrals,  so  that  it 
represents  the  outward  normal  to  each  surface.  Considering  the  small 
sphere,  the  normal  n  has  the  direction  of  the  radius  r,  so  that 

JL  •  ^L\  -  d  / ejkr  \ 

^  r  'r=a  dr  r  'r=a 


"  -4(1  -jkajeika 


If  a  becomes  very  small,  this  approaches  the  value 


a  ,  ejkr 

dn  [  r  > 


r=a 


a2" 


Also,  as  a  approaches  zero,  the  pressure  p  approaches  the  constant  value 

p(P),  corresponding  to  the  point  P  at  the  center  of  the  sphere.  Furthermore 
ejkr 

the  factor  — 1—  has  a  constant  value  over  the  surface  of  the  sphere,  while 
^  d  n 

the  pressure  gradient  averages  to  zero  as  the  radius  of  the  sphere 
becomes  very  small.  The  integral  over  the  small  sphere  therefore 
approaches  the  value 


v  J 


sphere 


n 

sphere 


=  -4wp(P) 


The  far -field  pressure  is  obtained  by  substituting  this  result  into'  (871). 


^  1  ref  S  ,  eJfcr 

p(P)  *  Tn  JJ  PS?  ■~>  ■  (  — >5?] 


dS 


(872) 


5  L  uu  r 

where  r  is  the  distance  from  the  far -field  point  P  to  the  element  dS  of  the 
imaginary  surface  S  surrounding  the  transducer,  the  derivatives  are  taken 
along  the  outward  normal  to  S,  and  the  integration  is  carried  out  over  the 
entire  closed  surface.  This  is  the  basic  equation  for  near -field  calibration. 

It  is  seen  that  in  order  to  implement  (872)  exactly,  it  is 
necessary  to  measure  both  the  ampliti  de  and  phase  of  not  only  the  pressure 
but  also  the  normal  component  of  the  pressure  gradient,  at  all  points  over 
the  surface.  In  the  real  world  it.  is  virtually  impossible  to  make  ail  the 
measurement  indicated.  For  practical  measurements  the  following 
approximations  are  made. 


(1)  The  pressure  gradient  is  approximated  by 

||=jkp  (873) 

This  would  be  the  correct  expression  if  the  pressure  wer'e  a  plane  wave 
traveling  in  a  direction  normal  to  the  surface  S.  It  should  be  a  reasonably 
valid  approximation  for  a  transducer  of  moderate  curvature  and  a  close- 
fitting  surface  over  which  the  pressure  does  not  change  rapidly. 

(2)  Since  the  distance  r  to  the  far  -field  is  normally  many 

wavelengths, 


kr  »  I 


the  following  approximation  is  valid 
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j>_  ■  eJ'kr  .  _  d  ,ejkr  5r 
dn  r  dr  r  5n 


=  jk  (1  - 


dr 

3n 


•k 


,ejkr  Sr 


From  the  above  sketch  it  can  be  seen  that 
Sr 


chi 


=  -  cos  f3 


•where  £3  is  the  supplement  of  the  angle  between  r  and  n.  Hence 

d  ,  ejkr  ejkr  . 

^(— )»  "  Jk  (_ )cos£ 


With  these  approximations  (852)  becomes 


P(p)  =  “£  JJ‘(1+cos  PdS 


jkr 
r 


(874) 


(875) 


In  taking  measurements  on  a  projector,  a  small  probe  is  moved 
over  the  surface  S,  and  measurements  of  both  the  amplitude  and  phase  of 
the  pressure  are  made  at  discrete  points.  Although  theoretically  S  is  a 
closed  surface,  in  practice  it  is  not  necessary  to  take  measurements  in 
regions  where  the  pressure  is  very  low.  It  has  been  found,,  for  example, 
that  for  a  planar  array,  it  is  sufficient  to  move  the  probe  only  over  a  plane 
in  front  of  the  array.  For  a  cylindrical  array  the  surface  S  is  a  cylinder 
concentric  with  the  array,  and  the  probe  is  moved  in  a  circle  about  the  axis 
of  the  cylinder.  It  has  been  found  that  three  such  passes  are  usually  adequate, 
one  in  a  plane  through  the  center  of  the  transducer  and.  one  in  each  of  two 
parallel  planes  near  the  top  and  the  bottom  of  the  transducer.  In  calibrating 
transducers  whose  beam  patterns  are  omnidirectional  in  azimuth,  such  as 
line  transducers,  measurements  need  to  be  taken  in  only  one  vertical  plane. 

In  general,  the  spacing  between  adjacent  probe  measurement  positions 
should  not  exceed  one  half  wavelength. 
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The  integration  indicated  by  (875)  is  carried  out  numerically 

on  a  digital  computer  which  has  been  programmed  to  receive  as  inputs  the 

data  obtained  from  the  probe  measurements. 

As  a  check  on  the  near-field  method,  a  number  of  transducers 
*  ’  f  s 

have  been  calibrated  in  the  far  field  by  conventional  methods,  and  the 

results  have  been  found  to  agree  with  the  predictions  from  near -field 
measurements  to  within  about  *  1  db.  Successful  near -field  calibrations 
have  been  carried  out  in  a  tank  whose  diameter  is  less  than  three  times  the 
transducer  diameter.  Such  measurements,  of  course,  are  pulse  measure¬ 
ments;  in  fact,  the  data  obtained  at  such  close  quarters  must  be  based  on 
measurements  made  near  the  leading  edge  of  the  pulse,  before  steady-state 
conditions  are  reached. 

ejkr 

The  function  — - —  in  (869)  is  one  of  a  class  of  functions  known 

as  Green's  functions.  Any  function  which  satisfies  the  wave  equation  (870) 

ejkr 

can  be  used  in  lieu  of  — - —  in  (872)  to  compute  the  far-field  pressure.  It  is 

possible  in  some  cases  to  find  a  shape  of  the  surface  S  and  a  matching  Green's 

function  such  that  the  function  vanishes  over  the  surface,  thereby  reducing  the 

integrand  of  (872)  to  one  term  and  avoiding  the  necessity  for  measuring  the 
5d 

pressure  gradient  bn  *  However,  it  is  difficult  to  measure  the  pressure  over 
surfaces  (such  as  spheres)  for  which  the  Green's  function  is  easily  determined, 
and  it  is  also  difficult  to  find  Grepn's  functions  for  surfaces  over  which  p  is 
easy  to  measure.* 


*  Defense  Research  Laboratory  Report  No.  DRL-A-196,  The  Determination 
of  Farfield  Characteristics  of  Large,  Low-Frequency  Transducers  from 
Nearfield  Measurements,  by  D.  D.  Baker,  15  March  1962. 


E.  Transducer  Systems 

Up  to  this  point  we  have  been  considering  the  characteristics  of 
individual  transducer  elements  and  of  very  simple  arrays  of  omni- 
directiona*  elements.  Many  sonar  systems  both  in  fleet  use  and  in  experi¬ 
mental  development  have  complicated  transducer  systems  consisting  of 
numbers  of  elements  electrically  coupled  in  various  ways.  In  this  section 
we  shall  consider  briefly  a  few  of  the  characteristics  of  these  systems. 

1 .  Directivity  Patterns  of  Simple  Multi-Element  Systems. 

When  a  transducei  array  consists  of  a  number  of  individual 
transducer  elements,  each  having  its  own  individual  directivity  pattern, 
the  overall  pattern  of  the  array  is  a  function  not  only  of  the  individual 
patterns,  but  also  of  the  arrangement  of  the  elements  in  the  array.  In  the 
special  case  where  (i)  all  the  elements  are  identical  and  (2)  all  are  oriented 
in  the  same  direction  in  space,  the  overall  pattern  may  be  computed  in  a 
relatively  simple  manner  from  the  product  theorem,  which  states  that  the 
overall  relative  pressure  response  is  equal  to  the  product  of  the  relative 
pressure  response  of  one  of  the  individual  elements  and  the  relative 
pressure  response  of  a  hypothetical  array  in  which  the  actual  elements  are 
replaced  by  omnidirectional  elements.  As  an  example,  consider  a  plane 
rectangular  array  of  circular  pistons,  each  having  a  radius  a,  and  arranged 
in  a  regular  pattern  of  n  columns  and  m  rows  with  a  spacing  b  between 
adjacent  elements.  Let  0  be  the  polar  angle  measured  from  the  axis  normal 
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to  the  plane  of  the  array  (which  is  also  norn.ai  to  the  face  of  each  of  the 

-  .  .-4 

pistons),  and' let  <j>he  the  angle  in  the  plane  of  the  array  as  indicate d,.in 
the  sketch,  which  determines  the  plane  in  which  0  is  measured.  The 
relative  pressure  ratio  due  to  a  single  piston  is  given  by  (728b) 

[f3]1  • 


(88T) 


The  relative'  pressure  ratio  due  to  a  rectangular  array  of  omnidirectional 
elements  is  (by  analogy  with  (730))  the  product  of  the  ratios  for  two  multi - 
spot  linear  arrays  at  right  angles  to  each  other. 


p(ei4>)‘]  _  sin  (-gnkb  sin  6  cos  <}>)  #  sin  (|- mlcb  sin  6  sin  4>) 
p0  L  n  sin  (|kb  sin  0  cos  <j>)  m  sin  (f  kb  sin  0  sin  <}>) 


(882) 


The  product  theorem  states  that  the  relative  pressure  response  of  the  com¬ 


plete  array  is 


3(0,  <|>) 

Po 


p(0.  *r 


(883) 


This  result  may  be  justified  from  the  following  argument.  In 

.any  given  direction  (0,  $)  the  individual  relative  pressure  response  is  the 

same  for  all  elements.  If  the  array  consisted  of  omnidirectional  elements, 

each  having  a  relative  pressure  response  of  unity  in  all  directions,  the 

response  of  the  array  would  be  — ]  of  (882).  Since  the  response  of 

fp(0T?^  Po 

each  individual  element  isl  p  J  •t^ie  overall  relative  pressure 

response  of  the  complete  array  is  the  product  of  those  two  functions. 

To  compute  the  directivity  factor  of  such  an  array  one  must 
integrate  the  square  of  (883)  over  the  sphere  surrounding  the  array.  This 
is  a  job  which  is  best  done  numerically  on  a  digital  computer.  In  ome 
instances  the  resultant  directivity  factor  turns  out  to  be  the  product  of 
the  individual  directivity  factors 
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2.  Electrically  Steered  Arrays 

To  introduce  this  subject  let  us  imagine  a  transducer  which  is 
in  the  form  of  a  large  rectangular  array  of  omnidirectional  elements.  If 
all  these  elements  transmit  sound  waves  in  phase  (or  if,  when  used  for 
receiving,  the  outputs  are  all  connected  together  with  no  phase  delays), 
then  this  array  will  have  the  relative  pressure  response  (or  relative 
voltage  response)  indicated  by  (882),  with  the  axis  of  the  beam  oriented 
normal  to  the  plane  of  the  rectangle. 

Suppose  now  that  the  rectangular  transducer  surface  ic  oriented 
in  a  vertical  plane  and  that  it  is  desired  to  sweep  the  beam  in  azimuth  or  to 
tilt  it  up  or  down.  An  obvious  way  to  do  this  would  be  to  rotate  the  whole 
array  mechanically  about  a  vertical  or  horizontal  axis.  However,  if  the 
array  is  very  large  and  heavy,  as  indeed  some  are,  such  a  process  might 
be  quite  difficult  and  impractical.  Fortunately,  there  is  another  way  to  do 
this,  which  does  not  require  any  mechanical  motion.  By  inserting  electrical 
delays  in  the  proper  manner,  thereby  shifting  the  phase  of  some  elements 
relative  to  others,  it  is  possible  to  steer  the  array  electrically  in  any 
desired  direction. 

.a.  Electrically  Steered  Linear  Arrays. 

To  illustrate  the  point,  consider  a  multispot  linear  array 
consisting  of  n  uniformly  spaced  omnidirectional  elements,  the  spacing 
being  a.  Let  the  elements  be  A,  B,  C,  •  •  * ,  N,  as  indicated  in  the  diagram 
below.  Considering  the  array  as  a  projector,  let  us  delay  the,  output  of 
B  relative  to  A  by  a  time  T.  We  likewise  delay  C  relative  to  B,  D  relative 
to  C,  etc. ,  by  the  same  time  x.  As  may  be  deduced  from  the  sketch,  the 
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transmitted  wave  will  not  travel  in  the  direction  AP  normal  to  the  line,  but 


in  a  direction  AR  making  an  angle  0O  with  AP,  such  that 


sin  Qn  = 


(884) 


A  typical  wave  front  is  RST,  in  which 
AR  -  BS  =  cr  =  a  sin  0O 
BS  -  CT  =  cr  =  a  sin  0O 


The  effect  of  inserting  the  time  delay  is  thus  to  steer  the 
beam  axis  through  the  angle  0o  given  by  (884).  By  varying  the  time  delay 
r  we  can  steer  the  beam  in  any  direction  we  wish.  Also,  b  reversing  the 
direction  of  the  delay,  that  is,  by  delaying  A-reiative  to  B,  etc.,  instead  of 
B  relative  to  A,  etc. ,  we  can  steer  the  beam  in  the  opposite  direction. 

The  series  of  net^rofrks  by  which  these  delays  are  applied 
is  called  a  delay  line  or  lag  line,,  and  the  entire  system  including  the 
switching  mechanism  by  which  the  amount  of  the  delay  is  adjusted,  is  called 
a  compensator.  The  angle  0O  is  called  the  compensation  angle  or  steer 
angle.  The  electrical  phase  angle  i)<c  which  corresponds  to  the  applied 


delay  is 


4*0  = 


sin  0f 


(885) 


Let  us  next  examine  the  directivity  pattern  of  the  electric¬ 
ally  steered  array.  In  the  accompanying  sketch  A,  B,  C,  etc.  represent 

p\  /A"  /»«  L„ 


the  transducer  elements,  separated  by  a  distance  a  as  before.  We  seek  the 
.elative  response  in  the  direction  making  an  angle  0  with  the  normal  to  the 
array,  AP.  To  do  this  we  proceed  as  we  did  previously  for  the  uncompen¬ 
sated  array  by  adding  the  pressures  of  the  waves  traveling  along  AA", 

BB",  CC",  DD",  etc.  The  only  difference  between  the  present  case  and 
the  previous  analysis  of  a  multispot  array  is  the  intentional  -fclcne  -  delay 
inserted  between  successive  elements. 

To  facilitate  the  analysis,  let  us  draw  a  line  A  B1  C1  ... 
making  an  angle  0O  with  the  array  ABC. . .  We  then  drop  perpendiculars 
BB1,  CC1;  etc. ,  from  the  array  to  this  line.  As  may  be  seen  from  (884) 
the  segment  BB1  is  equal  to  the  distance  which  would  be  traveled  by  a  sound 
wave  during  che  delay  time  r.  Also,  the  segment  CC'  is  equal  to  the  distance 
which  would  be  traveled  by  a  sound  wave  during  the  time  2r ,  which  is  the 
time  delay  between  C  and  A.  It  is  evident  that  we  may  consider  B',  C', 
etc.,  as  being  hypothetical  sound  sources  which  emit  waves  in  phase  with  A. 
These  waves  travel  along  the  lines  B 'B,  C'C,  etc.,  arriving  at  B,  C,  etc. 
in  time  to  account  for  the  inserted  time  delays. 

To  compare  the  phase  of  the  wave  AA"  with  that  of  BB", 
all  we  need  note  is  that  by  the  time  A  has  traveled  a  distance 

AL  =  a  sin  0 

B  has  traveled  an  effective  distance 

BB'  =  ct  ■■  a  sin  0O 

Hence  the  difference  in  effective  distance  traveled  is 

AL  -  BB!  =  a  (sin  0  -  sin  0O) 
and  the  difference  in  phase  is 

2t r  a 

AJj  =  — r —  (sin  0  -  sin  0O) 

A, 

This  same  phase  difference  occurs  betw'een  BB"  and  CC",  and  between  CC" 
and  DD",  etc. 

For  an  uncompensated  array  the  tiine  delay  -ris  zero,  so 
that  eD  is  zero.  Hence  the  phase  difference  between  AA"  ad  BB"  Is 

Adi  =  ~~~  sin  0  (uncompo-.sated  array) 
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Therefore  the  effect  of  the  compensation  has  been  to  change  sin  0  to 
sin  0  -  sin  0O.  The  formula  (715b)  for  the  relative  pressure  response  is 
applicable  to  a  compensated  array  provided  we  redefine  the  angle  .  Thus 

m_  .  sjnjii  (715b) 


where 


Po 


*  2«  /  .  _  ,  A  \ 

i{j  =  —  (sin  0  -  sin  90) 


n  sm 


(886) 


•  a  -  Ct 

sin  0rt  -  — 
o  a 

a  =  separation  between  adjacent  elements  of  the  array 

r  =  time  delay  between  adjacent  elements 

It  will  be  recalled  that  the  beam  pattern  of  an  unsteered 
linear  array  is  a  figure  of  revolution  obtained  by  rotating  the  two-dimensional 
pattern  about  the  line  of  the  array.  In  the  two-dimensional  pattern  the  beam 
axis  is  a  line  through  the  center  of  the  array,  perpendicular  to  the  array. 

In  the  three-dimensional  unsteered  pattern,  the  locus  of  the  maximum 
response  axis  is  spread  out  over  the  equatorial  plane.  The  side  lobes  are 
conically  shaped  regions. 

In  the  electrically  steered  array  the  maximum  response  axis 
of  the  two-dimensional  pattern  is  shifced  away  from  the  normal  through  the 
angle  0O.  The  locus  in  three  dimensions  is  thus  a  cone,  similar  to  the  side 
lobes  of  the  unsteered  array.  The  pattern  is  no  longer  symmetric  about 
the  maximum  response  axis. 


>  I 


f 


o 


£ 


324 


One  price  which  must  be  paid  for  electrical  steering  is 
a  broadening  of  the  beam.  The  larger  the  angle  0O  through  which  the 
beam  is  steered,  the  broader  the  beam  becomes.  The  beam  is  broadest 
when  the  delay  is  such  that  sin  0O  =  1,  or  0O  =  90°,  and  the  beam  axis  is 
pointed  along  the  direction  of  the  array  line.  This  is  called  the  end -fire 
position.  (Although  the  beam  is  broadest  in  this  position,  the  directivity 
index  of  an  end -fire  array  is  generally  higher  than  that  of  the  same  array 
without  electrical  steering).  An  unusual  end-fire  condition  occurs  in  the 
case  where  the  element  spacing  is  one -half  wavelength.  Examination  of 
(886)  shows  that  when 

a  —  2*  K  and  0 q  “ 

the  phase  angle  i}/  is 

^  |  (1  -  sin  0) 

The  response,  of  course,  is  a  maximum  in  the  direction  of  the  beam  axis, 

0  =  ~ ,  where  ijj  =  0  and 

sin  ntjj  _ 

n  sin  4* 

But  it  is  also  a  maximum  in  the  opposite  direction,  0  =  -  — ,  since 
i{<  =  -ir  when  sin  0=-l.  An  end -fire  array  therefore  has  a  high  relative 
response  in  the  backward  direction  at  frequencies  such  that  the  element 
spacing  is  an  integral  number  of  half  wavelengths. 

Electrically  steered  linear  arrays  are  sometimes 
mounted  horizontally  and  used  to  determine  bearings  of  targets  in  azimuth. 

So  long  as  the  sound  waves  from  the  target  arrive  at  the  array  while  traveling 
in  a  horizontal  plane,  the  bearing  determination  is  accurate.  However,  if 
the  target  is  located  appreciably  below  or  above  the  array,  so  that  the  waves 
strike  the  array  at  an  appreciable  angle  with  the  horizontal,  the  conical 
nature  of  the  beam  pattern  introduces  significant  errors  into  the  bearing 
measurements. 
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b.  Electrically;  Steer  ed.  Circular  Array. 

A  number-  of  important  transducer  arrays  are  designed 
in  the  form  of  a  circular  pattern  of  vertical  staves.  Each  stave  is  itself  a 
linear  multispot  array,  and  the  entire  assembly  covers  the  surface  of  a 
cylinder.  For  the  present  discussion  we  shall  ignore  the  directivity  in  the 
vertical  plane  and  shall  consider  the  array  to  be  a  circular  arrangement  of 
omnidirectional  elements. 

If  such  an  array  is  unsteered,  its  beam  pattern  will  be 
similar  to  that  of  a  continuous  ring  transducer,  discussed  earlier.  The 
beam  axis  will  lie  along  a  line  through  the  center  of  the  circle  perpendicular 
to  the  plane  of  the  circle,  and  the  beam  pattern  will  be  symmetric  on  either 
side  of  this  plane.  The  pattern  of  a  continuous  circular  ring  is  omni¬ 
directional  in  the  plane  of  the  circle.  The  corresponding  pattern  of  a 
circular  multispot  array  is  also  omnidirectional  except  for  a  slight 
scallop  effect  due  to  the  finite  spacing  between  elements. 

In  order  to  generate  a  beam  in  the  plane  of  the  array  it  is 
necessary  to  apply  a  suitable  set  of  delays  to  the  various  elements.  The 
delays  are  the  same  regardless  of  whether  we  consider  the  array  as  a 
projector  or  as  a  hydrophone  system.  In  this  discussion  we  shall  consider 
it  as  a  projector.  Since  there  is  no  a  priori  preferred  direction,  we  may 
arbitrarily  choose  any  direction  in  the  plane  of  the  circle  as  a  reference. 

It  is  clear  that  the  beam  pattern  will  differ  slightly  depending  upon  whether 
the  reference  direction  passes  through  a  transducer  element,  or  bisects 
the  angle  between  two  adjacent  elements,  or  occupies  some  intermediate 
position.  For  the  purpose  of  the  present  discussion  it  will  suffice  to 
consider  the  simple  case  in  which  the  reference  direction  passes  midway 
between  two  elements.  The  geometr)  of  the  situation  is  shown  in  the 
following  sketch.  The  center  of  the  circle  is  at  O  and  the  reference 
direction  in  which  the  array  is  being  steered  is  OP.  Let  $  be  the  angle  in 
the  plane  of  the  circle  which  measures  the  positions  of  the  elements  relative 
to  the  reference  direction  OP.  If  all  of  the  elements  are  used,  the  maximum 
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delay  must  be  applied  to  the  foremost  elements  (near  <}>  =  0)  and  the 
minimum  is  applied  to  the  rearmost  elements  (near  $  =  180°).  Although 
a  negative  delay  is  a  physical  impossibility,  there  is  no  loss  in  generality 
if  we  apply  mathematical  delays  of  such  an  amount  as  to  reduce  the  phases 
of  all  elements  to  a  common  value  of  zero  along  the  line  O'O"  at  right 
angles  to  OP,  Mathematically,  this  calls  for  negative  delays  to  be  applied 
to  the  elements  in  the  rear  half  of  the  array.  Physically  there  is  no  change 
in  the  array  performance  if  a  constant  amount  is  added  to  all  of  the  delays, 
sufficient  to  make  all  the  delays  positive. 

Reference  to  the  above  figure  will  show  that  the  mathe¬ 
matical  delay  which  must  be  applied  to  element  R  at  an  angle  (j>  is 

(887) 

where  a  is  the  radius  of  the  circle  and  c  is  the  speed  of  sound. 

If  corresponding  delays  are  applied  to  all  the  elements  (the  delays  being 
proportional  to  their  perpendicular  distance  from  the  line  O'O"  ),  then  as 


a  cos  4> 

T  =  - 

C 
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far  as  the  reference  direction  OP  is  concerned,  the  circular  array  will  be 
equivalent  to  a  linear  array  in  which  all  the.,  elements  are  located  at  their 
projections  on  the  line  O.'O". 

It  should  be  pointed  out  that  in  forming  beams  with  most 
circular  arrays  in  practical  use,  only  those  elements  in  the  forward  semi¬ 
circle  are  useu.  In  fact,  the  number  of  active  elements  is  usually  restricted 
to  those  in  a  limited  arc  of  about  120  degrees  in  the  front. 

Although  the  compensated  circular  array  is  equivalent  to 
a  plane  array  so  far  as  the  reference  direction  is  concerned,  its  behavior  in 
other  directions  is  considerably  different.  To  determine  the  beam  pattern  in 
the  plane  of  the  circle,  consider  the  direction  OQ  making  an  angle  0  with  OP, 
as  indicated  in  the  following  sketch.  We  are  concerned  with  the  resultant 


pressure  at  a  distant  point  in  the  direction  OQ,  due  to  the  individua.1 
contributions  from  all  of  the  elements  of  the  array.  Accord:  ^g  to  the  usual 
far-field  assumptions,  we  are  concerned  only  with  the  relative  phases  of 
the  pressure  waves.  It  will  be  convenient  to  use  the  distance  from  O  to  the 
far-field  point  as  the  reference  and  to  measure  all  phases  in  terms  of  the 
difference  in  path  length  from  this  reference  distance. 
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Considering  an  element  located  at  R,  we  note  that  the 
effect  of  the  delay  inserted  by  the  compensator  is  to  move  this  element 
to  its  projection  S  on  the  line  O'O".  The  effective  path  length  is  therefore 
from  S  to  R  and  thence  to  the  distant  point  along  RQ1,  If  we  draw  TU 
tangent  to  the  circle  at  T,  then  TU  is  peipendicular  to  both  OQ  and  RQ', 
and^the  path  length  to  the  distant  point  from  T  is  the  same  as  from  U,  The 
difference  between  the  reference  path  length  from  O  and  the  effective  path 
length  for  the  element  at  R  is 

OT  ~  (SR  +  RU) 

and  the  phase  angle  is  obtained  by  multiplying  the  difference  in  path  length 

2tt 

by  the  wave  number  k  (  =  —  ).  Assuming  the  radius  of  the  array  circle  to 
be  a,  we  find 

SR  =  a  cos  4> 

RU  =  VU  -  VR  =  OT  -  VR 
=  a  -  a  cos  ((j>  -  0) 

The  phase  angle  relative  to  the  origin  O  is  then 

*<1»  =  kjoT  -  (SR  +  RU)] 

(9  -  0)  -  cos  <j>^J  (888) 

Let  N  =  total  number  of  elements  in  the  array 

SMd  n  “  number  of  elements  active  in  beam 


=  ka  cos 


(assumed  to  be  an  even  number). 
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Then  the  angular  spacing  between  adjacent  elements  is  —  and  the 

J \ 

resultant  pressure  is  proportional  to 


'Efeika[‘ 

i  =  l  v. 


cos  ($•  -0)  -  cos  <J>i]  +  ejka[cos  (<J>£  +  0)  -  cos  4»i 


When  0  is  zero,  the  above  expression  simplifies  to  n.  Hence  the  relative 
pressure  response  is 
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The  computation  of  beam  patterns  for  specific  numerical 

■» 

cases  is  best  done  with  the  aid  of  a  digital  computer.  If  all  of  the  elements 
in  the  entire  circular  array  are  actively  used,  a  certain  amount  of 
simplification  of  (889)  can  be  accomplished  through  symmetry  considera¬ 
tions.  Gne  of  the  resulting  simplifications  is  the  cancellation  of  the 
imaginary  terms,  leading  to  a  phase  relationship  of  0  or  180  degrees 
relative  to  the  pressure  along  the  axis.  In  general,  however,  when  only 
a  portion  of  the  elements,  comprising  the  forward  sector,  are  used,  the 
relative  pressure  response  remains  complex,  indicating  a  variable  phase 
relationship  as  a  function  of  the  deviation  angle  0.  An  interesting  conse¬ 
quence 'of  this  behavior  is  the  absence  of  true  nulls  in  the  beam  pattern, 
since  the  real  and  imaginary  components  of  (889)  do  not  both  go  to  zero  at 
the  same  value  of  9. 

The  preceding  analysis  was  carr;ed  out  for  the  special  case 
where  the  reference  direction  passes  midway  between  twc  adjacent  elements. 
Slight  differences  in  patterns  are  observed  at  other  positions.  However,  if 
the  number  of  elements  is  more  than  a  dozen  or  so,  these  local  variations 
are  relatively  insignificant. 

The  circular  array  is  admirably  suited  for  electrical 
steering  in  azimuth,  since  it  has  no  strongly  preferred  direction  of 
symmetry.  The  directivity  pattern  varies  only  slightly  as  the  beam  is 
rotated  in  azimuth,  and  it  repeats  itself  every  time  the  axis 'turns  through 
one  element  spacing.  This  means  that  with  very  little  distortion  the  beam 
can  be  steered  to  any  azimuth  orientation.  This  behavior  contrasts 
sharply  with  that  of  the  steered  linear  array. 

If  each  of  the  omnidirectional  elements  around  the 
periphery  of  the  circle  is  now  replaced  with  a  vertical  stave  which  is  itself 
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a  linear  array,  the  beam  pattern  in  the  plane  of  thx  circle  is  unaffected, 
hut  greater  directivity  is  achieved  in  the  vertical  plane.  The  geometry 
of  the  pattern  in  three  dimensions  is  rather  complicated  and  will  not  be 
analyzed  in  these  notes.  It  will  be  noted  that  the  steering  of  such  an  array 
in  the  vertical  plane  as  well  as  in  azimuth  is  a  rather  complicated  engineer¬ 
ing  design  problem.  When  the  beam  is  steered  more  than  about  30  degrees 
in  elevation  a  noticeable  broadening  of  the  beam  occurs  in  the  vertical 
direction. 

c.  Volumetric  Arrays 

The  arrays  thus  far  considered  have  consisted  of  simple 
arrangements  of  transducer  elements  along  a  straight  line,  in  a  plane,  or 
around  the  circumference  of  a  circle.  It  is  possible  to  achieve  the  same 
amount  of  directivity  in  an  array  of  somewhat  smaller  overall  dimensions 
by  means  of  a  so-called  volumetric  arrangement.  In  a  volumetric  array, 
transducer  elements  are  placed  at  various  pre -calculated  positions  within 
the  volume  of  the  array,  in  addition  to  those  located  around  the  outside. 
Computations  must  be  carefully  worked  out  to  determine  the  proper  amount 
of  compensation  required  for  beam  steering.  An  example  of  a  volumetric 
array  might  be  a  circular  (actually  cylindrical)  array  in  which  elements 
are  spaced  around  one  or  more  smaller  concentric  circles  in  addition  to 
the  outer  circle.  In  'general  the  design  of  such  a  transducer  array  is 
sufficiently  complicated  to  warrant  the  use  of  a  digital  computer  to  determine 
the  required  delays,  the  beam  pattern,  and  the  directivity  index. 

d.  Delay  Lines  and  Compensators 

In  some  transducer  applications  it  is  desired  to  form  a 
finite  number  of  fixed  beams  by  applying  suitable  delays  to  the  various 
elements  of  the  array.  We  shall  discuss  this  subject  with  reference  to  the 
outputs  of  the  hydrophone  elements  of  a  receiving  array,  although  the 
theory  also  applies  in  principle  also  to  the  input  signals  to  the  elements  of 
a  projector.  Given  a  number  of  elements  in  prescribed  physical  locations 
in  the  array,  it  is  possible  to  figure  out  the  required  Relays  to  be  applied  to 
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the  outputs  of  the  elements  such  that  when  the  delayed  outputs  are  connected 
-in  phase  a  beam  is  formed  in  a  desired  direction.  By  subjecting  the  outputs 

i 

of  the  hydrophones  to  a  number  of  different  delays  and  properly  connecting 

i  -« 

the  outputs  it  is  possible  to  form  a  number  of  fixed  beams  simultaneously. 

Traditionally,  delay  lines  have  been  constructed  from, 
conventional  circuit  elements  (inductors  and  capacitors).  In  recent  years 
a  somewhat  different  technique  has  been  developed,  called  DIMUS  (digital 
multibeam  steering).  In  this  method  the  outputs  of  all  the  hydrophones  are 
sampled  at  a  suitable  rate  (depending  upon  the  bandwidth  of  the  signal)  and 
are  then  infinitely  clipped,  leaving  only  polarity  information  (no  amplitude 
information).  The  output  of  each  hydrophone  is  then  fed  into  a  shift 
register,  which  is  a  device  containing  a  large  number  of  flip-flop  elements. 
The  input  digital  information  is  transmitted  down  the  shift  register  from  one 
element  to  the  next  at  a  rate  equal  to  the  sampling  rate.  Suppose  that  at 

If 

t  =  0  a  +  is  fed  from  a  hydrophone  into  the  first  element  of  its  shift  register. 
After  one  sampling  period  At  this/f+"is  transferred  to  the  second  element, 
and  a  new  digit  is  fed  from  the  hydrophone  (and  clipper)  into  the  first  element. 
Suppose  that  the  sequence  of  digits  (that  is,  polarities)  from  the  hydrophone 
is  as  follows: 


h  ■  >  ",  ",  4,  etc.. 

Then  the  appearance  of  the  shift  register  at  t  =  0,  At,  2At,  etc.  is  as 
indicated  in  the  following  sketch: 

Element  No.  J.  2  3  4  5  6 


t  =  0 


t  =  3At 
t  =  4At 


t  =  5At 


^Usually  callt<|  stages. 
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The  output  of  each  hydrophone  element  is  fed  into  a  separate  shift  register. 
Any  desired  delay  up  to  the  maximum  available  from  the  shift  registers 
can  be  obtained  by  tapping  off  from  the  proper  element  of  the  shift  register. 
A  beam  can  be  formed  by  taking  a  tap  off  each  of  the  shift  registers  at  the 
proper  point  corresponding  to  the  required  delay.  The  outputs  are  then 
added  together.  A  number  of  beams  can  be  formed  simultaneously  by 
connecting  together  the  outputs  of  several  combinations  of  shift  register 
elements.  The  diagram  below  shows  schematically  the  formation  of  two 
beams  from  four  hydrophone  elements  and  their  associated  shift  registers. 


Another  device  which  is  particularly  useful  for  training 
a  single  beam  is  the  universal  compensator.  This  consists  of  a  flat  plate 
made  up  cf  a  number  of  conducting  bars  connected  to  successive  points 
along  a  delay  line,  as  indicated  in  the  skecch  below.  The  time  for  an 
electrical  signal  to  move  upward  from  the  bottom  to  the  top  of  the  delay 
line  is  the  same  as  the  time  required  for  an  acoustic  wave  to  travel  across 
the  transducer  array. 

On  top  of  the  fixed  plate  there  rests  a  rotatable 
commutator  arrangement,  built  as  a  scale  model  of  the  actual  array,  with 
a  wiper  contact  corresponding  to  each  transducer  element  of  the  array,  and 
connected  electrically  to  that  element.  The  maximum  delay  corresponds  to 
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the  topmost  portion  of  the  fixed  plate  shown  in  the  sketch.  Hence  the 
vertical  direction  (pointing  upward  on  the  paper)  corresponds  to  the 
direction  of  the  sonar  beam.  As  the  commutator  is  rotated  over  the 
surface  of  the  fixed  plate,  the  sonar  beam  is  rotated  electrically  rela¬ 
tive  to  the  fixed  hydrophones  installed  in  the  array. 

In  the  example  shown  above  the  array  consists  of  a 
symmetric  circular  arrangement  of  eight  hydrophones.  It  is  not  neces¬ 
sary  that  the  array  be  symmetric.  Compensators  can  be  built  to  work 
with  irregular  arrays  tailored  to  meet  the  individual  requirements  of 
particular  installations. 

e.  Frequency- Dependent  Compensation 

So  long  as  the  delay  introduced  is  independent  of  the 
acoustic  frequency,  the  compensation  angle  of  the  major  lobe  is  also 
independent  of  frequency.  There  are,  however,  compensator  systems  in 
which  the  delay  is  inversely  proportional  to  the  frequency.  In  such 
transducers  the  position  of  the  major  lobe  varies  with  the  frequency. 
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If  the  transmitted  signal  consists  of  a  continuous  spectrum,  it  is  possible 
to  echo-range  simultaneously  over  a  large  sector,  since  each  bearing  in 
that  sector  corresponds  to  the  location  of  the  maximum  response  axis  for 
some  particular  frequency.  Thus,  when  an  echo  is  received,  the  bearing 
of  the  target  can  be  determined  from  the  frequency  of  the  echo. 

3.  Bearing  Deviation  Indicators. 

In  principle  the  bearing  of  a  source  of  sound  or  of  an  echo 
returned  from  a  target  can  be  determined  by  steering  the  receiving  array 
until  the  axis  of  the  main  lobe  points  in  the  direction.from  which  the 
sound  is  coming.  This  type  of  procedure  is  commonly  employed, in 
making  various  sorts  of  physical  measurements  in  which  the  maximum  of 
some  function  is  sought.  When  it  is  applied  to  sonar,  however,  serious 
problems  arise  from  the  fact  that  the  received  signal  is  subject  to  very 
large  fluctuations.  These  fluctuations,  as  we  have  learned  previously, 
are  due  to  a  number  of  causes  and  include  both  short-term  variations  in 
transmission  loss  and  longer  term  interference  effects  such  as  the  Lloyd 
mirror  effect,.  For  these, reasons  it  is  in  general  impractical  to  determine 
the  bearing  of  a  sound  source  by  steering  the  beam  until  a  maximum  response 
is  obtained.  In  echo  ranging  the  difficulty  is  even  worse. 

For  these  reasons  it  has  been  necessary  to  develop  a  device 
called  a  bearing-deviation  indicator  which  is  specially  designed  to  yield 
bearing  indication.  Several  types  are  in  use,  two  of  which  are  described 
below. 

a.  Amplitude  -  Difference  Method. 

To  illustrate  the  principle,  let  us  assume  that  the  trans¬ 
ducer  system  consists  of  two  similar  transducers  mounted  one  above  the 
other  on  a  common  vertical  shaft.  The  two  transducers  are  mounted  in 
azimuth  positions  relative  to  each  other  such  that  their  maximum  response 
axes  are  separated  by  a  small  angle  called  the  separation  angle.  The  out¬ 
puts  of  the  two  transducers  are  connected  in  series  opposition,  so  that  the 
system  indicates  the  difference  between  the  two  transducer  voltages. 
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Let  the  two  Halves  of  the  transducer  be  designated  as 

n  g.  tv  o 

A  and  B.  Tf;the  tr(ansjducer  is  oriented  such  that  the  maximum  response 
axis  of  transducer  A  coincides  with  the  direction  of  the  incoming  signal, 
then  A  will  give  a  larger  indication  than  B.  On  the  other  hand,  if  the 
direction  of  the  incoming  signal  coincides  with  the  maximum  response  axis 
of  B,  then  B  will  give  a  larger  indication  than  A,  If  the  transducer  is 
oriented  so  that  the  direction  of  the  incoming  signal  is  midway  betwe'en 
the, axes  of  A  and  B,  the  output  will  be  aero, 

The  behavior  of  the  differential  output  as  a  function  of 
the  bearing  deviation  angle  is  shown  in  the  sketch  below.  The  output  is  zero 
for  zero  deviation  and  has  a  positive  or  negative  value  depending  upon 
whether  the  deviation  is  to  the  right  or  left  of  the  true  bearing. 


A  more  practical  arrangement  is  one  in  which  a  single 
transducer  is  operated  with  two  different  electric  compensators  arranged 
so  that  the  two  maximum  response  bearings  differ  by  a  few  degrees.  The 
differential  output  of  the  two  systems  furnishes  a  source  of  bearing 
information  similar  to  that  described  in  the  preceding  paragraph, 
b .  Phase -Differential  Method. 

In  this  method  the  transducer  is  split  into  two  halves 
A  and  B,  the  outputs  of  which  are  compared  in  phase.  For  sound  waves 
coming  in  the  direction  OP  which  is  at  right  angles  to  the  line  joining  A  and 
B,  the  waves  arrive  at  A  and  B  simultaneously  and  there  is  no  difference 
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in  phase.  If,  on  the  other  hand,  the  sound  is  coming  from  the  direction 
OQ,  then  the  distance  traveled  to  B  is  less  than  the  distance  traveled  to 
A  by  an  amount  s  sin  0.  Hence  there  is  a  difference  of  phase 

2tt 

Aili  =  —  s  sin  0 
'T  X 

where  s  is  the  separation  between  A  and  B.  By  noting  whether  Aiji  is 
positive  or  negative,  one  can  tell  whether  the  source  is  to  the  right  or 
to  the  left  of  OP. 

The  advantage  of  these  bearing -deviation  indicators 
over  the  simple  method  of  training  a  single  beam  to  the  maximum  response 
bearing  lies  in  the  fact  that  in  each  case  the  two  outputs  which  are  compared 
are  obtained  from  acoustic  transmissions  which  have  simultaneously 
traversed  the  same  acoustic  path,  thus  eliminating  most  of  the  problems  of 
variability  which  cause  trouble  in  the  search  for  the  bearing  of  maximum 
response. 
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TECHNOLOGY  OP  UNDERWATER  SOUND 

,  (revised  notes) 

S'.>?  '  %,t<$ -j- 

INDICATORS  AND  RECORDERS:'  DETECTION  OP  SIGNALS 

We  haverdiscussed  the  processes  by  which  acoustic  signals  in  the  water 
are  transformed- to  electrical  signals  in  the  receiving  equipment.  In  order 
to  be  useful,  these  signals  must  be  further  transformed  to  a  form  in  which 
they  may  be  recognized  by  a  human  operator.  Instruments  which  perform  this 
function  are  called  indicators  and  recorders.  An  indicator  exhibits  a  trans¬ 
ient  response  which  is  perceptible  only  while  the  signal  is  being  received. 

A  recorder  makes  a  permanent  record  of  certain  of  the  pertinent  characteris¬ 
tics  of  the  signal. 


*■ 


A.  Types  of  Indicators  and  Recorders . 

1 .  Audible  Presentations. 

In  this  type  the  signal  is  presented  to  the  operator  in  the 
form  of  audio  waves  in  air,  normally  by  means  of  headphones.  Such  instruments 
arc  obviously  indicators.  Most  recorders  are  of  the  visible  rather  then  the 
audible  type,  but  audible  records  can  be  made  with  a  tape  recorder. 

The  audible  presentation  is  the  most  logical  way  of  presenting 
acoustic  signals  to  the  operator,  and  in  many  applications  it  has  a  great  ad¬ 
vantage  over  the  visible  type.  In  direct  listening,  where  it  is  desired  to 
recognize  the  sound  of  a  particular  object  such  as  a  ship,  against  the  general 
background  interference,  the  ear  of  a  trained  operator  possesses  a  unique 
capability.  For  underwater  voice  communications,  audible  presentation  is 
clearly  the  only  practical  type.  In  echo-ranging  against  a  target  which  is 
moving  toward  or  away  from  the  sonar,  the  returning  echo  experiences  a  change 
of  frequency  called  the  Doppler  shift.  The  human  ear  is  very  sensitive  to  this 
change  of  frequency  and  has  an  exceptionally  good  capability  of  picking  such 
an  echo  out  of  a  reverberation  background. 

2.  Visual  Presentations.  Most  visual  presentations  are  of  either  of 
two  types — the  paper-recording  type  or  the  cathode  ray  type. 

a.  Variable  Intensity  Recorders. 

The  first  widely  used  visual  recorder  was  the  Sound  Range 
Recorder,  developed  by  the  British  during  the  early  part  of  World  War  II.  The 
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paper  used  in  this  recorder  is  chemically  treated  and  is  in  the  form  of  a 
long  strip  wound  on  a  roll  from  which  it  i3  drawn  at  ^constant  speed.  The 
paper  passes  between  a  fixed  metal  plate  and  a  metal  stylus  which  moves  across 
the  paper  at  right  angles  to  the  direction  in  which  the  paper  moves'.  When  a 
ping  is  sent  out,  the  stylus  begins  to  move  across  at  constant  speed,  so  that 
its  position  at  any  instant  is  proportional  to  the  round  trip  distance  of  the 
sound  wave  out  to  the  point  from  which  the  acoustic  energy  is  scattered  -back 
to  the  transducer.  The  electric  current  which. flows  between  the  stylus  and 
the  plate  causes  a  darkening  of  the  .paper  in  proportion  to  the  received  acous¬ 
tic  power.  The  presence  of  a  target  echo  would  thus  appear  as  a  dark  spot  on 
the  trace.  This  type  of  indication  is  called  variable-intensity  .ication. 

When  an  echo  is  present,  the  range  to  the  target  can  be  found 
by  measuring  the  distance  from  the  beginning -of  the  trace  to  the  dark  spot 
representing  the  echo.  One  advantage  of  this  type  of  presentation  is  that 
when  a  number  of  pings  are  sent  out  in  sequence,  the  dark  spots  representing 
the  echoes  on  successive  traces  tend  to  form  a  line,  enabling  the  eye  to  carry 
out  a  sort  of  visual  integration.  Whereas  a  single  spot  may  have  been  too 
weak  to  detect,  the  presence  of. a  line  of  spots  enhances  the  recognition. 

Other  recorders  of  this  type  have  been  devised  to  indicate 
other  information.  For  example,  there  are  recorders  used  for  passive  listen¬ 
ing,  in  which  the  position  of  the  stylus  is  proportional  to  bearing  rather  than 
range.  If  a  ship  or  other  source  of  noise  is  present  on  any  given  bearing,  the 
stylus  will  produce  a  dark  spot  at  the  corresponding  point  on  its  sweep.  After 
a  large  number  of  sweeps, -the  record  of  the  ship  will  appear  as  a-  line  on  the 
paper. 

b.  Variable-Displacement  Recorders. 

Recorders  in  which  the  displacement  of  the  stylus  is  pro¬ 
portional  to  the  intensity  of  the  received  acoustic  radiation  (or  is  some 
other  function  of  the  intensity)  are  called  variable-displacement  recorders. 

A  recorder  of  this  type  is  used  in  an  important  airborne  application.  This 
type  is  not  suitable  for  the  visual  integration  associated  with  the  repetition 
of  the  signal.  Its  principal  advantage  is  in  applications  where  the  signal 
can  be  recorded  tut  once.  It  provides  a  more  quantitative  and  objective  record 
of  the  received  acoustic  radiation,  enabling  a  more  reliable  estimate  to  be 
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made  of  the  presence  of  the  signal.  -  - 

One  disadvantage  of  the  variable  displacement  type  of  presenta¬ 
tion  is  that  one  of  the  two  dimensions  of  the  presentation  must  be  devoted  to 
intensity,,  thereby  restricting  the  amount  of  information  which  can- be  pre¬ 
sented.  „  .. 

c.  Variable-Intensity  Cathocb  Ray  Presentations. 

A  common  type  is  the  plan  position  indicator,  similar  to 
the  corresponding  type  of  raoar  scope,  in  which  range  is  measured  radially-  . 
outward  from  the  center  and  azimuth  is  measured  by  the  polar  angle  about  the 
center  point.  The  brightening  of  the  screen  at  any  point  is  proportional  to 
the  amount  of  acoustic  energy  received  from  the  particular  range  and  bearing. 
An  echo  therefore  appears  as  a  bright  spot.  In  a  conventional  radar,  pulses 
are  continually  sent  out  and  the  back-scattered  electromagnetic  energy  is  re-, 
ceived  as  the  antenna  sweeps  around  in  azimuth.  The  appearance  on  the  scope 
is  that  of  a  bright  radial  line  which  sweeps  around  the  circle,  leaving  bright 
spots  wherever  returned  energy  is  received.  The  pattern  gradually  fades  away-, 
and  is  renewed  by  the  next  sweep.  Because  of  the  slow  speed  of  sound  in  water, 
this  type  of  operation- is  not  practical  in  a  sonar  P.P.I,  Instead,  it  is 
desirable  to  employ  a  scanning  type  of  sonar  in  which  the  outgoing  pulse  is 
transmitted  omnidirectionally  in  azimuth  and  the  receiving  equipment  is  de-  , 
signed  to  scan  through  360°. 

d.  Variable-Displacement  Cathode  Ray  Presentations . 

In-,  this  type  the  horizontal  sweep  is  controlled  by  either, 
range  or  azimuth  and  the  vertical  displacement  is  proportional  to  the  acoustic 
intensity.  Such  a  scope  is  called  an  A-scope. 

One  of  the  principal  functions  cf  visible  presentations  is 
to  provide  quantitative  data,  such  as  range,  bearing,  Doppler  speed,  etc.  Al¬ 
though  the  ear  is  a  marvelous  instrument  for  detecting  and  classifying  sounds,, 
auxiliary  instruments  are  needed  for  making  precise  quantitative  measurements. 
The  continuing  trend  toward  the  development  of  more  sophisticated  signal 
processing  systems  in  modem  sonars  is  placing  greater  and  greater  emphasis 
upon  visual  presentations. 

B.  Signal  Detection.  *>'  '• 

1.  General  Remarks  Concerning  the  Observation  of  Acoustic  Signals.-. 

The  type  of  display  with  which  an  acoustic  system  is  provided 
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depends  upon  the  purpose  of  the  acoustic  observation  or  measurement  to  be 
made.  Large  sonar  systems  are  usually  designed  in  a  number  of  different 
modes  and  are  therefore  provided  with  a  number  of  different  displays--both 
indicators  and  recorders,  and  both  aural  and  visual  presentations. 

Consider,  for  example,  a  typical  sequence  of  operations  involved 
in  anti-submarine  warfare.  The  first  event  which  must  take  place  is  detection. 
Second,  the  target  must  be  classified,  that  is,  a  decision  must  be  made  as  to 
whether  the  detected  target  is  or  is  not  a  submarine-.  Third,  the  target  must 
be  tracked  for  a  sufficient  period  of  time  to  permit  the  attacking  vehicle  to 
get  into  a  favorable  attack  position.  Fourth,  the  target  must  be  localized, 
so  that  its  position  is  known  with  sufficient  accuracy  to  permit  a  weapon  to 
be  launched.  Bach  of  these  operations  imposes  its  own  requirements  on  the 
nature  of  the  sonar  information  to  be  presented  and  the  manner  in  which  it  is 
displayed. 

The  principal  requirement  for  detection  is  the  ability  to  identify 
the  presence  of  a  weak  signal  in  the  midst  of  ever-present  background  inter¬ 
ference.  Since  the  ear  is  a  very  sensitive  detector  of  threshold  signals, 
aural  presentations  are  valuable  for  the  detection  phase.  Another  type  of 
presentation  which  is  particularly  useful  for  passive  sonars  i3  the  variable- 
intensity  record  of  the' bearing  (or  some  other  characteristic  of  the  target 
signal)  versus  time,  as  has  been  mentioned  previously.  The  visual  integration 
performed  by  the  eye  in  sighting  along  the  lines  formed  by  repeated  sweeps 
is  of  significant  value  in  enhancing  the  detectability  of  weak  signals.  An¬ 
other  technique,  which  is  widely  used  in  active  sonars,  is  to  transmit  special 
types  of  pulses  designed  to  operate  in  conjunction  with  signal  processing 
systems.  The  detectability  of  a  returned  signal  is  enhanced  if  it  is  cor¬ 
related  with  a  stored  replica  of  the  transmitted  pulse. 

In  classifying  a  target  we  search  for  characteristics  of  the  target 
signal  which  distinguish  it  from  the  signals  from  other  objects.  The  ear  is 
extremely  valuable  for  this  purpose,  especially  in  passive  sonars  where  spec¬ 
ial  characteristics  of  the  signal,  such  as  the  rhythmic  beat  of  propellers, 
may  frequently  be  identified.  Another  important  characteristic  of  the  signal 
generated  by  a  target  is  its  spectrum.  In  the  case  of  active  sonars,  clues  as 
to  the  identity  of  a  target  can  be  obtained  from  various  characteristics  of 
the  echo,  such  as  its  duration,  Doppler  shift,  and  detailed  structure.  For 
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example,  if  a  suspected  echo  has  an  extremely  short  duration,  it  is  very  likely' 
not  an  echo  but  a  noise  spike,  since  even  though  the  original  pulse  might  have 
been  quite  short,  the  echo  is  lengthened  by  the  finite  dimensions  of  the  target. 
Also,  if  the  transmitted  pulse  is  sufficiently  short,  the  returned  echo  will' 
tend  to  reveal  highlights  corresponding  to  the  major  reflecting  surfaces  of -'the 
target.  Doppler  information  is  useful  in  several  ways,  such  as  in  ping- to¬ 
ping,  correlation,  where  the  change  in  range  between  pings  should  equal  the 
.product  of  the  Doppler  speed  and  the  elapsed  time. 

.  In  tracking  operations  "the  principal  object  is  to  keep  the  target 
within  range  of  the  sonar  at  all  times.  A  bearing  deviation  indicator  is  use¬ 
ful  for  tracking  with  passive  sonar,  since  it  provides  continuous  information 
on  the  bearing  of  the  target.  Passive  range  information  is  more  difficult  to 
come  by.  Information  obtained  from  the  intensity  of  the  received  signal  can 
at  best  provide  only  the  crudest  idea  of  the  range,  since  the  source  level  of 
the  target  is  in  general  not  known,  and  since  the  propagation  loss  depends  on 
a  number  of  variable  factors  and  is  therefore  not  a  reliable  measure  of  range. 
There  are,  however,  a  few  phenomena  available  from  which  a  certain  amount  of 
range  information  can  be  obtained,  though  we  shall  not  discuss  them.  Histori¬ 
cally  submarines  have  widely  used  a  method  of  tracking  involving  a  combination 
of  bearing  information  and  maneuvering  of  the  tracking  vehicle,  the  so-called 
bearings- only  method. 

Active  tracking  has  the  obvious  advantage  of  accurate  range  informa¬ 
tion,  but  the  disadvantage  of.  fully  alerting  the  target.  An  important  require¬ 
ment  in  active  tracking  is  a  high  data  rate.  Ideally  such  tracking  is  best 
accomplished  when  the  tracking  vehicle  moves  continuously  through  the  water 
with  the  target,  so  that  a  continual  flow  of  data  is  available.  If  sonobuoya 
are  used,  the  buoys  must  be  dropped  at  advanced  positions  in  anticipation  of 
the  target.  The  problem  is  most  severe  in  the  case  of  tracking  by  a  single 
dipped  sonar,  where  the  tracking  vehicle  is  blind  (more  accurately,  deaf!) 
during  the  interval  between  successive  dips,  and  the  target  is  most  likely 
aware  of  this  fact.  These  are  essentially  operational  problems  which  are 
beyond  the  scope  of  these  notes. 

The  highest  accuracy  in  range  and  bearing  is  required  in  the  final 
localization  prior  to  weapon  launch.  This  is  an  operation  which  clearly  re¬ 
quires  active  sonar  (or  possibly  other,  non-acoustic  sensors)  and  which  demands 


£ 


\i* 


1 


342 


the  minimum  time  late. 

Of  all  the  functions  discussed  above,  the,  detection  function  places 
the  highest  requirement  upon  the  ability  of  the  sonar  operator  to  pick  weak 
signals  out  of  the  background  interference.  Classification,  normally  requires 
a  higher  signal-to-noise  ratio,  since  more  information  concerning  the  target 
is  needed;  tracking  and  localization  require  a  still  higher  signal-to-noise 
ratio.  For  this  reason  the  most  sensitive  displays  are  required  for  the  de¬ 
tection  phase,  and  in  the  discussion tfiich  follows  we  shall  be  concerned  chief¬ 
ly  with  the  problem  of  detection.  We  shall  first  discuss  the  conventional  ap¬ 
proach  based;  on  aural  detection  of  signals,  and  then  a  modern  approach  based 
on  statistical  decision  theory. 

2.  Signal- to-Noise  Ratio;  Signal  Differential;  Observed  Differential . 

Let  W  be  the  input  bandwidth  of  the  sonar  system  and  let  S  and 
N  denote  the  signal  power  and  the  noise  power  respectively  in  the  band  W  at 
the  output  of  the  hydrophone  array,  which  is  the  input  to  the  detection  system. 
Then  the  input  signal-to-noise  ratio  is  s/n,  and  the  input  signal  differential 
is  the  decibel  equivalent  of  the  signal-to-noi3e  ratio, 

als/n  *  h~h  9  10  log I  (901) 

It  should  be  noted  that  the  signal  can  never  be  observed  alone  with¬ 
out  the  noise  being  present.  If  the  signal  is  present,  the  observed  power  is 
S+N;  if  the  signal  is  not  present,  the  observed  power  is  N.  Hence  the  observed 
differential  is 

ALobs  =  10  log 

«  10  log  (  1  +  10°al^Ls/N  )  (902) 

The  relationship  between  the  observed  differential  and  the  signal  differential, 
expressed  by  (902),  is  shown  in  the  following  graph.  Note  that  when  the  signal 
power  is  equal  to  the  noise  power,  the  signal  differential  is  zero  and  the 
observed  differential  is  3  db, 

3.  Recognition  Differential. 

It  has  long  been  known  from  test3  of  human  operators  on  both 
aural  ar.d  visual  presentations  that  detection  is  practically  certain  when  the 
signal-to-noise  ratio  is  high  and  practically  impossible  when  the  signsl-to- 
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noise  ratio  is  low,  and  that  there  is  a  relatively  narrow  transition  region 
between  these  two  extremes  in  which  the  recognition  probability  changes  from 
6  to  100  percent,  ibis  transition  region  is  illustrated  in  the  following 
graph  in  which  the  probability  of  recognition  is  plotted  against  a  variable 
labeled  "relative  signal  differential".  The  curve  is  based  on  the  average  re¬ 
sponse  of  a  large  number  of  human  operators  tested  under  controlled  laboratory 
conditions.  It  is  clearly  this  region  of  transition  which  is  of  major  in¬ 
terest  in  the  investigation  of  the  dectability  of  signals. 
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The  zero  point  of  the  relative  differential  scale  has  oeea  set 
arbitrarily  at  the  -point  where  the  probability  is  50  percent.  The  actual 
value  of  the  signal  differential  at  this  point  is  called  the  recognition  dif¬ 
ferential.  It  may  be  expressed  mathematically  as  follows: 

M  =  L50  -  %  (903) 

where  M  =  recognition  differential,  db, 

L50  =  signal  level  required  for  5<$  probability  of  recognition, 

=  level  of  interference,  both  levels  being  expressed  in  do 
referred  to  the  same  reference. 

The  numerical  value  of  H  depends  upon  the  nature  of  both  the  signal 
and  the  interference,  upon  the  type  of  indicating  system,  and  upon  the  band¬ 
width  of  the  system.  It  should  be  noted  that  a  large  positive  value  of  K  means 
that  a  large  signal  is  required  for  recognition.  It  therefore  signifies  poor 
recognition.  On  the  other  hand,  a  small  value  of  M  signifies  good  recognition. 
We  shall  shortly  consider  this  subject  in  more  detail,  chiefly  in  connection 
with  echo-ranging.  For  the  present  a  few  general  remarks  will  suffice. 

When  the  signal  and  the  interference  are  alike  in  character,  as  is 
sometimes  the  case  in  direct  listening,  the  only  indication  that  a  signal  is 
present  is  obtained  from  the  magnitude  of  the  total  response  of  the  system. 

If,  for  example,  the  signal  begins  at  a  very  low  level  and  increases  gradually, 
it  is  apt  to  go  unnoticed  until  it  becomes  very  large.  Under  these  conditions 
the  recognition  differential  is  high.  If,  however,  the  signal  either  starts 
or  ends  abruptly,  so  that  a  sudden  change  occurs  in  the  output  (i.e. ,  in  the 
observed  differential),  the  signal  is  more  easily  recognized.  Under  these 
conconditions  the  observed  differential  corresponding  to  50$  probability  of 
aural  recognition  is  approximately  3  db,  which  corresponds  to  a  recognition 
differential  of  0  db. 

When  the  signal  possesses  certain  readily  distinguishable  character¬ 
istics,  it  may  be  easily  recognized  even  though  it  is  continuous,  without  any 
sudden  starting  or  stopping.  In  such  cases  the  recognition  differential  may 
be  very  small  or  even  negative,  depending  upon  the  nature  of  the  signal. 

In  echo-ranging  with  conventional  sonar  the  signal  is  an  echo,  which 
is  a  short  pulse  having  a  fluctuating  amplitude,  due  to  the  characteristics 
of  the  target  and  the  fluctuations  of  sound  transmission  in  the  sea.  The  back¬ 
ground  against  Mhich  the  signal  must  be  recognized  consists  of  both  reverber- 
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ation  and  wideband  noise.  Under  some  conditions  the  noise  is  dominant  and 
under  other  conditions  the  reverberation  is  dominant.  The  recognition  dif¬ 
ferential  in  the  two  cases  is  different. 

Aural  Recognition  Differential  for  Signals  in  Ambient  Noise 
Background.  The  ear  is  most  sensitive  to  frequencies  in  the  vicinity  of  800 
cps  and  for  this  reason  it  is  customary  to  reduce  the  sonar  frequency  (which 
may  be  as  high  as  30  kc)  to  about  800  cps  by  means  of  a  heterodyne  circuit. 
Another  important  characteristic  of  the  human  ear  is  its  ability  to  filter  out 
broadband  noise  when  listening  for  a  pure  tone.  Tests  have  shown  that  only  a 
small  range  of  frequencies  in  the  vicinit  of  the  tone  contribute  a  masking 
effect,  even  though  a  much  wider  band  is  presented  to  the  ear.  This  range  of 
frequencies  is  called  the  critical  bandwidth  of  the  ear  and  amounts  to  about 
50  cps.  All  frequencies  outside  this  bandwidth  are  automatically  rejected. 

The  numerical  value  of  the  aural  recognition  differential  for  pulsed 
CW  active  sonars  depends  upon  the  bandwidth  of  the  system  and  upon  the  duration 
of  the  pulse,  or  ping  length.  Tho  effect  of  bandwidth  for  a  ping  of  relatively 
long  duration  is  illustrated  in  the  two  sketches  below.  The  apper  sketch  shows 
qualitatively  as  a  function  of  the  bandwidth  the  total  noise  level  in  the  band 
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and  the  required  signal  (echo)  level  for  50$  recognition.  The  lower  sketch 
shows  the  recognition  differential,  which  is  the  difference  between  these 
two  levels.  It  will  be  seen  that  while  the  noise  level  rxses  steadily  with 
increasing  bandwidth  (due  to  the  10  logW  term)  the  required  signal  level  for 
5C$  recognition  rises  at  first  and  then  levels  off. 

At  the  critical  bandwidth  of  the  ear  the  signal  and  noise  levels  are 
equal  and  the  recognition  differential  is  zero,  indicating  that  the  ear  can 
just  pick  a  tone  out  of  the  background  when  the  total  power  in  each  is  the 
same. 

When  the  bandwidth  exceeds  the  critical  bandwidth,  the  additional 
noise  does  not  produce  any  further  masking  since  the  ear,  in  effect,  filters 
out  this  noise.  Therefore  even  though  there  is  more  noise  present,  no  increase 
in  echo  level  i3  required.  The  negative  value  of  recognition  differential 
merely  indicates'  that  more  noise  is  present,  not  that  less  signal  strength  is 
needed. 

When  the  bandwidth  is  smaller  than  the  critical  bandwidth,  the  ear 
begins  to  lose  the  sensation  of  tone  and  both  echo  and  noise  are  heard  as  a 
single  blended  sound,  and  the  recognition  of  the  echo  must  be  made  principally 
on  the  basis  of  loudness  alone.  Because  of  this  behavior  of  the  ear  it  is  de¬ 
sirable  that  the  bandwidth  employed  in  aural  presentation  systems  be  at  least 
as  wide  as  the  bandwidth  of  the  ear. 

In  defining  the  recognition  differential  of  pulsed  CW  aural  systems 
it  is  often  convenient  to  include  the  bandwidth  of  the  ear  in  the  definition, 
sc  that  the  recognition  differential  is  defined  as  the  difference  between  the 
signal  level  and  the  noise  spectrum  level.  Let  M’  denote  this  modified  defini¬ 
tion.  Then 

M'  =  L50  -  Lfl  '  (904) 

where  Ljj0  is  the  spectrum  level  of  the  noise  at  the  signal  frequency.  M*  is 
the  amount  which  must  be  added  to  the  noise  spectrum  level  to  obtain  the  re¬ 
quired  signal  level  for  50$  probability  of  recognition.  If  M  denotes  the 
recognition  differential  based  on  the  total  noise  in  the  critical  band  Wc,  the 
relationship  between  M  and  M'  is 

M’  =  M  +  10  log  Wc  70  M  +  17  db  (905) 
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Effect  of  Ping  Length  on  Recognition  Differential. 

Experience  has  shown  that  it  is  more  difficult  J'o  recogr 
nize  short  pulses  of  single-tone  sound  in  a  background  of  wideband  noise  than 
to  rec'ognize  longer  pulses.  A  typical  curve  of  recognition  differential 
(based  on  noise  spectrum  level)  vs.  ping  length  is  shown  in  the  accompanying 
graph.  It  is  seen  that  for  pings  shorter  than  about  200  m3  (milliseconds), 


the  recognition  differential  depends  very  strongly  upon  ping  length.  As  the 
ping  length  is  increased  above  200  ms,  the  recognition  differential  curve 
levels  off  and  reaches  a  steady  value  for  pings  of  about  1  second  duration. 

The  ear  responds  to  a  1  second  pulse  as  well  as  it  responds  to  a  steady  tone. 

The  experimental  curve  shovm  above  can  be  fitted  fairly  well  with  the 
following  equation 

«■  =  45.5  -  11.7  log  db  (906) 

wnere  %  is  the  ping  length  in  milliseconds.  The  asymptotic  value  of  M'  ob¬ 
tained  from  (906)  for  very  long  ping  lengths  is  17  db.  The  linear  portion  of 
the  curve  for  ping  lengths  less  than  about  100  ms  can  be  fitted  with  the  simple 
equation 

M'  =  45  -  10  log  T  (906a) 
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The  recognition  differential  for  the  case  where  the  background  inter¬ 
ference  consists  of  reverberation  will  be  discussed  in  a  later  section. 

4.  Statistical  Detection  Theory. 

The  steadily  increasing  complexity  of  ASW  operations  has  led  to 
a  developing  trend  toward  automation  in  order  to  relieve  human  operators  of  as 
many  burdens  as  possible.  An  example  of  this  trend  is  the  interest  in  auto¬ 
matic  detection  systems  which  monitor  the  output  of  the  sonar  and  set  off  an 
alarm  whenever  a  target  is  detected.  The  concept  of  recognition  differential, 
which  was  developed  with  reference  to  signal  detection  by  human  beings,  is 
largely  subjective  and  empirical  and  is  not  adequate  for  automatic  detection 
systems.  What  is  needed  is  a  completely  objective  theory  of  the  detection  of 
signals  in  the  presence  of  random  noise.  A  considerable  body  of  theory  has 
been  developed  by  a  number  of  workers  in  the  fields  of  radar  and  communications 
over  the  past  two  decades  and  is  gradually  being  applied  to  sonar  systems.  One 
of  the  most  useful  approaches  has  been  that  of  Birdsall  and  Peterson*,  which 
seeks  to  define  the  basic  mode  of  operation  and  to  evaluate  the  performance  of 
a  so-called  "optimum  receiver"  on  the  basis  of  what  is  known  about  the  charac¬ 
teristics  of  the  signal  and  the  statistical  properties  of  the  background  inter¬ 
ference.  An  optimum  receiver  is  an  ideal  device  which  operates  in  such  a  way 
upon  the  input  presented  to  it  as  to  yield  the  theoretically  best  possible  per¬ 
formance  consistent  with  the  input  signal-to-noise  ratio.  The  theory  does  not 
evaluate  the  performance  of  any  particular  hardware,  but  rather  the  optimum 
performance  against  which  practical,  non-optimum  receivers  can  be  rated,  so 
that  one  may  know  how  much  could  be  gained  by. further  improvement. 

The  theory  was  originally  worked  out  for  a  few  types  of  signals  in 
an  ideal  background  of  white  Gaussian  noise.  Although  it  has  been  extended 
somewhat  in  scope,  the  mathematical  complications  become  severe  as  more  realism 
is  incorporated  into  the  model,  and  progress  is  slow.  However,  two  of  the 
original  cases  are  of  considerable  importance  and  will  be  discussed  below. 
Inasmuch  as  an  adequate  presentation  of  the  required  background  of  probability 
and  statistics  i3  beyond  the  scope  of  these  notes,  the  derivation  of  the 
results  will  be  somewhat  sketchy. 


*W.  W.  Peterson  and  T.  G.  Birdsall,  "The  Theory  of  Signal  Detectability," 
Engineering  Research  Institute,  University  of  Michigan,  Technical  Report 
13,  June  1953. 
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a.  The  Decision  Process. 


The  detection  of  signals  in  the  presence  of  a  background-  ■' 
of  random  noise  is  essentially  a  decision  process i  Given  an  input  consisting 
of  noise  which  may  or  may  not  contain  the  desired  signal,  the  decision  maker y 
whether  it  be  a  human  being  or  a  piece  of  electronic  equipment,  is  required:  to 
decide  whether  a  signal  is  present  or  not.  Since  the  noise  is  a  random  pro¬ 
cess,  the  problem  is  statistical  in  nature  and  there  is  always  a  finite  proba¬ 
bility  of  making  an  error.  There  are  two  possible  types  of  input — either  the 
signal  is  present  or  it  is  not — and  two  possible  decisions — "yes",  it  is  there, 
or  "no",  it  is  not.  Therefore  on  any  trial  one  of  the  following  four  possible 
events  must  occur: 

(la) .  Correct  detection  —  signal  present;  decision  "yes" 

(lb) .  False  rest  —  signal  present;  decision  "no" 

(2a).  False  alarm  —  signal  not  present;  decision  "yes" 

(2b).  Correct  rest  —  signal  not  present;  decision  "no" 

It  is  seen  that  (la)  and  (lb)  are  mutually  exclusive,  exhaustive 
events.  Given  that  a  signal  is  present,  one  or  the  other  must  occur,  but  if 
one  occurs,  the  other  cannot  occur.  Therefore  the  sum  of  the  probability  of 
saying  "yes"  and  the  probability  of  saying  "no"  is  unity,  so  that  if  one  of 
tjie  two  probabilities  is  known,  the  other  may  be  computed  from  it.  The  came 
is  true  of  (2a)  and  (2b)  when  the  signal  is  not  present.  Thus,  there  are 
really  two  probabilities  involved  in  the  detection  process — the  probability 
of  a  (correct)  detection  P(d)  and  the  probability  of  a  false  alarm  P(FA). 
b .  ROC  Curves. 

To  see  how  these  two  probabilities  are  involved,  let  us 
assume  that  the  receiver  measures  some  property  of  the  input  supplied  to  it, 
such  that  the  probability  of  detection  is  a  monotonically  increasing  function 
of  the  measured  value  of  this  property  (i.e.,  when  the  measured  value  in¬ 
creases,  P(d)  also  increases).  The  receiver  also  contains  a  decision  device 
which  operates  in  such  a  manner  that  when  the  measured  value  exceeds  a  certain 
preset  threshold  the  decision  is  "yes",  while  if  the  threshold  is  not  exceeded, 
the  decision  is  "no". 

We  now  see  that  the  probabilities  P(d)  and  P(FA)  are 
functions  of  both  the  threshold  setting  and  the  input  signal-to-noise  ratio. 
Consider  first  the  effect  of  the  threshold  setting.  If  the  threshold  is  set 
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extremely  high,  it  will  rarely  he  exceeded,  regardless  of  whether  a  signal  is 
present  or  not;  hence  P(d)  and  P(FA)  are  very  small.  At  the  other  extreme,  if 
the  threshold  is  set  very  low  it  will  be  exceeded  virtually  all  the  time  and 
P(d)  and  P(PA)  are  both  near  unity.  Intermediate  values  of  the  probabilities 
occur  for  intermediate  settings  of  the  threshold.  Consider  next  the  effect  of 
the  input  signal-to-noise  ratio.  If  the  signal-to-noise  ratio  is  exceedingly 
small,  there  is  practically  no  difference  whether  the  signal  is  present  or  not, 
and  both  probabilities  are  virtually  identical,  regardless  of  the  threshold 
setting.  If,  on  the  other  hand,  the  signal-to-noise  ratio  is  large,  the  thresh¬ 
old  will  be  exceeded  more  frequently  when  a  signal  is  present  than  when  it  is 
not;  hence  P(h)  exceeds  P(FA).  The  larger  the  s ignal-to-noise  ratio,  the 
greater  will  b  e  the  difference  between  these  probabilities  and  the  more  unam¬ 
biguous  the  basis  for  decision. 

If  the  probability  of  detection  is  plotted  against  the  false 
alarm  probability  and  the  decision  threshold  is  varied  for  fixed  values  of  the 
input  signal-to-noise  ratio,  the  curves  of  the  type  illustrated  below  are  ob¬ 
tained.  These  are  called  ROC  (Receiver  Operating  Characteristic)  curves.  The 


straight  line  corresponding  to  zero  signal-to-noise  ratio  is  called  the  chance 
diagonal.  This  represents  the  poorest  possible  performance  short  of  deliberate¬ 
ly  making  the  wrong  choice;  it  is  the  performance  which  would  be  obtained 
simply  by  flipping  a  coin.  When  the  signal-to-noise  ratio  is  small  but  finite, 
the  ROC  curve  lies  above  the  chance  diagonal,  indicating  that  at  all  threshold 
settings  (except  the  limiting  values  cf  -“and  +00)  the  detection  probability 
is  higher,  than  the  false  alarm  probability.  As  the  signal-to-noise  ratio  is 
increased,  the  ROC  curves  move  upward  away  from  the  chance  diagonal,  indicating 
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more  favorable  performance.  The  ideal  goal  of  the  upper  left-hand  corner 
P(d)=1;  P(FA)=0  cannot  be  achieved  unless  the  signal-to-noise  ratio  is.,  an?- 
finite. 

.  It  should  be  noted  that  for  any  given  signal-to-noise  ratio  the 
perfojTDance-  of  all  possible  receivers  j.ies  between  the  appropriate  ROC  curve 
and  its  image  curve  symmetric  about  the  center  of  the  square.  The  region  be¬ 
low  the  chance  diagonal  is  of  course  of  no  interest,  since  it  represents  pur¬ 
poseful  errors,  (it  is  interesting,  however,  to  observe  that  it  is  impossible 
to  do  any  worse  than  the  lower  curve,  because  not  enough  information  is  avail¬ 
able  to  enable  a  more  consistently  wrong  choice  to  be  made ! )  An  optimum  re¬ 
ceiver  operates  on  the  upper  ROC  curve,  whereas  all  practical,  non-optimum 
receivers  operate  somewhere  in  the  region  between  the  ROC  curve  and  the  chance 
diagonal.  All  such  receivers  can  theoretically  be  improved  to  the  point 
where  the  ROC  curve  is  reached,  but  not  beyond. 

In  summary,  the  particular  ROC  curve  on  which  an  optimum  re¬ 
ceiver  operates  is  determined  by  the  input  signal-to-noise  ratio.  The  point 
on  the  curve  at  which  the  receiver  operates  is  determined  by  the  threshold 
setting.  If,  for  example,  the  optimum  receiver  were  adjusted  to  yield  a  con¬ 
stant  false  alarm  probability  of  0.001,  the  operating  points  on  all  ROC  curves 
would  lie  on  a  vertical  line 

P(FA)  =  0.001 

and  the  probability  of  detection  would  be  an  increasing  function  of  the  signai- 
tc-noise  ratio. 

c.  Likelihood  Ratio. 

It  has  been  stated  that  in  order  to  make  a  decision,  a  re¬ 
ceiver  must  measure  "seme  property"  of  the  input  which  is  suitable  related  to 
the  probability  of  detection.  Birdsall  and  Peterson  show  that  the  property 
which  should  be  measured  by  an  optimum  receiver  is  the  likelihood  ratio,  which 
is  the  ratio  of  the  conditional  probability  density  of  the  observed  input  to 
the  receiver  under  the  hypothesis  that  the  signal  is  present,  to  the  condition¬ 
al  probability  density  of  the  same  under  the  hypothesis  that  only  noise  is 
present. 

An  explanation  of  what  is  meant  by  these  probability  den¬ 
sities  kay  be  helpful  at  this  point.  A  typical  input  to  the  receive!  might 
consist  of  a  continuously  varying  random  noise  voltage  to  which  is  added  a 
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continuously  varying  signal  voltage.  We  shall  assume  that  the  wave  lasts  for 
a  time  T  and  is  band-limited  to  a  bandwidth  W.  Since  the  noise  is  a  random 
process,  any  discrete  sample  of  the  noise  voltage,  taken  at  any  instant,  is  a 
random  variable.  If  Xj_  denotes  the  i^  sample,  the  probability  density  p(x^) 
is  a  function  such  that  p(x^)dXj_  represents  the  probability  that  the  voltage 
has  a  value  between  xi  and  ij_  +  dxp 

According  to  the  sampling  theorem  it  can  be  shown  that  if  the 
wave  is  sampled  at  regular  intervals  of  l/2W  second,  it  can  be  completely  re¬ 
constructed  from  the  2WT  samples,  so  that  the  wave  may  be  described  inter¬ 
changeably  either  as  a  continuous  function  of  time  x(t)  or  as  a  sequence  of 
random  variables,  Xp  Xg>  ,  xn,  where 

n  =  2WT  .  (907) 


Furthermore,  when  sampled  at  this  rate  the  samples  are  all  statistically  in¬ 
dependent,  so  that  the  joint  probability  density  function  of  all  n  samples  is 
the  product  of  the  n  individual  density  functions, 

rt 

p(x)  =  XI  (908) 

*!«-» 

where  x  stands  symbolically  for  the  combination  of  all  n  values  Xp  ,  x,,. 

Suppose  now  a  wave  x(t)  is  presented  to  the  receiver.  It  is 
not  known  whether  the  wave  consists  of  signal- plus-uoise  or  of  noise  alone. 

Let  Pj|(x)  denote  the  conditional  probability  density  function  under  the  hypo¬ 
thesis  that  only  noise  is  present,  and  Pgjj(x)  denote  the  conditional  probability 
density  function  under  the  hypothesis  that  the  wave  consists  of  signal  plus 
noise.  Each  of  these  functions  is  a  product  of  individual  functions  like  (908) 
except,  of  course,  that  the  functions  have  different  -values  depending  upon  which 
hypothesis  is  assumed.  The  likelihood-ratio  /£>(x)  is  defined  as 


An  optimum  receiver,  if  it  is  to  yield  the  optimum  performance 
predicted  by  the  theory,  must  be  able  to  compute  the  likelihood  ratio  corres¬ 
ponding  to  each  input  wave  presented  to  it.  The  receiver  is  provided  with  a 
threshold^  such  that  the  decision  is  "yes”  (alarm)  whenever  X  (x)  >  p  and  "no" 
whenever  /(xkp- 
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d.  Explicit  Results  (White  Gaussian  Noise). 


In  order  to  obtain  a  practical  solution  it  is  necessary  to 
have  explicit  expressions  for  the  probability  density  functions.  In  the  fol¬ 
lowing  paragraphs  we  shall  derive  the  results  for  the  simple  cases  of  two  types 
of  signals  in  white  Gaussian  noise.  ''White"  means  that  the  spectrum  level  of 
the  noise  is  a  constant,  independent  of  frequency  over  the  band  W.  "Gaussian" 
means  that  each  of  the  individual  samples  has  a  Gaussian  (or  normal)  distribu¬ 
tion,  y.2 

_ 

=  jwr e  31  (9io) 

where  N  is  the  variance  of  24,  which  is  proportional  to  the  noise  power.  (The 
noise  voltage  is  assumed  to  have  no  d.c.  component,  so  that  its  mean  is  zero.) 

The  joint  probability  density  function  under  the  hypothesis  of 
noise  only  is,  from  (908), 


pnW 


(911) 


Except  under  the  simplest  assumptions  the  computation  of  the 
livelihood  ratio  becomes  very  difficult.  We  shall  limit  our  discussion  to 
two  simple  but  important  cases:  (l)  signal  known  exactly  and  (2)  signal  con¬ 
sisting  of  white  Gaussian  noise. 

Case  1:  Signal  Known  Exactly. 

Let  x±  denote  the  voltage  of  the  i™  sample  as  before, 
and  let  Sj_  denote  the  contribution  of  the  signal  and  n^  be  the  contribution 
of  the  noise,  so  that 


=  Si  +  n± 


Now,  if  the  signal  is  known  exactly,  each  of  the  is 
only  the  noise  ni  contributes  to  the  randomness  of  X£. 
density  function  under  the  hypothesis  that  a  signal  is 


Y\ 


PSN 


{x)  =  ru 


U' 

2N 


.2 


L~\ 


(912) 

a  known  constant,  and 
Hence  the  probability 
present  is 


4 


5 


I 
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PSN(x) 


-4r2(*i-si)2 


2N  -f— ' 
e  1=1 


(915) 


The  likelihood  ratio  is  'the  ratio  of  (913)  to  (9ll), 


X(x) 


1  -ir2(x  i-si)2 

e 


-£(x)  = 


1  2N  i^i" 

(2uN)n/2  6 


-isiSi  +ii3i2i 

e  (•=•  i  e  i  *  i 


(914) 


From  (914)  we  see  what  type  of  operation  an  optimum  receiver 
should  perform.  It  must  compute  the  sum  appearing  in  the  exponent  of  the 


second  factor,  which,  from  the  sampling  theorem,  is 


2WT 

fs(t)x(t)dt 
i=i  "  z, 


(915) 


This  is  the  correlation  function  of  the  input  x(t)  and  the  known  signal  s(t). 

The  first  factor  of  (914),  according  to  the  Case  1  assumption, 
is  a  known  constant.  In  fact,  each  term  sx?  represents  the  square  of  a  sample 
of  the  signal  voltage,  which  is  proportional  to  the  signal  power,  (if  we  as¬ 
sume  that  the  voltage  is  applied  across  a  resistance  of  one  ohm,  the  square 
of  the  voltage  may  be  considered  to  be  equal  to  the  power.)  Since  there  are 
n  =  2WT  samples,  the  average  signal  power  S  is 


S  "  2WT^Si2 
i=l 


(916) 


and  the  signal  energy  is 


■  *  8  *  -  k^2 


Hence  the  exponent  in  the  first  factor  of  (914)  is 


(917) 
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where 


i_V  2  _  £E  _  JL 

2N.4iSi  ~  N  Nf 

x=l  c 


Nr  =  ~ 

o  w 


(918) 


(919) 


is  the  noise  power  per  unit  bandwidth. 

In  view  of  the  above,  we  see  that  establishing  a  threshold j3 
for£(x)  is  equivalent  to  establishing  a  threshold^  for  the  sum  (915) >  such 


P  = 


-(e/n0  +  OC) 


(920) 


The  probability  of  a  false  alarm  is  the  probability  that 


2<* 


under  the  hypothesis  that  the  x-^  contain  noise  only.  To  evaluate  this  proba¬ 
bility,  we  note  that  each  of  the  x^  is  a  Gaussian  random  variable  with  zero  mean 
and  variance  N.  Since  the  are  known  constants,  the  variance  of  3jXj/N 

is  si2/N.  Furthermore,  because  of  the  statistical  independence  of  the  x^,  the 
1  41 

sum  —  2?s-jXi  is  a  Gaussian  random  variable  with  zero  mean  and  variance 
Ni=i 


l^i  2  _  2E 

n  2  ^  No 


The  false  alarm  probability  is  therefore 

oo 


(921) 


P(FA)  = 


v  4TTE 


where 


■  *2** 

i-l 


(922) 


(925) 


The  probability  of  detection  is  the  probability  that  the  above 
sua^exceeds  04  under  the  hypothesis  that  the  x±  contain  a  signal  in  addition  t) 
noise.  In  this  case  Xi  is  a  Gaussian  random  variable  with  mean  and  variance 
H,  and  a^x^/f!  is  a  Gaussian  random  variable  with  a  mean  of  s-^/N  and  vari- 
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Bsawusr., 


7^ 


t.1 


f! 

S  * 


-  .-  7  *  -~"  •  *-?s  *m.\=~  jZ**-  's 


ance  s£^/N.  The  sum  therefore  has  both  a  mean  and  a  variance  of  2E/N0,  and  the 
probability  of  detection  turns  out  to  be 

1:0  Ho/„  2En2 


_  7  _  fl£/  _  dVYd 

*»  -  /£  j  •  4E  !i°  * 

*  ■Sm 


where 


CK,  o 

, _  p  _  M_ 

r^r  r  4e  , , 

.  J  *  dy 

u-  iff 

N  j> 

y’  =  y  -  2e/n0 


((/'4) 


We  can  get  a  little  better  insight  into  the  statistical  nature 
of  the  decision  process  if  we  plct  the  probability  density  functions  for  both 
of  these  distributions.  Both  distributions  are  Gaussian  and  have  the  same 
variance,  2E/nq.  The  distribution  for  noise  alone  has  a  zero  mean,  whereas 
the  distribution  for  signal  plus  noise  has  a  mean  of  2E/N0.  Hence  a  plot  of 
the  two  functions  would  look  pre+  L.y  much  like  the  sketch  shown  below.  The 
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dashed  line  drawn  at  y  =  ct  is  the  decision  threshold.  If  the  measured  value 
of  y  lies  to  the  left  of  &  »  the  decision  is  "no*';  if  it  lies  to  the  right, the 
decision  is  "yes".  If  only  noise  is  present,  the  probability  of  a  false  alarm 
is  represented  by  the  cross-hatched  area  under  the  tail  of  the  "noise  only" 
curve.  If  a  signal  is  present  in  the  noise,  the  probability  of  detection  is 
represented  by  the  area  under  the  "signal  plus  noise"  curve  to  the  right  of 
the  line  y  =  o(. 

The  separation  of  the  maxima  of  the  two  curves  (the  means  of  the 
two  distributions)  is  2E/N0.  It  is  quite  clear  that  the  ability  to  distinguish 


357 


I  f 
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the  signal  from  the  noiseis  directly  related  to  this  separation.  On  the  other 
hand,  the  spreading  out  of  the  curves,  due  to  the  variance,  causes  overlapping 
and  makes  the  decision  more  difficult.  The  effective  output  signal-to-ncise 
ratio  of  the  system,  which  we  shall  denote  by  the  symbol  d,  may  be  defined  as 
follows: 


=  0 


DIFFERENCE  OF  MEANS]  2 
STANDARD  DEVIATION 


(DIFFERENCE  OF  MEANS)2 
VARIANCE 


(925) 


Applying  this  formula  to  the  Case  1  probability  distributions  shown  above,  we 
obtain 

\2 


j  _  (2E/N„  -  Q)*  2E 
a  '"’i/'S  ~  ” 


2E. 


Nr 


(926) 


or,  by  substitution  from  (917)  and  (939), 


d  =  2WT  tt 
N 


(926a) 


If  we  interpret  the  parameter  d  as  the  output  signal-to-noise  ratio,  we  may 
say  that  the  optimum  receiver  in  Case  1  has  a  signal  processing  gain  of  2WT, 
which  represents  the  number  of  independent  samples  in  the  input  wave.  We  may 
bypass  the  concept  of  output  signal-to-noise  ratio,  however,  and  treat  d  simply 
as  a  parameter  relating  the  input  signal-to-noise  ratio  to  the  performance  of 
the  system  as  expressed  by  the  detection  probability  and  false  alarm  probabil¬ 
ity.  Using  the  transformation 


•vi  = 

I 


Npy 

2E 


_  X 
d 


we  may  rewrite  (922)  and  (924)  in  the  following  form 

?(PA)  ■  &  1  °"f/2  d1 
«/a 

m  =  w.L:f/2ir] 


(922a) 


(924a) 


6x-<f)/te 

Here  we  have  two  parametric  equations  in#,,  from  which  the  ROC  curves  for  Case 
1  may  be  computed  for  any  desired  value  of  the  parameter  d.  Sample  curves  are 
plotted  on  accompanying  graphs  in  both  Cartesian  coordinates  and  Gaussian  prob¬ 
ability  coordinates. 
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Equation  (926a)  may  "be  turned  around  and  solved  for  s/N  to  eval¬ 
uate  the  input  signal-to-noise  ratio  required  to  achieve  a  given  level  of  per¬ 
formance 

S  d 
N  =  2VT 


The  decibel  equivalent  of  this  signal-to-noise  ratio 


10  log  |  =  10  log  (927a) 

is  the  required  input  signal  differential  and  has  a  significance  similar  to 
that  of  the  recognition  differential.  To  establish  the  required  level  of  per¬ 
formance  we  may  specify  both  a  minimum  detection  probability  and  a  maximum 
false  alarm  probability.  These  two  probabilities  are  the  coordinates  of  a 
point  on  the  .ROC  diagram.  Out  of  the  entire  family  of  ROC  curves  there  is  one 
which  goes  through  this  point.  If  the  value  of  d  corresponding  to  this  curve 
i3  inserted  into  (927a),  together  with  the  bandwidth  and  duration  of  the  wave, 
the  required  signal  differential  at  the  input  to  the  receiver  may  be  computed, 
(it  should  be  remembered,  however,  that  (927a)  refers  to  the  case  in  which  the 
signal  is  known  exactly,  which  represents  a  different  physical  situation  from 
that  which  occurs  in  aural  detection.) 

Signal  processing  of  the  type  suggested  by  the  preceding  anal¬ 
ysis  is  called  coherent  processing  because  the  incoming  wave  is  correlated  with 
a  known  signal.  This  type  of  processing  is  applicable  to  active  sonars  in 
which  an  exact  replica  of  the  transmitted  pulse  is  stored  in  a  memory  and  is 
used  as  the  reference  in  the  correlation  process.  There  are  two  well-known 
methods  of  implementing  the  mathematical  procedure  indicated  in  (915).  One 
method  involves  sampling  the  incoming  wave  and  the  stored  reference  at  the 
proper  rate  and  performing  the  multiplication  and  summation  indicated  on  the 
left  side  of  (915)  in  digital  fashion.  The  simplest  way  of  doing  this  is  to 
clip  the  waves,  throwing  away  amplitude  information,  but  retaining  the  polarity. 
The  multiplication  and  summation  can  then  be  done  with  flip-flop  circuits. 

This  method  involves  a  loss  of  about  2  db  in  the  clipping- 

A  second  method  involves  the  use  of  a  matched  filter.  A  matched 
filter  is  one  whose  impulse  response  function  is  matched  to  the  waveform  of  the 
transmitted  pulse.  The  impulse  response  h(t)  is  the  output  obtained  when  a 
unit  impulse  (or  delta  function)  is  applied  to  the  input.  It  may  be  shown  that 
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if  an  input  x(t)  is  applied  to  the  filter,  beginning  at  t  =  0,  the  output  may¬ 


be  expressed  as  the  convolution  integral 

t 


y(t)  =  j*  h(t-t)  x(r)  dr 


(928) 


Suppose  now  that  the  transmitted  signal  is  s(t),  0  6.  t  6  T.  The  impulse 

response  function  for  a  matched  filter  designed  for  this  signal  is 

h(t)  =  s(T-t),  0  i  t  <  T 

h(t)  =  0,  otherwise 


(929) 


The  output  of  this  matched  filter  v?hen  the  input  is  x(t)  is 

t 

y(t)  =  J  a(T-t+r)  x(<r)  dx' ,  t  <  T  (930a) 

°  T 

y(t)  =  J  s(t-t+t)  x(r)  dT ,  t  >  T  (930b) 

t-T 

It  is  seen  from  (930a)  and  (930b)  that  the  output  of  the  filter  builds  up  with 

time  until  a  maximum  value  is  reached  at  t  =  T„  and  then  begins  to  drop.  At 

this  time  the  output  is 


y(T)  =  J"  s(t)  x(t)  dt 

o 

which  is  the  desired  correlation  function  (915)* 


(930) 


Case  2:  Signal  Consists  of  White  Gaussian  Noise. 

In  Case  1  the  maximum  amount  of  information  is  available 
concerning  the  signal.  In  Case  2  we  assume  that  nothing  is  known  except  the 
statistical  properties.  The  signal  consists  of  white  Gaussian  noise  filtered 
to  the  same  bandwidth  as  the  background  noise.  The  average  signal  power  is  S. 
The  probability  density  function  under  the  hypothesis  of  noise  only  is  the 
same  as  in  Case  1  (91l).  If  the  signal  is  present,  each  of  the  samples  x^ 
of  the  input  wave  includes  both  a  sample  Sj_  of  the  signal  and  a  sample  nj,  of 
the  noise,  as  indicated  by  (912),  but  this  time  each  Sj_  is  a  Gaussian  random 
variable  with  zero  mean  and  variance  the  noise  samples  being  also  Gaussian 
-random  variables  as  in  Case  1.  Now,  the  sum  of  two  Gaussian  random  variables 
is  itself  a  Gaussian  random  variable  whose  mean  is  the  sum  of  the  individual 
means  (zero  in  this  case)  and  whose  variance  is  the  sum  of  the  two  variances 
(S+N  in  this  case).  Hence  the  probability  density  function  is 
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pSN^  =  7: 


[2ir(ms)] 
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r  2uhst  s.  Xi‘ 


(931) 
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Mr)  =  (^)  n/2  8l  11 


(932) 


Here  we  see  that  the  optimum  receiver  must  calculate  the  sum  of 

p 

the  x-l  .  This  suggests  a  square-law  detector  and  averager,  which  measures  the 
total  energy  in  the  input  wave.  All  other  factors  in  the  likelihood  ratio  are 
known  constants.  Hence  the  criterion  for  decision, 

JL(y)  >  p 

can  be  expressed  in  an  equivalent  form  in  terms  of  Oi  ,  such  that 


I  <p  .,2  s  ^  2 

m  xi  2  06 

1  1=1 

if  we  define  the  parameter  co  as  follows 

a  /  -N  \  n/2 

P  *  \m)  8 


(933) 


(934) 


The  probability  of  a  false  alarm,  originally  defined  as  the 
conditional  probability  of  <£(x)>  under  the  hypothesis  of  noise  only,  may 
now  be  expressed  equivalently  as  the  conditional  probability  of  (933)  under  the 
same  hypothesis.  But  when  only  noise  is  present,  each  of  the  x^  is  a  Gaussian 
random  variable  with  a  mean  of  zero  and  a  variance  N,  so  that  the  variance  of 
Xj //¥  is  unity.  The  sum  (933)  therefore  has  a  chi-square  distribution  with 
n  degrees  of  freedom.  Similarly,  when  a  signal  is  present,  each  of  the  x^  has 
a  Gaussian  distribution  with  zero  mean  and  variance  N+S.  For  this  case  (933) 
must  be  expressed  in  the  form 


1  n  »  No 
N+S  ^  x  i  ^  N+S  00 


(935) 


The  sum  on  the  left  side  of  (935)  now  has  a  chi-square  distribution  with  n 
degrees  of  freedom. 

It  can  be  shown  that  when  the  number  of  degrees  of  freedom  is 
large,  a  chi-square  distribution  approaches  a  Gaussian  distribution.  If  we  let 

y2  =  I  2?,  x,2  (936) 

N  1=1  J. 
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the  Gaussian  approximations  to  the  chi-square  distributions  have  the  following 
characteristics: 


equation  (941 )  reduces  approximately  ti. 


d  =  fn  (|)2  =  »(§)' 


(941a) 


These  results  show  that  when  the  input  signal-to-noise  ratio  is 
low,  we  may  use  the  same  ROC  curves  as  we  did  in  Case  1,  provided  we  re-define 
the  parameter  d.  In  this  case  d  is  proportional  to  the  square  of  the  input 
signal-to-noise  ratio,  indicating  a  greater  difficulty  in  detecting  very  weak 
signals.  Solution  of  (941a)  for  the  signal-to-noise  ratio  in  terms  of  d  yields 

i=,/£"  (942) 


(943) 


10  log  S/N  =  5  log  (d/WT) 


It  will  be  noted  that  since  the  signal  in  this  case  is  not 
known,  we  are  unable  to  match  the  incoming  wave  to  a  replica  of  it.  Signal 
processing  of  this  type,  in  which  only  the  average  properties  of  the  signal 
are  known,  but  not  its  detailed  structure,  is  called  incoherent  processing. 
Comparing  coherent  with  incoherent  processing  we  note  that  in  coherent  pro¬ 
cessing  the  required  input  signal  differential  goes  as  -10  log  WT,  whereas 
in  incoherent  processing  the  input  signal  differential  goes  as  -5  log  WT, 
where  W  and  T  are  the  bandwidth  and  duration  of  the  signal.  It  should  be  noted 
also  that  we  have  considered  only  one  ideal  case  of  each  type  of  processing. 
Signals  with  other  characteristics  have  been  examined,  as  well  as  other  types 
of  processers  (e.g. ,  half-wave  rectifier  in  place  of  square-law  detector), 
and  the  results  can  usually  be  approximated  by  either  the  coherent  or  the  in¬ 
coherent  formula,  except  that  the  parameter  d  is  multiplied  by  an  efficiency 
factor  less  than  ’unity. 

In  the  preceding  analysis  it  was  assumed  that  the  square  of 
the  input  voltage  is  averaged  over  the  duration  of  the  signal,  as  indicated  by 
the  sum  of  the  x^  in  (936).  By  the  sampling  theorem  this  sum  is  equivalent 
to  an  integral  of  x^(t)  over  the  same  interval  of  time,  the  total  energy  in  the 


signal  being 


3  2W 


-.2  ^ 


K^(t)  dt 


(944) 


A  common  way  of  mechanizing  this  mathematical  procedure  is  to  feed  the  input 
into  a  square-law  detector  and  to  pass  the  output  of  the  detector  through  a 
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5.  -■> 


filter  having  an  integration  time  T.  In  practice,  however,  it  is  not  always 
feasible  to  match  the  integration  time  of  the  filter  to  the  duration  cf  the 
signal.  Failure  to  achieve  a  match  degrades  performance  and  results  in  a 
higher  required  input  signal-to-noise  ratio. 

Let  T*  be  the  filter  integration  time.  Suppose  first  that 
T'  <  T.  In  this  case  only  a  portion  of  the  sample  T'  seconds  long  contributes 
to  the  output  of  the  receiver.  The  number  of  independent  samples  in  (936)  is 
only  2WT’  instead  of  2WT.  Hence  the  required  input  signal  differential  (943) 


10  log  |  =  5  log  ^7 


c  ,  a  c  .  T 

=  5  log  ^  +  5  log  ^7 


(945) 


Suppose  next  that  the  integration  time  is  too  long,  so  that  T' >  T.  In  this 
case  (936)  becomes 

o  i  2WT'  „ 

y2  =  ly  x.2 

y  N  i=l  1 


When  a  signal  is  present,  2WT  of  the  2WT'  samples  contain  the  signal,  whereas 
the  remaining  2W(T'-T)  samples  contain  only  noise.  Hence  the  mean  of  the  dis¬ 
tribution  under  the  hypothesis  signal  plus  noise  is  (neglecting  -J-  in  comparison 
with  n) 

/  2WT~p  +  2W(T'-?) 

The  value  of  d,  which  is  given  by  (94l)  for  the  ideal  case  T'  =  T,  becomes 
d  =  2  D2WT'  +  2WT  |  -  ^WT"!  2 


j^WT'  +  2WT  |  -  ^2WT* 

,r  [f*9 N  -  X1 2 


^  4WT* 


which,  when  S«  N,  is  approximately 

4  ■  ra(D(lf 

The  required  input  signal-to-noise  ratio  is 

5  _  /d_  T1 

N  v  WT  T 


and  the  signal  differential  is 


5  l0g  WT  +  5  l0g  T~ 


(945a) 


10  log  §  - 


It  is  seen  that  in  both  (945)  and  (945a)  the  second  term  on  the  right  is  posi¬ 
tive,  indicating  an  increase  in  the  required  signal  differential.  The  effeci 
of  the  mismatch  may  therefore  be  written  as  a  single  equation 


10  leg  | 


T' 

5  log  ~ 


(945b) 


e.  Relationship  to  Recognition  Differential. 

Prom  the  preceding  discussion  it  is  clear  that  the  deficiency 
in  the  concept  of  recognition  differential  is  the  absence  of  any  reference  to 
false  alarm  probability.  This  does  not  mean,  of  course,  that  false  alarm 
probability  is  not  present  in  the  aural  detection  process,  merely  that  it  is 
not  present  explicitly.  Measured  values  of  the  recognition  differential  are 
obtained  from  tests  of  human  operators  who  set  their  own  threshold  of  detection 
through  a  psychological  desire  not  to  make  mistakes  in  either  direction — false 
rest  or  false  alarm. 

Urick  and  Stocklin*  have  made  an  interesting  comparison  of  the 
theory  for  incoherent  processing  with  the  observed  values  of  the  recognition 
differential.  On  the  assumption  that  the  process  of  detection  by  the  ear  is 
similar  to  that  of  the  optimum  receiver  for  Case  2,  they  applied  equation 
(945b)  with  the  following  numerical  values: 

W  =  50  cps  (critical  bandwidth  of  the  ear  at  800  cps) 

T'  =  1  .second  (approximate  integration  time  of  the  ear) 

P(D)  =  0.5 
P(FA)  =  0.05 

If  the  probability  of  detection, is  0.5,  the  lower  limit  of  integration  in 
(924a)  is  zero,  so  that 

OL  =  d 

If  the  probability  of  a  false  alarm  is  0.05,  the  lower  limit  in  (922a)  is 

(JT  =  $  =  1,645 

or 

d  =  2.7 

*R.  J\  Urick  and  P.  L.  Stocklin,  "A  Simple  Prediction  Method  for  .thq 
Signal  Detectability  of  Acoustic  Systems,"  NOL  White  Oak  Report 
NOLTR  61-164,  20  Nov.  1961. 
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Proa  (945b)  the  signal  differential  relative  to  the  noise  spectrum  level  i3 


10  log  f- 
"0 


10  log 


n7w 


r  -i  Vd  t 

5  log  Y  + 


tpl 

5  log-|- 


10.7  -  10  log  T, 

10.7, 


l'i  1  sec. 
T  1  sec. 


This  result  is  in  fairly  good  agreement  with  measured  values  of  the  recognition 
differential.  The  authors  point  out  that  the  agreement  would  be  better  if  a 
larger  value  were  used  for  the  critical  bandwidth  of  the  ear,  as  has  been  sug¬ 
gested  by  recent  measurements.  It  will  be  noted  also  that  the  agreement  would 
be  better  if  a  smaller  value  were  used  for  the  false  alarm  probability. 

The  preceding  example  illustrates  the  fact  that  the  signal  dif¬ 
ferential  given  by  (927a)  for  Case  1  and  (945b)  for  Case  2  may  be  treated  as 
recognition  differentials.  Once  the  maximum  allowable  false  alarm  probability 
has  been  specified,  the  value  of  d  for  P(d)  =0.5  is  determined  and  this,  to¬ 
gether  with  the  WT  product  of  the  signal,  determines  the  value  of  the  signal 
differential. 

Also,  if  values  are  selected  for  P(FA)  and  WT,  the  probability 
of  detection  may  be  computed  as  a  function  of  the  input  signal  differential. 

The  accompanying  graph  shows  curves  for  both  Case  1  and  Case  2  for 

P(FA)  =  0.01 
and  2WT  =  400 
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TECHNOLOGY  OF  UNDERWATER  SOUND 


REVISED  NOTES 


ECHO -RANGING 

In  this  section  it  will  be  our  purpose  to  analyze  the  performance  of  echo¬ 
ranging  sonar,  chiefly  from  the  point  of  view  of  predicting  detection  ranges. 
Since  the  performance  of  a  sonar  depends  upon  whether  the  background  inter¬ 
ference  is  predominantly  noise  or  reverberation,  we  shall  consider  the  two 
cases  separately.  We  shall  begin  by  computing  the  echo  level,  which  is 
applicable  to  both  cases. 

A.  Echo  Level. 

The  echo  level  is  computed  in  four  steps,  as  was  mentioned  in  the 
introduction  to  the  discussion  of  decibels  and  indicated  in  equation  (203).  The 
steps  are  as  follows: 

(1)  Source  Level.  The  acoustic  energy  transmitted  by  the  source 
ia  expressed  in  terms  of  the  intensity  of  the  outgoing  wave  at  a  standard 
reference  distance  of  one  yard.  In  the  sonar  equation  this  is  expressed  in 
decibels  as  the  source  level  SQ.  The  relation  between  the  source  level  and 
the  radiated  acoustic  power  of  an  omnidirectional  transducer  is  expressed  by 
(238)  and  (239).  For  a  directive  transducer  we  must  include  the  directivity 
index  defined  by  (752)  and  (753).  The  source  level  along  the  beam  axis  is 

S0  =  10  log  P  +  D  +  7I.7  db/4ib2  (1001) 

where 


P  =  radiated  acoustic  power  in  watts 


and 


D  =  transmitting  directivity  index 

The  acoustic  power  may  be  expressed  in  terms  of  the  input  electrical  power 
p£n  and  the  electroacoustic  efficiency  n  the  transducer 
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xn 


i  y> 


{ 

1  i 


P  =  T, 


EA  Pin 


or 


eff 


(1002) 

(1002a) 


10  log  P  =  10  log  Pin  -  N 

where  Neff  is  the  efficiency  loss 

Neff  =  -10  log  nEA  (1003) 

(2)  The  propagation  loss  Nw  from  the  one  yard  point  to  the  target. 

(3)  The  target  strength.  When  the  outgoing  wave  strikes  the  target, 
it  is  scattered  in  all  directions.  In  re -radiating  the  sound,  the  target  acts  as 
a  source.  The  returning  wave  is  treated  in  the  same  manner  as  the  outgoing 
wave.  The  target  strength  is  a  measure,  in  decibels,  of  the  ratio  of  the 
reference  intensity  of  the  returning  echo  at  one  yard  from  the  target  to  the 
incident  intensity  of  the  outgoing  wave  as  it  strikes  the  target.  Let 


1 


=  intensity  of  outgoing  wave  at  target 
=  index  intensity  of  returning  echo 


Then  the  target  strength  is 


T  =  10  log 


Vl 


(1004) 


(4)  The  propagation  loss  of  the  returning  echo. 

The  echo  level  Ljr  is  the  intensity  level  of  the  returning  wave  as  it 
reaches  the  transducer.  The  complete  process  described  above  may  be 
expressed  by  the  simple  formula 


LE  =  so  +  T  -  2N 


w 


(1005) 


1.  Target  Strength. 

The  source  level  and  propagation  loss  have  been  discussed 
above.  Let  us  now  consider  the  target  strength. 

a.  Target  Strength  of  a  Sphere. 

To  introduce  the  subject,  let  us  first  consider  the  echo 
formed  by  a  hypothetical  target  consisting  of  a  perfectly  scattering  sphere  of 
radius  a.  In  all  cases  of  practical  interest  the  target  is  far  enough  away  from 
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the  transducer  that  the  incident  radiation  may  be  considered  as  a  plane  wave. 
The  projected  area  of  the  sphere  which  intercepts  the  incident  wave  is  Tra2. 

If  the  incident  intensity  is  I,  the  intercepted  power  is  rra2I.  Let  us  assume 
that  the  sphere  scatterjall  this  power  uniformly  in  all  directions,  acting  like 
an  omnidirectional  source.  The  index  intensity  i^  is  the  ratio  of  the  total 
scattered  power  to  the  area  of  a  sphere  of  radius  1  yard,  as  indicated  by 
equation  (237).  Thus, 


■rra2! 
4k  r  j2 


(1006) 


Substituting  (1006)  into  (1004),  ^we  obtain  for  the  target  strength  of  the  sphere, 

,2 

(1007) 


IT  cl 

T  ■ 


1 


or 


T  =  10  log  fe-)2 
Zrl 


(1007a) 


The  target  strength  of  such  an  ideal  sphere  is  tabulated  below  as  a  function  of 
the  radius 


Radius 

Target  Strength 

a 

T 

(yds) 

(db) 

1 

-6 

2 

0 

4 

6 

10 

14 

20 

20 

40 

26 

100 

34 

These  computed  values  agree  remarkably  well  with  observed  values  for 
submarines,  as  we  shall  see. 

b.  Other  Targets. 

If  the  sphere  is  not  a  perfect  scatterer  we  may  take 
this  imperfection  into  account  by  multiplying  the  effective  intercepting  area 
by  a  factor  a,  so  that  (1007)  becomes 


T 


10  log 


ira2q 
4tt  rj2 


(1007b) 


This  equation  may  be  generalized  to  targets  of  other  shapes  by  replacing  the 
numerator  ira. 2a  with  a  symbol  a  representing  the  effective  scattering  area 
of  the  target. 


t  =  10  log 


(1008) 


The  effective  scattering  area  a  is  more  commonly  used  in  radar  work;  the 
target  strength  T  is  more  commonly  used  in  sonar  work. 

c.  Experimental  Measurements. 

A  series  of  tests  were  run  several  years  ago  on  spheres 
of  about  one  yard  diameter,  using  sound  waves  of  various  frequencies.  The 
results  of  the  measurements,  although  they  showed  considerable  variability, 
nevertheless  tended  to  confirm  the  validity  of  the  theoretical  formula.  The 
observed  target  strengths  ranged  from  the  theoretical  value  to  about  6  db 
higher. 

Target  strength  measurements  of  submarine  in  general 
show  a  strong  dependence  on  aspect.  As  is  to  be  expected,  the  smallest 
values  are  found  for  bow  and  stern  aspect  and  the  largest  values  for  beam 
aspect.  The  following  table  lists  generally  accepted  values  for  typical 
submarines. 


Submarine 

Aspect 

Bow,  Stern 

Beam 

Random 


Approximate 
Target  Strength 
db _ 

10 

25 

15 


The  above  values  should  be  considered  merely  as  nominal  values.  Whenever 
measurements  are  made  as  a  function  of  aspect,  the  experimental  curves 
usually  show  strong  spikes  and  depressions,  indicating  wide  fluctuations  in 
the  observed  values. 

It  is  of  interest  to  compare  the  observed  results  with 
a  rough  theoretical  calculation  based  on  formula  (1008).  A  typical  beam 
aspect  submarine  looks  somewhat  like  an  ellipse  about  100  yards  long  and 
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10  yards  wide.  The  area  of  the  ellipse  is  250ir  square  yards,  and  assuming 

perfect  reflection  the  target  strength  would  be 

T  =  250,  =  18  db 

4ir 

For  the  bow  and  stern  aspect  the  projected  area  is  roughly  25n ,  so  that  the 
target  strength  would  be 


Considering  the  roughness  of  the  computations,  the  agreement  with  observed 
values  is  quite  good. 

Target  strength  appears  to  be  practically  independent 
of  frequency  so  long  as  the  dimensions  of  the  target  are  large  compared  with 
the  wavelength  of  sound. 

In  order  to  obtain  experimental  values  of  target  strength, 
it  is  necessary  to  measure  the  other  three  quantities  (Le,  S0,  and  Nw)  in 
equation  (1005)  and  to  calculate  T  from  this  equation.  The  practical  diffi¬ 
culties  encountered  in  obtaining  reliable  results  stem  from  the  problems 
involved  in  measuring  these  three  quantities.  One  of  the  serious  difficulties 
is  the  large  fluctuations  which  continually  occur  in  the  echo  level. 


2.  Effect  of  Deviation  Loss 

The  echo  level  as  defined  by  equation  (1005)  applies  only  to 
targets  situated  on  the  maximum  response  axis  of  the  transducer.  If  the 
target  is  in  some  other  direction  (0,  <j>)  away  from  the  axis,  the  detection 
capability  of  the  sonar  is  reduced.  Two  effects  must  be  considered: 

(1)  The  intensity  level  of  the  transmitted  sound  is  reduced  because  of  the 
transmitting  deviation  loss.  The  echo  level  is  therefore  lower  by  the  same 
amount.  (2)  The  returning  echo  is  received  in  a  direction  of  reduced  receiving 
response.  So  far  as  the  response  of  the  sonar  is  concerned  the  echo  level 
must  therefore  be  reduced  by  an  amount  equal  to  the  receiving  deviation 
loss.  The  effective  echo  level,  as  sensed  by  the  transducer,  is 

Le(0,  (j))  =  SD  -  N(9,  <|>)  -  N*  (9,  <j>)  +  T  -  2  Nw  (1009) 


373 


K 


l 


* 


f  i 
&  ' 


u 

N 


where 

N(0,  4>)  =  transmitting  deviation  loss 
N'(9,  4>)  =  receiving  deviation  loss 
as  given  by  (706)  and  (70 6a). 

Deviation  loss  may  occur  in  either  of  two  ways.  First,  since 
most  transducers  possess  directivity  in  the  vertical  plane  it  is  possible  for 
a  target  to  "get  under  the  beam"  or  "over  the  beam.  "  This  may  occur  when¬ 
ever  the  transducer  is  shallow  and  the  target  is  deep,  or  vice  versa.  Suppose 
the  depths  of  the  transducer  and  target  are  Z\  and  Z2,  respectively,  and  the 
slant  range  is  r.  Neglecting  the  ray  curvature  due  to  refraction,  the  angle 
off  the  beam  in  the  vertical  plane  is  given  by 

Z2  -  Z1 

sin  0  --  - - -  (1010) 

Since  appreciable  deviation  angles  occur  only  at  very  short  ranges,  the 
assumption  of  straight-line  ray  propagation  does  not  introduce  appreciable 
error. 


Deviation  loss  may  also  occur  in  azimhth  when  the  transducer 
generates  a  beam  with  horizontal  directivity.  This  should  not  normally  be  a 

t 

serious  problem,  however,  because  in  a  properly  designed  sonar  there  should 
be  sufficient  overlap  between  successive  horizontal  beams  or  between 
successive  positions  of  a  horizontally  stepped  beam  (used  as  a  searchlight), 
so  that  all  azimuths  are  covered  with  a  deviation  loss  of  not  more  than  3  db. 
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3 .  Note  on  Positive  Values  of  Target  Strength 

The  fact  that  the  target  strengths  of  submarines  are  positive 
indicates  that  the  index  intensity  of  the  scattered  wave  is  higher  than  the  intens¬ 
ity  of  the  incident  wave,  This  sometimes  causes  confusion  because  on  first 
thought  it  appears  to  violate  the  principle  of  conservation  of  energy.  However, 
a  more  careful  consideration  of  the  situation  shows  that  this  is  not  the  case. 

The  numerical  value  of  the  index  intensity  depends  upon  the  standard  reference 
distance  at  which  it  is  defined.  As  explained  previously,  the  index  intensity 
is  really  only  a  mathematical  fiction.  At  large  distances  from  a  source  of 
finite  dimensions  the  waves  appear  to  have  come  from  a  point.  For  the  purpose 
of  describing  the  energy  transmission,  it  is  standard  practice  to  refer  propaga¬ 
tion  loss  measurements  to  a  distance  of  one  yard  from  a  hypothetical  equivalent 
source.  The  index  intensity  does  not  therefore  represent  the  actual  intensity  of 
a  real  wave.  It  will  be  noted  that  if  a  reference  distance  of  100  yards  had  been 
selected  instead  of  1  yard,  the  target  strength  and  the  propagation  loss  would 
each  have  been  40  db  lower. 

4.  Bi- static  Echo -Ranging 

In  bi-static  echo-ranging  operations  the  projector  and  hydrophone 
array  are  separated  from  each  other.  There  are  two  differences  between 
bi-static  and  mono-static  echo-ranging.  First,  the  propagation  loss  is  not  the 
same  for  the  two  directions  of  travel.  Second,  the  target  strength  is  diffeient. 
The  bi-static  target  strength  involves  two  angles  relative  to  any  fixed  direction 
in  the  target.  The  bi-static  target  strength  is  a  maximum  when  the  incident  and 
reflected  angles,  relative  to  the  beam  of  the  target,  are  eoua.1.  Meisu.teir.eut  o 
bi-static  target  strength  is  considerably  moie  complicated  than  conventional 
target  strength  measurements,  since  two  angles  are  involved. 

B.  Noise -Limited  Ranges 
1 .  Noise 

Interfering  noise  arises  from  a  number  of  sources,  including  the 
ambient  noise  of  the  sea,  noise  caused  by  the  vehicle  which  supports  the 
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sonar,  and  noise  caused  by  the  motion  of  the  sonar  through  the  water.  Noise 
originating  within  the  sonar,  its  installation,  or  its  supporting  vehicle,  is 
called  self -noise.  The  overall  noise  which  interferes  with  the  echo  is  the 
resultant  of  all  the  individual  contributions. 

Since  the  symbols  N  and  NQ  have  been  used  in  a  previous  section 
to  denote  the  noise  power  and  power  per  unit  band,  respectively,  we  shall  use 
the  symbols  Ljsj  and  to  denote  the  corresponding  levels,  the  band  level 
and  the  spectrum  level.  If  the  band  width  of  the  receiving  system  is  W  and  the 
spectrum  level  is  evaluated  at  the  geometric  mean  frequency  in  the  band,  then 
from  (223) 

Ljvj  =  Ljvjo  +  10  log  W  (1011) 

a.  Ambient  Sea  Noise. 

Reference  has  already  been  made  to  the  Knudsen  curves 
which  I'elate  the  average  ambient  noise  to  the  acoustic  frequency  and  the  sea 
state.  These  curves  can  be  approximated  reasonably  well  by  equation  (811) 
which  is  reproduced  below 

Lamb  =  "54  +  30  log(as  +  1)  -  1?  log  f  db//|xb2/cps  (811) 

where 

Lamb  =  spectrum  level  of  ambient  noise  in  db//pb2/cps 
q-ls  =  sea  state 

f  =  frequency  in  kc 

The  Knudsen  curves  are  still  the  most  widely  used  reference  for  ambient  sea 
noise.  They  are  applicable  only  to  frequencies  above  about  500  cps.  Subse¬ 
quent  measurements  have  shown  a  significant  departure  from  the  Knudsen 
curves  at  low  frequencies.  Extensive  measurements  have  been  made  by 
G.  M.  Wenz,*  of  the  Navy  Electronics  Laboratory,  and  others.  Wenz  fs 
curves  agree  with  the  Knudsen  curves  reasonably  well  at  the  higher 

*  G.  M.  Wenz,  Journal  of  the  Acoust.  Soc.  of  Am.  ,  Vol.  34,  pp  1936-1956 

(1962) 
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frequencies,  but  below  about  1000  cps  they  begin  to  taper  off  from  the 
constant  slope  of  -5  db  per  octave.  The  spectrum  level  reaches  a  maximum 
at  400  to  500  cps  and  then  drops  at  lower  frequencies.  At  very  low  frequencies, 
below  about  20  cps,  the  noise  begins  to  rise  again,  showing  a  strong  frequency 
dependence  of  about  -8  to  ~10  db/octave. 

Another  factor  which  contributes  significantly  to  the  ambient 
noise  at  low  frequencies  is  shipping.  Because  of  the  low  attenuation,  sound 
generated  by  ships  travels  great  distances  at  very  low  frequencies.  In  areas 
of  high  shipping  density  this  man-made  noise  becomes  widely  diffused  and  is 
sometimes  the  dominant  interference.  On  the  other  hand,  at  frequencies  in  the 
kilocycle  range  ship  noise  is  a  local  phenomenon  which  is  troublesome  only 
in  the  vicinity  of  individual  vessels 

Effect  of  Directivity. 

We  have  seen  previously  that  where  the  noise  field 
is  isotropic  the  effective  noise  as  sensed  by  a  directive  transducer  is  less  than 

I 

ambient  by  an  amount  equal  to  the  directivity  index.  If  Lpj  denotes  the  effec¬ 
tive  noise  spectrum  level  as  sensed  by  the  transducer,  then  (783)  may  be 
rewritten  as 

4i0  ■  -  D  <7S3a> 

If  the  noise  field  has  directional  properties,  the  effective  noise  spectrum 
level  must  be  computed  from  (779)  and  (785). 

b.  Vehicle  Self-Noise 

Sonars  which  are  mounted  to  the  hulls  of  large  ships  are 
generally  bothered  by  a  rather  high  background  noise.  This  noise  increases 
with  ship  speed  and  with  sea  state,  and  under  most  operating  conditions 
greatly  exceeds  the  arrbient  sea  noise.  It  is  common  practice  in  destroyer 
sonar  installations  to  measure  the  overall  noise  as  sensed  by  the  installed 
equipment.  Such  a  measurement  automatically  includes  the  ambient  sea 
noise,  the  machinery  and  flow  noise  of  the  ship,  and  the  directivity  of  the 
transducer. 
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The  noise  generated  by  a  helicopter  is  an  important  factor 
in  the  performance  of  helicopter  dipped  sonar  equipments.  Although  a  con¬ 
siderable  amount  of  work  has  been  done  in  studying  the  effect  of  vehicle  noise 
on  dipped  sonar  transducers,  it  is  still  not  definitely  known  whether  the  noise 
sensed  by  the  transducer  is  caused  directly  by  the  engines  and  rotor  blades  or 
by  a  disturbance  of  the  water  surface  set  up  by  the  down-wash.  It  has  been 
established  that  the  noise  in  the  water  directly  underneath  the  helicopter 
decreases  with  depth  below  the  surface.  It  approximately  follows  the  inverse 
square  law,  such  as  would  be  expected  if  the  cause  of  the  noise  were  a  point 
source  on  the  surface  of  the  water. 

It  has  also  been  found  that  the  helicopter  noise  has  directional 
characteristics.  Directly  under  the  vehicle  the  noise  appears  to  come  from  a 
predominantly  vertical  direction,  as  might  well  be  expected.  Because  of  this 
directional  dependence  the  effective  noise  as  sensed  by  the  transducer  is  not 
given  by  (783a)  but  depends,  instead,  upon  the  response  of  the  transducer  in 
the  vertical  direction.  This  may  be  written  mathematically  as  follows 


lnh  =  Lnh  '  Nv 


(1012) 


where 


L^h  =  helicopter  noise  spectrum  level  as  sensed  by 
the  directional  transducer 

Lnh  =  helicopter  noise  spectrum  level  as  sensed  by 
an  omnidirectional  hydrophone 

Ny  =  deviation  loss  of  the  directional  transducer  in 
the  vertical  direction 

If  (1012)  is  rewritten  in  the  following  form 

LNH  =  lnh  -  (nv  -  D)  -  D 
and  compared  with  (783a),  it  is  seen  that  the  quantity 

lNH  "  (Nv  -  D') 

enters  in  the  same  way  as  ^he  isotropic  (i.e.,  omnidirectional)  spectrum 
level  Ln0*  This  quantity  may  be  termed  the  equivalent  omnidirectional  noise 
of  the  helicopter.  Any  noise  which  is  directed  at  right  angles  to  the  sonar 
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beam  may  be  treated  as  an  omnidirectional  noise  if  it  is  first  corrected  by 
subtracting  the  term  Nv  -  D. 

c .  Noise  of  Towed  Sonar 

Transducers  intended  to  be  towed  through  the  water  are 
mounted  in  hydrodynamically  streamlined  housings,  often  called  "fish."  At 
low  speeds  (below  15  knots  or  so)  the  noise  is  usually  below  the  ambient  sea 
noise.  At  higher  speeds  the  noise  increases  rapidly.  Although  considerable 
effort  has  been  directed  to  the  study  of  flow  noise,  the  development  of  high¬ 
speed  towed  sonars  still  appears  to  present  difficult  problems. 

d.  Resultant  Noise 

When  noise  from  more  than  one  source  is  presen.  at  the 
input  to  a  transducer,  the  overall  effect  is  determined  by  their  resultant. 
Consider  the  case  of  two  sources.  For  rough  work  it  is  customary  simply  to 
consider  the  one  which  produces  the  higher  level  and  to  ignore  the  other.  The 
maximum  error  involved  in  this  procedure  occurs  when  the  two  levels  are 
equal  and  amounts  to  3  db.  If  more  accuracy  is  desired,  the  two  may  be 
combined  on  the  basis  of  random  phases  by  adding  intensities.  (See  equation 
(185)).  However,  before  combining  them,  one  must  be  sure  they  are  all 
expressed  on  a  comparable  basis.  For  example,  they  must  ail  be 
expressed  either  as  spectrum  levels  oi  as  intensity  levels  having  the  same 
bandwidth.  Also,  they  must  all  be  expressed  as  equivalent  omnidirectional 
noise,  in  which  case  the  receiving  directivity  index  D  is  subtracted  from  the 
resultant,  or  else  they  must  be  expressed  as  effective  values  as  sensed  by  the 
transducer,  such  as  given  by  (783a)  or  (1012). 

To  combine  the  noise  spectrum  levels  we  add  the  intensities 
per  unit  band.  Let  Ji  and  Jz  be  the  intensities  per  unit  band  corresponding  to 
spectrum  levels  LN|  and  for  the  noise  from  two  different  sources,  so  that 

Lj\j|  =  10  log  Ji  (1013a) 

and  LN2  =  10  log  J2  (1013b) 
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The  resultant  intensity  per  unit  band  is 

J  =  Ji  +  J2  (1014) 

and  the  resultant  spectrum  level  is 

LN0  =  10  log  J  (1015) 

We  seek  a  relation  between  LNoxand  and  LN2*  Solving  (1013a)  and 
(1013b)  for  J  £  and  J2  gives 

JL  =  100,  1  LN1  and  3>  =  10°*  1  Ln2 

Therefore 

Lnq  =  10  log  (10°* 1  LNi  +  10°' 1  LNz)  (1016) 

Equation  (1016)  may  be  expressed  in  a  form  more  suitable 
for  computation.  Let  us  define  LNj  as  the  larger  of  the  two: 

LNl  >  ,lN2  (1017) 

Then  Ln2  =  LNj  -  (LNl  -  ^N2) 


and 

f  0.1  Ln,  0.1  Ln,  -0.1  (LNi 

Lnq  =  10  logllO  1  +  10  10 

r  -0.1  (LNl  -  ln?)"] 

LNq  =  Lnx  +  10  log  [_1  +  10  J 

-  LN2)J 

Let 

p  -0. 1  (ln,  -  ln2)1 

AL  =  10  log  jl  +  10  1  £  J 

(1018) 

Then 

LNq  =  LNi  + 

(1019) 

The  accompanying  graph  shows  AL  as  a  function  of  Lnx-LN2* 
To  compute  the  resultant  of  two  noises  LNi  and  Ln2>  of  which  LNi  is  the 
larger  (algebraically),  form  the  difference  LNl  "  LN2»  and  find  6L  from  the 
graph.  Add  this  to  LNl*  Note  that  to  the  nearest  0.  1  db  LN<J  may  be  neglected 
if  it  is  more  than  20  db  smaller  than  Lnx* 
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2.  The  Sonar  Equation 

The  sonar  equation,  as  conventionally  written,  is  a  relation 


among  the  various  sonar  parameters,  applicable  to  the  situation  in  which  the 
probability  of  detection  is  50  percent.  It  can  be  seen  rrom  equation  (1005) 
that  for  any  given  source  level  and  target  strength  the  echo  level  varies  with 
the  two-way  propagation  loss.  The  propagation  loss,  in  turn,  varies  with  the 
distance  from  the  source.  At  short  ranges  very  strong  echoes  are  received,  ' 

but  as  the  range  increases, the  echo  level  decreases  until  it  becomes  lost  in  j 

the  noise.  The  nominal  detection  range  of  a  sonar  is  the  range  at  which  the  \ 

[ 

detection  probability  is  0.5  and  the  echo  level  at  this  point  is  called  the  , 

minimum  detectable  level  (MDL).  For  an  omnidirectional  transducer  the 
minimum  detectable  level  is  L50  of  equation  (903).  If  the  noise  field  is  isotropic  ' 
(an  assumption  which  we  shall  make  throughout  this  discussion),  the  effective 
noise  level  sensed  by  a  directive  transducer  is  reduced  by  an  amount  equal  to 
the  directivity  index.  Hence  the  general  expression  is  j 

L50  =  Ln  -  D  +  M  (1020 )  | 
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The  levels  expressed  in  (1020’  are  band  levels  in  the  input  band  of  the  receiving 
system. 

At  the  50  percent  point  the  echo  level  Lg  of  (1005)  is  equal  to  the 
MDL,  L50  of  (1020).  The  sonar  equation  is  obtained  by  equating  these  two 
levels. 

S0  +  T  -  2  Nw  =  Ln-D  +  M  (1021) 

3.  Figure  of  Merit. 

The  figure  of  merit  (FOM)  of  a  sonar  is  defined  as  the  difference 
between  the  source  level  and  the  minimum  detectable  signal, 

FOM  =  S0  -  L5q  (1022) 

If  (1020)  is  substituted,  the  figure  of  merit  can  be  expressed  in  the  form 

FOM  =  S0  +  D  -  M  -  Ln  (1022a) 

Here  it  is  seen  that  the  source  level,  directivity  index,  and  recognition 
differential  are  properties  of  the  sonar  system  (including  tne  operator)  and 
hence  are  a  measure  of  the  quality  of  the  system.  Furthermore,  in  some 
sonars,  especially  surface  ship  sonars,  the  dominant  background  noise  is 
generally  self-noise  and  may  therefore  be  logically  considered  a  property  of 
the  sonar  system.  In  quieter  sonars  such  as  sonobuoys,  where  the  background 
is  chiefly  ambient  noise,  the  figure  of  merit  depends  upon  environmental  condi¬ 
tions  as  well  as  upon  the  sonar  itself. 

The  relationship  between  the  figure  of  merit  and  the  maximum 
allowable  propagation  Joss  is  obtained  by  substituting  (102.1)  into  (1022a) 

2  Nv/  =  FOM  +  T  (1023) 

The  allowable  two-way  loss  is  thus  equal  to  the  figure  of  merit  plus  the  target 
strength. 

Another  measure  of  sonar  performance  which  is  used  for  surface 
ship  and  submarine  sonars  is  the  performance  figure,  which  is  defined  as 

PF  =  Source  Level  -  Measured  Noise  Level  (1024) 


382 


Some  ship  sonars  are  provided  with  test  instruments- which  measure  the  effec¬ 
tive  noise  level  as  sensed  by  the  transducer,  and  it  is  this  noise  level  which  is 
referred  to  above.  The  performance  figure  differs  from  the  figure  of  merit  in 
that  it  does  not  include  the  recognition  differential.  It  is  useful  as  an  objective 
measure  of  the  condition  of  the  sonar. 

4.  Echo  Excess;  Detection  Probability. 

We  have  seen  earlier,  in  the  discussion  of  recognition  differ¬ 
ential  for  aural  detection,  that  as  the  input  signal  differential  is  varied,  there 
exists  a  transition  region  in  which  the  probability  of  recognizing  an  echo 
varies  from  0  to  1.  A  plot  of  this  probability  versus  the  signal  differential 
reveals  an  approximately  Gaussian  distribution  with  a  standard  deviation  of 
about  2.5  db.  It  is  interesting  to  note  also  in  connection  with  the  statistical 
detection  theory  discussed  previously  that  a  plot  of  detection  probability  versus 
signal  differential  for  a  fixed  false  alarm  probability  also  exhibits  a  distribution 
which  is  approximately  Gaussian,  except  at  low  levels  of  probability.  It  can  be 
shown  that  the  Gaussian  approximation  to  the  distribution  of  the  signal  differential 
has  a  mean  M  and  standard  deviation  o  as  follows: 

Case  1,  Signal  known  exactly: 


M 


a  = 


10  log- 


I  >2 


2WT 

20  loge  10  g>7 


d'  d' 

Case  2,  Signal  consisting  of  Gaussian  noise: 


(1025a) 

(1026a) 


M  =  5  log 


I  >2 


WT 

10  loge  10 
d1 


4,3 

d’ 


(1025b) 


(1026b) 


where  d1  is  a  parameter  related  to  the  false  alarm  probability  as  follows: 

»  jf 
2 


p(FA)  =  J*  e  2  dn 

V  -  H  ,  , 


(1027) 
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It  v;ill  be  noted  that  the  o's  are  independent  of  the  WT  product  of  the  signal  and 
that  the  a  for  Case  1  is  twice  that  for  Case  2.  The  numerical  values  for.  a 
false  alarm  probability  of  0.01  are  about  3.7  and  1.9,  respectively.  The 
means  M  of  the  distributions  are  the  input  signal  differentials  required  for 
0.5  probability  of  detection  and  thus  correspond  to  recognition  differentials. 

Up  to  this  point  we  have  considered  only  one  of  many  factors 
which  contribute  to  variability  in  the  detection  of  echoes*  In  order  to  predict 
the  performance  of  sonars  under  operational  conditions  we  must  include  other 
sources  of  variability,  the  major  ones  being: 

(1)  fluctuations  in  acoustic  propagation, 

(2)  target  aspect, 

(3)  operator  variability  and  the  effect  of  random  noise, 
discussed  in  the  preceding  paragraphs,  and 

(4)  variability  in  the  condition  of  the  sonar  equipment. 

The  values  of  the  various  parameters,  such  as  source  level,  propagation  loss, 
noise,  etc.  ,  which  are  used  to  compute  the  echo  level  and  the  background 
interference  level,  are  nominal  average  values.  The  actual  values  which  exist 
during  any  particular  echo -ranging  operation  are  subject  to  unpredictable 
fluctuations  and  must  therefore  be  considered  on  the  basis  of  probability. 

When  the  nominal  values  of  the  various  parameters  are  such  that  the  computed 
echo  level  Lg  is  equal  to  the  MDL  L50,  the  probability  of  detection  is  0.5 
(by  definition).  When  Le  exceeds  1*50*  the  probability  is  greater  than  0.5; 
when  Le  is  less  than  L50,  the  probability  is  less  than  0.5.  It  is  therefore 
useful  to  introduce  the  concept  of  echo  excess,  ALe>  which  is  defined  as  the 
difference  between  these  two  levels 

ALj£  =  Lg  -  LgQ  (1028) 

Because  of  the  random  nature  of  the  sonar  parameters,  the  echo 
excess  is  a  random  variable.  Unfortunately,  the  probability  distributions  of 
many  of  the  parameters  are  not  accurately  known  and  hence  one  can  only  guess 
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at  the  distribution  of  the  signal  excess.  It  is  generally  assumed  that  the 
distribution  is  Gaussian  with  a  mean  of  zero.  It  is  also  logical  to  assume 
that  the  contributions  from  the  various  inputs  are  statistically  independent,  so 
that  the  variance  ^that  is,  the  square  of  the  standard  deviation)  of  the  signal 
excess  is  equal  to  the  sum  of  the  individual  variances.  The  probability  of 
detection  of  a  sonar  ping  may  therefore  be  expressed  as  follows 


P(D) 


n 

'2  , 

e  dr) 


(1029) 


where  a  is  the  standard  deviation  of  the  echo  excess.  If  0^  is  the  standard 
deviation  of  the  i^  input  to  the  signal  excess,  then 


a  =  /Eo7 

i 


(1030) 


Let  us  now  consider  the  contributions  of  the  four  items  listed 


a^>pve. 


(1)  Although  the  variations  in  propagation  loss  do  not  obey 
the  Gaussian  distribution  law  extremely  well,  the  best  fit  for  the  available 
data  leads  to  a  standard  deviation  of  about  4.5  db  for  one-way  propagation. 

The  standard  deviation  for  two-way  propagation  should  be  larger  by  a  factor  of 
/?.,  that  is,  about  6.5  db. 

(2)  Since  the  sonar  operator  normally  does  not  know  the 
aspect  of  the  target,  the  target  strength  must  be  considered  as  a  random  vari 
able,  A  reasonable  estimate  of  the  standard  deviation  is  about  7  db. 

(3)  and  ^4).  The  operator  variability  and  the  equipment  vari¬ 
ability  may  be  lumped  together  under  the  single  category  of  figure  of  merit. 

We  have  already  seen  that  the  operator  variability  amounts  to  about  2.5  db. 
Experience  has  shown  that  among  the  various  individual  installations  of  any 
particular  type  of  electronic  equipment  in  service  use  there  is  a  wide  variability 
in  equipment  operating  conuition.  Some  installations  will  be  in  excellent 
condition,  others  in  very  poor  condition,  with  all  graduations  in  between.  The 
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factors  involved  include  such  things  as  source  level,  directivity  index,  and 
self -noise.  Because  of  meager  data  any  estimate  of  the  standard  deviation  of 
the  figure  of  merit  must  be  very  rough.  The  figure  of  7  db,  which  is  some¬ 
times  applied  to  surface  vessel  sonar,  appears  to  be  reasonable. 

The  overall  standard  deviation  of  the  echo  excess  is 

a  =  J 6.  52  +  72  +  72  12  db  (1031) 

The  sonar  equation  (1021)  may  now  be  modified  to  apply  to  other 
probability  levels  than  0.5.  According  to  (1029),  to  each  value  of  probability 
P(D)  there  corresponds  an  echo  excess  AL£,  representing  the  amount  by 
which  the  required  echo  level  must  exceed  the  MDL  (equation  (1028)).  The 
modified  sonar  equation  is  therefore 

Sn  +  T  -  2 Nw  =  Lfr  -  D  +  M  +  ALE  (1032) 

5.  Noise-Limited  Ranges. 

Once  the  values  of  the  parameters  So>  T,  Ln>  D,  M,  and  P(D) 
(hence  also  ALe)  have  been  specified,  the  propagation  loss  Nw  may  be 
computed  from  (1032).  If  the  propagation  characteristics  of  the  water  are 
known,  this  value  of  Nw  may  be  converted  to  distance,  thus  determining  the 
detection  range  corresponding  to  the  selected  value  of  probability.  It  will  be 
noted  that  the  above  results  are  predicated  on  the  assumption  that  the  target 
is  located  on  the  axis  of  the  beam.  When  this  is  not  the  case,  the  transmitting 
and  receiving  deviation  loss  N(8,  <j>)  and  N'(0,  $)  (706)  and  (706a)  must  be 
subtracted  from  the  source  level. 

C.  The  Doppler  Shift 

When  a  source  of  sound  is  moving  toward  the  receiver,  the  frequency 
of  the  sound  as  observed  by  the  receiver  is  higher  than  it  would  be  if  the  source 
were  stationary.  Conversely,  if  the  source  is  moving  away  from  the  receiver, 
the  frequency  is  lower.  The  same  type  of  effect  is  observed  if  the  receiver  is 
moving  toward  or  away  from  the  source.  Furthermore,  if  the  receiver  acts 
as  a  target,  reflecting  sound  back  to  the  source,  the  change  in  frequency 
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observed  at  a  hydrophone  located  at  the  source  is  approximately  double  that 
observed  in  one-way  propagation. 

The  phenomenon  which  causes  these  frequency  shifts  is  called  the 
Doppler  effect.  The  increase  in  frequency  which  occurs  when  the  source  and 
target  are  approaching  each  other  is  popularly  called  up-Doppler;  the  decrease 
which  occurs  when  they  are  separating  is  called  down-Doppler .  In  echo- 
ranging  operations  the  frequency  shift  due  to  the  motion  of  the  transducer  is 
called  self-Doppler  or  own -Doppler. 

1 .  Target  Doppler. 

Assume  that  the  sonar  is  stationary;  only  the  target  is  moving 
The  only  component  of  the  target  velocity  which  contributes  to  the  Doppler  shift 
is  the  radial  component,  i.  e. ,  the  component  along  tne  line  joining  the  source 
and  target.  Let  vT  represent  this  component.  Consider  first  the  frequency 
shift  as  sensed  by  an  observer  moving  with  the  target.  The  following  sketch 
shows  schematically  the  outgoing  wave  traveling  toward  the  right.  Assume  that 


at  a  given  instant  of  time  the  target,  traveling  toward  the  left,  is  located  at 
the  point  P.  Consider  new  the  point  Q,  one  wavelength  behind  P.  While  this 
is  moving  with  speed  c,  the  target  is  moving  with  speed  vT  .  The  target  will 
therefore  meet  Q  at  seme  intermediate  point  R  at  seme  time  t'  later.  During 
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this  interval  of  time  the  wave  has  traveled  a  distance  ct1  and  the  target  has 
traveled  a  distance  vrt',  and  the  sum  of  these  distances  is  one  wavelength. 
Hence 


X  =  (c  +  vr  )t' 

But  from  the  point  of  view  of  an  observer  on  the  target,  a  complete  cycle  has 
elapsed  during  this  interval,  so  that  the  apparent  wavelength  is 
«  X'  =  ct' 


The  ratio  of  the  two  wavelengths  is 


c  +  vT 


The  wavelengths  are  related  to  their  respective  frequencies  by  the  familiar 
formula  \  1 1 ) 

Xf  =  c  =  X1  f 

The  ratio  of  the  apparent  to  the  true  frequency  is  therefore 


c  +  vT 


(1033) 


Consider  now  the  return  trip.  In  the  following  sketch 
both  the  target  and  the  wave  are  both  moving  toward  the  left.  Let  the  target 
be  at  Ti  at  some  given  instant  of  time.  During  the  time  t'  of  one  cycle  as 
measured  by  an  observer  on  the  target,  the  wave  will  have  traveled  to  S,  a 


W/WET 


TARGET 


X/  -  Ct' 


*T-xrrt 


distance  of 


X*  =  ct' 


and  the  target  will  have  traveled  to  Tg,  a  distance  of  vTt'.  As  seen  by  a 
stationary  observer,  the  distance  TgS  is  one  wavelength  X.".  Hence 

X"  =  (c  -  Y-r) t ■ 


xi  .  fi 
X"  _  f" 


t 1034) 


where  f"  is  the  frequency  as  measured  by  a  stationary  observer  at  the  sonar. 
Combining  (1033)  and  (1034)  we  obtain 


c  +  v. 


(1035) 


The  Doppler  shift  Af  is  the  difference  between  the  frequency  f"  of  the  echo  and 
the  frequency  f  of  the  transmitted  wave. 


Af  = 


1  - 


(1036) 


The  speed  of  sound  in  water  is  of  the  order  of  2800  to  3000  knots,  whereas 

the  speeds  of  sonar  targets  are  well  below  50  knots.  Therefore  in  all  prar.tlc-i . 

situations 

^  <  <  1 
c 


and  (1036)  may  be  simplified  approximately  to 


Af  =  - 


(1037) 


2.  Self -Doppler 

Let  vs  represent  the  component  of  the  sonar  speed  in  the 
direction  of  the  target.  The  analysis  in  this  case  is  identical  to  that  of  the 
target  Doppler,  except  that  the  shifts  associated  with  the  outgoing  pulse  and 
the  returning  echo  are  interchanged.  The  resulting  frequency  shift  is  approx* 


mately 


Af  = 


(J  038) 
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3.  Combined  Doppler 

If  both  the  sonar  and  the  target  are  moving  relative  to  each 
other,  the  resultant  Doppler  shift  is  the  sum  of  (1037)  and  (1038) 

Af  =  2f  jvs+Vr )  (1039) 

Although  the  formulas  for  target  Doppler  and  self-Doppler 
are  similar,  there  is  a  significant  difference  between  the  two  effects  in 
regard  to  reverberation.  Reverberation  refers  to  the  sound  energy  which  is 
scattered  back  to  the  sonar  from  objects  in  the  ocean  other  than  the  target. 
Scattering  objects  are  normally  stationary,  or  at  worst  have  very  small 
Doppler  speeds  (as,  for  example,  waves  at  the  ocean  surface).  If  the  target 
has  an  appreciable  Doppler  speed,  the  frequency  content  of  the  target  echo  will 
be  significantly  different  from  that  of  the  reverberation,  and  this  has  an 
important  bearing  on  the  detectability  of  the  echo.  If,  on  the  other  hand,  the 
target  Doppler  speed  is  zero  and  only  self-Doppier  is  present,  the  frequency 
content  of  the  echo  and  reverberation  are  the  same.  It  should  be  pointed  out 
also  that  if  the  sonar  has  a  large  horizontal  beamwidth  the  reverberation 
received  when  the  sonar  is  moving  will  be  spread  out  in  frequency,  due  to 
different  self-Doppler  speeds  in  different  parts  of  the  beam. 

If  the  frequency  f  is  expressed  in  kilocycles,  the  Doppler 
shift  Af  in  cps,  and  the  Doppler  speed  in  knots,  (1039)  is  approximately 

Af  =  0.7  f  (vs  +vT)  (1039a) 


4.  Minimum  Required  Bandwidth 

The  Doppler  shift  sets  a  lower  limit  on  the  input  bandwidth  of 
the  system,  since  the  bandwidth  must  be  large  enough  to  allow  all  possible 
echoes  to  come  through.  Including  both  up-Doppler  and  down-Doppler,  the 
minimum  bandwidth  is 

W  ~  2Af  (1040) 

where  Af  is  the  Doppler  shift  corresponding  to  the  maximum  expected  Doppler 
speeds. 
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D.  Reverberation- limited  Ranges 

Reverberation  differs  from  noise  in  that  it  is  caused  by  the  sonar 
itself.  Reverberation  is  the  unwanted  sound  which  is  scattered  back  io  the 
sonar  by  objects  in  the  sea  other  than  the  target.  There  are  two  basic  types 
of  reverberation: 

(1)  Volume  reverberation^ which  is  caused  by  scatterers 
distributed  throughout  the  volume  of  the  water. 

(2)  Surface  reverberation,  which  is  the  sound  scattered  back 
from  the  boundaries  of  the  ocean,  top  and  bottom.  However,  since  the 
scattering  characteristics  of  the  upper  surface  are  somewhat  different  from 
those  of  the  bottom,  the  term  surface  reverberation  is  usually  restricted  to 
scattering  from  the  water -air  interface,  and  the  scattering  from  the  ocean 
bottom  is  referred  to  as  bottom  reverberation. 

Reverberation  differs  from  noise  in  several  ways.  In  the  first  place 
its  spectral  characteristics  are  essentially  the  same  as  those  of  the  trans¬ 
mitted  pulse  and  are  therefore  different  from  those  of  noise.  Secondly,  the 
intensity  of  the  reverberation  varies  with  the  range  at  which  the  scatterers 
are  located,  so  that  the  reverberation  level  from  any  given  pulse  varies  with 
time.  Thirdly,  the  intensity  of  the  reverberation  is  proportional  to  the  intens¬ 
ity  of  the  transmitted  pulse,  so  that  whenever  a  sonar  system  is  reverberation- 
limited,  no  improvement  in  the  detectability  of  a  target  can  be  achieved  by 
increasing  the  source  level. 

1.  Volume  Reverberation 

To  simplify  the  analysis  we  shall  begin  by  assuming  an  ideal 
ocean  which  is  infinite  in  extent  and  in  which  sound  waves  spread  out  in 
accordance  with  the  inverse  square  law  with  no  attenuation.  These  over¬ 
simplifications  will  be  corrected  later.  We  shall  begin  with  the  sound  as  it  is 
emitted  by  the  transducer  and  shall  follow  it  out  to  the  scatterers  and  then  back 
to  the  transducer. 
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Assume  that  the  duration  of  the  pulse  is't  seconds.  We  are 
interested  in  the  total  scattered  intensity  which  is  returned  to  the  transducer 
at  any  given  instant.  Consider  the  situation  at  a  time  t  tt  seconds  after 
the  initiation  of  the  pulse.  The  leading  edge  of  the  pulse  will  have  traveled 
a  round-trip  distance  of  c  (t  +r)  during  this  time,  which  means  that  the 
scatter ers  causing  the  reverberation  are  located  at  a  distance  ^c  (t  +r) 
from  the  transducer.  The  trailing  edge  of  the  pulse  has  been  traveling  for  a  time 
t,  so  that  it  is  returned  by  scatter  ers  located  at  a  distance  jet  from  the 
transducer.  Let 

r  =  ^ct  (1041) 

Then  the  reverberation  arriving  at  the  transducer  at  time  t  +  t  is  caused  by 
scatterers  located  within  a  spherical  shell  whose  inner  radius  is  r  and  whose 
thickness  is  |-cf .  In  the  analysis  which  follows  we  shall  assume  the  thickness 
of  the  shell  to  be  small  compared  with  the  radius,  i.e.  , 

jc-t  <  <  r 

so  that  we  may  use  the  same  value  of  propagation  loss  to  all  portions  of  the 
shell.  In  cases  where  the  pulse  is  of  long  duration,  suitable  corrections  must 
be  made  for  the  variations  in  propagation  loss. 

Let  us  now  develop  an  expression  for  the  reverberation  level. 

Let  the  index  intensity  in  the  direction  of  the  beam  axis  be  Ij.  The  index 
intensity  in  any  direction  (0,  <j>)  is 

II  11(8,  $) 

where tj  (0,  <J>)  is  the  relative  transmitting  response  (702).  Assuming  inverse 
square  spreading  without  attenuation,  the  intensity  of  the  outgoing  wave  at  the 
scattering  shell  is 

Ii  .r,2  Ti(0,<j>) 

!  =  - -p -  (1042) 

Assume  next  that  the  ocean  is  filled  with  scatterers,  each  of 
which  has  a  scattering  cross  section  0  yd2,  and  that  there  are  nv  of  these 
scatterers  per  cubic  yard.  If  the  shielding  effect  (due  to  one  scatterer  being 
behind  another)  is  negligible,  the  total  scattering  area  per  cubic  yard  is 
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“v 


(1043) 


This  quantity  mv  is  called  the  volume  scattering  coefficient  and,  for  the  units 
mentioned  above,  has  the  dimensions  yd-*.  Consider  now  an  infinitesimal  el¬ 
ement  of  area  dA  of  the  shell.  Since  the  thickness  of  the' shell  is  -jct  yards , 
the  volume  of  this  element  is  jr'zlA  and  the  scattering  area  is  -5c  r  mvdA. 

The  total  acoustic  power  intercepted  by  the  element  is 

^ovImvd£  =  ^cTlmvr^difb 

where  dA  is  the  element  of  solid  angle  corresponding  to  dA.  If  this  power  is 
scattered  uniformly  in  all  directions  (the  assumption  on  which  the  measurements 
of  my  are  based),  the  index  intensity  of  the  returning  scattered  wave  is 


-gcrlmyr^dfb 

4nr^2 


(1044) 


In  returning  to  the  transducer  the  wave  spreads  out  as  l/r2.  Its  effect  on  the 
transducer  is  proportional  to  the  relative  receiving  response  .  There¬ 
fore  the  received  reverberation  intensity  is 


dIRV  = 


(1045) 


Combining  (1042),  1044),  and  (1045)  and  integrating  over  the  sphere,  we  obtain 
the  total  reverberation  intensity 


T  _  ^crri2Ii  1 
%V - ^—4? 


^  mvTj(e,jzOY  (e,?0  dA 


(1046) 


If  the  distribution  of  scatterers  is  \  .form,  so  that  my  is  constant,  the  reverb¬ 
eration  intensity  becomes 


■^CTr^I-jlBy  1 

.2  4' 


^^M)vj'(M)  dA 


Comparison  with  (?86)  shows  that  the  integral,  in  the  above  expression  is  the 
reverberation  factor,  dg.  Therefore 


iRV  = 

r2 


(1046a) 


The  volume  reverberation  level  Ljjy  is  tbs  decibel  equivalent  of  (1046)  or 

(1046a), 
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L^y  =  10  log  Iry  (1047) 

As  regards  units  of  measurement  of  the  various  quantities,  it  will  be  noted 
that  r^  is  the  standard  reference  distance  of  one  yard.  If  r  is  measured  in 
yards,  then  r^  =  1  yd;  if  r  is  measured  in  kiloyards,  then  r^  =  10“^  kyd. 
Furthermore,  since  1%  is  measured  in  yd--*-,  c%  must  be  in  yd.  This  can  be  done 
either  by  expressing X  in  seconds  and  c  in  yd/sec,  or  by  expressing^  in  milli¬ 
seconds  and  c  in  yd/ms  (or  kyd/sec). 

To  apply  the  above  theory  to  practical  echo-ranging  operations,  we  must 
consider  the  physical  situations  involved.  The  simplest  case  to  consider  is 
that  of  a  highly  directive  transducer  having  a  narrow  beam.  In  this  case  the 
reverberation  comes  from  a  small  volume  of  the  ocean,  and  the  assumption  of  a 
constant  1%  is  reasonably  valid.  Furthermore,  since  the  reverberating  volume 
is  in  the  immediate  vicinity  of  the  target,  we  may  assume  that  the  propagation 
loss  for  the  reverberation  is  about  the  same  as  that  for  the  target  echo.  In 
adapting  the  reverberation  intensity  (1046a)  to  the  real  world,  it  will  be  re¬ 
called  that  we  originally  had  two  r2: factors  in  the  denominator,  these  being  as¬ 
sociated  with  the  spreading  loss,  and  one  r2  in  the  numerator,  associated  with 
the  area  of  the  spherical  shell.  In  changing  from  ideal  inverse  square  spread¬ 
ing  to  actual  propagation  loss,  we  replace  20  log  (r/r-^)  with  %.  Hence  the 
reverberation  intensity  is 

%  =  (1048) 
(l00.2Nw)rl2 

and  the  reverberation  level,  when  r  is  in  kyd,  is 

LrV  =  S0  -  2NW  -  Dr  +  10  log(-£cT:)  +  10  log  niy  +  20  log  r  +  60  (1049) 

where  Dr  is  the  reverberation  index  (787) 

If  the  sonar  has  a  wide  beam,  the  assumption  that  my  is  constant  is  of 
doubtful  validity.  The  bulk  of  the  volume  scattering  in  many  areas  of  the 
oceans  is  due  to  one  or  more  layers  of  plankton  which  migrate  to  different 
levels  at  different  times  of  the  day.  Additional  scattering  may  arise  from 
bubbles  near  the  surface.  At  depths  below  the  scattering  layers  the  volume 
scattering  coefficient  drops  to  very  low  values.  If  the  sonar  beam  is  wide 
enough  in  the  vertical  extent  to  encompass  large  variations  in  my,  it  is  nec¬ 
essary  to  compute  an  average  value  5y  based  on  the  integral  appearing  in  (1046)  - 
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and  taking  into  account  the  refraction  of  the  sound  rays.  To  estimate  the 
spreading  loss  in  this  case,  it  will  be  noted  that  a  larger  quantity  of  rays 
is  involved,  covering  a  greater  spread  of  depths  at  the  target  range.  Ideally, 
the  spreading  loss  which  should  be  used  is  a  weighted  average  over  all  the 
scatterers.  For  most  practical  computations  the  inverse  square  law  including 
attenuation  is  probably  a  closer  approximation  to  reality  in  this  case  than  the 
propagation  loss  to  the  target.  If  we  make  this  assumption,  the  reverberation 
level  is 

%V  =  SQ  -  %  +  10  log(-^c'C')  +  10  log  my  -  20  log  r  -  2o(r  -  60  (l049a) 

Volume  scattering  is  also  expressed  in  an  alternate  form  in  terms  of  the 
volume  scattering  strength,  Sv.  The  volume  scattering  strength  is  the  target 
strength  of  the  scatterers  per  unit  volume  and  is  defined  as  follows 


Sv  =  10  log  —t-y  (1050) 

Anri* 

The  similarity  of  volume  scattering  strength  to  the  target  strength  of  a  dis¬ 
crete  object,  as  given  by  (1008),  is  obvious  if  we  consider  the  scattering  pro¬ 
duced  by  a  small  but  finite  volume  of  water  AV.  According  to  the  definition  of 
mv,  the  total  scattering  area  of  the  volume  AV  is  n^AV,  which  corresponds  to 
the  scattering  area  <r  of  the  discrete  target  in  (1008).  Hence,  so  far  as  re- 

t 

verberation  is  concerned,  the  volume  AV  is  equivalent  to  a  discrete  target  whose 
strength  is 

Tav  =  Sv  +  10  log  AV  (1051) 

The  concept  of  volume  scattering  strength  may  be  applied  to  the  case  of  a 
narrow-beam  sonar  to  yield  an  expression  which  gives  a  simple  intuitive  picture 
of  the  scattering  process.  Let  ifL denote  the  effective  solid  angle  of  the  beam, 
such  that 


dR  = 


ifL 

4TT 


Equation  (1048)  may  then  be  rewritten  as  follows: 


% 


(jcfr^tfl)  limy 
4  ITT]2  10° 


(1052) 


(1048a) 


and  the  reverberation  level,  when  r  is  expressed  in  yards,  cf  in  yards,  and 
ifb  in  steradians,  becomes 
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Lp  =  S0  -  2NW  +  Sv  +'  10  log  ('2crr?iQ>)  ,( 1049b) 

Here  we  see  that  ^czr^fl  is  the  effective  scattering  volume  AV  which  produces 
the  reverberation,  and  that  the  last  three  terms  represent  the  target  strength 
of  the  scatter.ers.  Comparison  with  (1005)  shows  that  the  reverberation- level 
has  been  expressed  in  the  same  form  as  the  echo  level. 

The  volume  scattering  coefficient  varies  widely  from  place  to  place  and 
from  time  to  time.  The  effect  of  the  biological  scattering  layers  has  been 
mentioned  above.  Measurements  in  the  Pacific  Ocean  have  shown  a  strong  seasonal 
effect  which  has  also  been  correlated  with  biological  activity.  The  following 
formula  was  derived  by  Dr.  3.  0.  Benecke  from  some  early  data  taken  during  World 
War  II: 

10  log  mv  =  -73  +  10  log  f  (1053). 

where  f  is  in  kc. 

2.  Surface  and  Bottom  Reverberation. 

Since  the  method  of  analysis  is  the  same  for  both  surface  and  bot¬ 
tom  reverberation,  it  will  suffice  to  derive  the  equations  applicable  to  the  sur¬ 
face  case.  Following  :he  method  employed  for  volume  reverberation,  we  shell  com¬ 
pute  the  reverberati.a  received  at  an  instant  of  time  t+r  seconds  after  the  init¬ 
iation  of  the  pulse.  This  reverberation  is  returned  from  the  scatterers  whose 
range  from  the  transducer  is  between  r  and  r+^cf,  where  r  is  defined  by  (l04l). 

As  may  be  seen  from  the  sketch  below,  the  portion  of  the  surface  which  contributes 
to  the  scattering  is  an  annular  ring  whose  inner  radius  is  PA  and  whose  outer 
radius  is  P3.  We  shall  assume  that  the  pulse  length  is  3mall  compared  with 
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the  range  r ,  30  that  all  the  rays  between  CA  and  03  strike  the  surface  at  sub¬ 
stantially  the  same  angle  9. 

Temporarily  assuming  inverse  square  spreading  without  attenuation,  we 
see  that  the  intensity  of  the  outgoing  wave  as  it  strikes  the  surface  is  given 
by  (1042).  We  shall  define  the  scattering  properties  of  the  surface  in  terms  of 
the  surface  scattering  coefficient.  ins,  which  is  defined  as  the  scattering  area 
per  square  yard  of  the  surface.  The  surface  scattering  coefficient  is  a  dimen¬ 
sionless  number  which  is  a  measure  of  the  fraction  of  the  surface  area  which  pro¬ 
duces  the  scattering.  The  total  acoustic  power  intercepted  by  an  element  of  area 
dA  is  ImsdA.  If  x  is  the  horizontal  distance  PA,  the  element  of  area  is 

dA  =  x  dx  dp 

where  <{>  is  the  azimuth  angle  measured  in  the  plane  of  the  surface.  It  may  be 
seen  from  simple  geometry  that 


x  dx  =  r  dr 


so  that 


dA  =  r  dr  dj< 

In  computing  the  index  intensity  dll'  of  the  scattered  radiation  from  dA,  we  note 
that  virtually  all  of  the  energy  is  scattered  back  into  the  water  and  is  there¬ 
fore  confined  to  a  hemisphere.  Hence 


dl  '  =  I  m3  r  dr  d^ 

1  2m-]2 

Finally,  the  effective  intensity  sensed  by  the  transducer  is 


dIRS 


ri27]'(M)  dl!' 


Combining  (1042),  (1054),  and  (1055),  we  obtain 

=  ii 

2  jrr>  r 


dl 


(1054) 


(1055) 


In  carrying  out  the  integration  over  the  ring  we  integrate  the  radial  coordinate 
from  r  to  r+jc'f.  In  accordance  with  the  assumption  that  -£ct  is  small  compared 
with  r,  we  may  treat  both  r  and  9  as  constants  and  simply  multiply  by  ^cf.  The 
resultant  intensity  is  therefore 


2.TT 


IRS  =  ¥ 


(1056) 


Let  us  now  remove  the  restriction  imposed  by  the  original  assumption  of 
inverse  square  spreading  by  replacing  20  leg  (r/r^)  with  Nw,  so  that 

vf  _  r_  (Tif  .  _ £ _ 

r3  -  r,z\  r)  ri2  10°*2Hv 

Also,  the  integral  in  (1056)  defines  an  effective  beamwidth  a/, 


%-X 


At  =  J  Y)(e,fOy|'(e,jO  ¥ 


The  generalized  form  of  (1056)  is 


%  = 


^ccrm3Ij^ 
aiTT!2  10°'2NW 


(1057) 


(1056a) 


In  a  manner  analogous  to  the  treatment  of  volume  reverberation,  this 
result  may  be  expressed  in  terms  of  the  surface  scattering  strength,  which  is 
the  target  strength  of  the  surface  per  unit  area,  defined  as  follows: 


S3  =  10  log  (1058) 

Prom  the  definition  of  mg,  the  total  scattering  area  of  any  small  but  finite 
area  AA  is  msAA .  So  far  as  reverberation  is  concerned,  this  area  is  equivalent 
to  a  discrete  target  whose  strength  is 

Tm  =  Ss  +  10  log  AA  (1059) 

Inserting  (1058)  into  (l056a),  we  find  for  the  surface  reverberation  level 

LrS  =  1°  loS  ZRS 

=  S0  -  2NW  +  Ss  +  10  log  (krrA)zO  (1060) 

where  r  is  in  yards,  cr  is  in  yards,  and  At  is  in  radians.  It  will  be  noted 
that  ^ctrA^  is  the  effective  area  of  the  surface  Lnsomfied  by  the  sonar  beam 
and  corresponds  to  AA  ir  (1059). 

To  apply  these  results  to  bottom  reverberation  we  must  insert  values  of 
the  bottom  scattering  strength  Sb  in  place  of  Ss.  The  corresponding  formula  for 
the  bottom  reverDeration  level  may  be  written  as 

LrB  =  S0  -  2NW  +  Sb  +  10  log  (^ctrA^)  (l06l) 
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Equations  (1060)  and  (l06l)  express  the  surface  and  bottom  reverberation  levels 
in  a  form  similar  to  that  of  (1005)  for  the  echo  level. 

It  should  be  noted  that  in  cases  where  the  pulse  is  of  long  duration 
the  approximations  made  above  are  not  valid  and  a  mere  detailed  analysis  is 
needed. 

Considerable  work  has  been  done  in  recent  years,  both  theoretical  and 
experimental,  in  determining  surface  ana  bottom  scattering  strengths.  Recent 
surface  measurements  by  Chapman  and  Harris*  have  led  to  useful  formulas  for  the 
surface  scattering  strength  as  a  function  of  wind  speed  and  grazing  angle  in  the 
frequency  range  from  400  to  6400  ops.  At  wind  speeds  helcw  about  15  knots  they 
found  that  the  scattering  strength  increases  linearly  with  the  logarithm  of  the 
grazing  angle  at  angles  above  approximately  15  degrees.  At  smaller  angles  the 
scattering  strength  was  found  to  be  essentially  constant,  with  an  abrupt  change 
between  the  two  regions.  The  constant  portion  at  the  lower  angles  is  believed  to 
be  due  to  volume  scattering  of  biological  origin.  At  wind  speeds  of  20  knots  or 
more  the  linear  dependence  was  observed  down  to  the  lowest  grazing  angles  meas¬ 
ured,  indicating  that  the  surface  scattering  is  predominant.  The  following  em¬ 
pirical  equation  was  derived  from  the  measurements: 

Ss  =  3.3  |&  log  (e/30)  -  42.4  logp  +  2.6  (1062) 

,  t 

whereas  is  the  slope  of  the  curve  of  Sg  vs.  log  6,  expressed  in  decibels  per 
grazing  angle  doubled  and  is  empirically  related  to  the  wind  speed  v  (knots)  and 
the  frequency  f  (ops)  as  follows: 

=  158  (vfl/5)-°*58  (1063) 

A  large  amount  of  data  on  bottom  scattering  characteristics  has  been 
accumulated  over  the  years,  but  the  wide  variability  of  the  sea  bottom  from  one 
area  to  another  makes  it  impossible  to  express  the  scattering  strength  adequately 
in  any  one  mathematical  formula.  Two  different  assumptions  are  widely  used  re¬ 
garding  the  angular  dependence  of  the  scattered  intensity:  (l)  that  each  element 
of  the  bottom  acts  as  an  omnidirectional  source  of  scattered  sound,  and  (2)  that 
the  intensity  of  the  sound  scattered  by  each  element  of  the  bottom  is  proportional 
to  the  sine  of  the  angle  the  scattered  wave  makes  with  the  plane  of  the  bottom 
(Lambert's  law).  In  this  discussion  we  shall  restrict  our  attention  to  the 

*R.  P.  Chapman  and  J.  H.  Harris,  Jour.  Acoust.  3oc.  Am.,  Vol.  34,  pp.  1592- 
1597,  Oct.  1962. 


reverberation,  which  is  returned  in  the  direction  of  the  source,  although  there 
are  applications  in  which  other  scattering  angles  are.  of  interest.  If  the.  inci¬ 
dent  wave  has  an  intensity  I  and  strikes .the  bottom  at  a  grazing  angle  0,  the 
acoustic  power  falling  on  a  small  area  4A  is  IiAsino.  According  to  the  first 
assumption  the  index  intensity  of  the  scattered  wave  is 


v  .  AA  sin  6 

=  ~~w — 

where  ^  is  a  constant.  The  corresponding  scattering  strength,  from  (1004)  and 
(1059),  is 


where 


Sb  =  +  10  log  sin  0 


kl 


10  log 


t*  1 

2*ri2 


(1064) 


According  to  the  second  assumption,  the  intensity  of  the  scattered  wave  is  pro- 

2 

portions!  to  sin  0  and  the  scattering  strength  is 

Sb  =  k2  +  20  log  sin  0  (1065)' 

Some  of  the  experimental  data  appear  to  favor  (1064),  and  some  to  favor 
(1065).  Representative  values  of  kp  are  in  the  vicinity  of 

k2  =  -28  db 

Recent  measurements  by  Urick  (NOL)  and  Saling  (Dayst.rom)*  and  by 
Burstein  and  Keane  (NADC)**,  using  explosive  sound  sources,  show  fair  agreement 
with  the  sine-squared  law  at  grazing  angles  less  than  about  60  degrees,  but  in¬ 
dicate  a  much  higher  scattering  strength  at  angles  nearer  the  vertical.  These 
results  suggest  that  a  large  part  of  the  incident  energy  is  scattered  at  angles 
in  the  vicinity  of  the  direction  of  specular  reflection.  The  data  are  more 
nearly  represented  by  an  empirical  equation  of  the  form** 

Sb  =  kj  +  k^  log  tan  0  (1066) 

Unfortunately,  the  values  obtained  for  kj  and  k^  in  three  different  ocean  areas 
vary  widely. 


*R.  J.  Urick  and  D.  S.  Saling,  Jour.  Acoust  Soc.  Am.,  Vol.  34,  pp.  1721- 
1724,  Nov.  1962. 

**A.  W.  Burstein  and  J.  J.  Keane,  Jour.  Acoust.  Soc.  Am.,  Vol.  36,  pp.  1596- 
1597,  Aug.  1964. 
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3.  Recognition  Differential. 

The  aural  recognition  differential  against  reverberation,  which 
we  shall  call  Mr,  depends  upon  both  the  ping  duration  and  the  Doppler  shift  Af . 
The  following  information  is  based  on  World  War  II  data  taken  from  Vol.  7,  Div.  6 
of  the  NDRC  Reports,  "Principles  of  Underwater  Sound."  In  the  absence  of  Doppler, 
the  recognition  differential  decreases  with  increasing  ping  length.  For  pings 
longer  than  about  40  milliseconds  the  experimental  curve  may  be  fit  reasonably 
well  with  the  formula 


3-10  log 
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where  t  is  in  milliseconds.  The  slope  of  the  experimental  curve  tends  to  flatten 
off  at  shorter  ping  lengths. 

The  presence  of  a  Doppler  shift  of  about  20  cp3  or  more,  either  up 
or  down,  causes  a  sharp  decrease  in  the  recognition  differential,  illustrating  the 
ability  of  the  ear  to  distinguish  the  difference  in  tone.  Dr.  R.  0.  Benecke, 
when  at  the  Naval  Air  Development  Center,  fit  the  experimental  data  with  the 
following  equation: 


%  =  3  -  10  log  +  0.39  (Jg If  ] 


which  may  be  transformed  as  follows 

%  =  26  -  10  logT  -  10  log  (l  +  0.375-10~4rf?vT2) 


(1067) 


where 


f  =  ping  duration,  milliseconds 

Af  =  Doppler  shift,  cps 

f  =  sonar  frequency,  kc 

vT  =  target  Doppler  speed,  knots 

4-.  Reverberation-Limited  Ranges. 

The  sonar  equation  for  reverberation-limited  ranges  is  basically 
the  same  as  for  noise-limited  ranges.  In  lieu  of  (1032)  we  have  the  following 

SQ  +  T  -  2N„  =  %  +  MR  +  ALg  (1068) 

There  are  two  differences  between  the  noise-limited  and  reverberation-limited 
equations . 

(l)  The  probability  distribution  of  the  echo  excess  ALg  is  not 
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the  same ,  due-  to  the  fact  that  reverberation  tends,  to  be-  more  variable  ,than 
noise.  The/.standard  deviation  of  the  reverberation  level  for  a  single-frequency 
pulse  appears  to  be  about  5  db.  If  this  is  added  to  all  the  other  factors,  the 
resultant  standard  deviation  is  about  1  db  higher  than  the  value  for  the  noise 
case.  However,  considering  the  uncertainties  involved,  this  difference’  inay-^be 
ignored  and  the  same  value  of  12  db  may  be  used. 

(2)  The  reverberation  level  is  a  function  of  the  range,  a  fact 
which  complicates  somewhat  the  solution  of  (1068).  Probably  the  most  straight¬ 
forward  method  of  solving  for  the  range  is  to  compute  each  side  of  the  equation 
separately,  plotting  the  two  curves  as  functions  of  the  range  r.  The  limiting 
range  is  then  the  point  at  which  the  curves  cross.  The  effect  of  noise  (right- 
hand  side  of  (1032))  may  also  be  plotted  as  a  horizontal  line  on  the  same  graph. 

It  will  be  noted  that  in  the  ideal  case  of  inverse  square  spread¬ 
ing  the  echo,  reverberation,  and  noise  levels  have  the  following  range  dependence: 


Echo  level: 

Surface  reverberation  level: 
Volume  reverberation  level: 
.Ambient  noise  level: 


varies  as  -40  log  r 
varies  as  -30  log  r 
varies  as  -20  log  r 
constant 


When  the  echo  level  and  the  reverberation  and  noise  levels  (including  the  re¬ 
spective  recognition  differentials)  are  plotted  as  functions  of  log  r,  two  pos¬ 
sible  conditions  may  occur,  as  indicated  schematically  in  the  following  sketches: 


NOISE-LIMITED  REVERBERATION-LIMITED 
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In  the  first  situation  the  echo  drops  below  the  noise  at  a  shorter  range  than  it 
drops  below  the  reverberation;  the  sonar  is  noise-limited.  In  the  second  situa¬ 
tion  th.e  echo  drops  below  the  reverberation  level  first,  and  the  sonar  is  reverb- 
era  tion-limited . 

E.  Special  Types  of  Pulses;  Some  Signal  Processing  Considerations. 

The  subject  of  signal  processing  was  introduced  in  a  somevnat  indirect 
way  in  the  discussion  of  signal  detection.  The  principal  purpose  of  the  signal 
processing  in  that  context  was  to  enhance  the  detectability  of  signals  relative 
tc  background  noise.  Signal  processing  is  useful  for  other  purposes  as  well.  It 
can  be  applied  to  discriminate  against  reverberation.  It  can  also  improve  the 
resolution  of  the  sonar  in  the  measurement  of  both  range  and  Doppler  speed.  The 
degree  of  signal  processing  gain  which  can  be  achieved  is  dependent  also  upon  the 
characteristics  of  the  sonar  pulse  which  is  transmitted.  In  this  section  we  shall 
examine  a  few  of  the  types  of  pulses  which  are  being  used  in  modern  sonars  and 
shall  discuss  briefly  some  of  their  advantages.  It  must  be  recognized,  of  course, 
that  the  field  of  signal  processing  is  tremendously  complex  and  diversified;  both 
the  scope  and  the  depth  of  the  present  discussion  are  extremely  limited. 

1.  CW  Pulse. 

This  term  refers  to  the  conventional  single-frequency  pulse.  Con¬ 
sider  first  the  processing  gain  against  noise.  We  shall  define  the  gain  as  the 
ratio  of  the  output  signal- to-noise  ratio  to  the  input  signal-tc-noise  ratio. 

Let 

S  =  average  signal  power, 

N0  =  noise  power  per  unit  bandwidth, 

W^n  =  input  bandwidth,  that  is,  the  bandwidth  to  which  the  incoming 
wave  is  filtered  before  being  processed, 

Wout  =  output  bandwidth, 

T  =  duration  of  the  pulse. 

A  necessary  requirement  for  good  processing  is  that  the  bandwidths  of  all  com¬ 
ponents  in  the  system  be  at  least  as  wide  as  the  bandwidth  of  the  signal  passing 
through  them,  so  that  no  appreciable  part  of  the  signal  is  lost.  We  shall  make 
the  assumption  that  this  is  true.  We  shall  also  assume  that  the  spectrum  of  the 
noise  is  sufficiently  fiat  that  the  noise  power  N  in  any  band  W  may  be  expressed 

=  N0W 


as 


N 


(1101) 


The  input  noise  power  is  N0Wj,n.  Hence  the  input  signal-to-noise  ratio  is 


N0Vin 


(1102) 


If  no  signal  power  is  lost,  the  output  oignal-to-noise  ratio  is 


(S) 

N  out 


S 

^o^'out 


(1103) 


The  signal  processing  gain  against  the  noise  is  the  ratio  of  (1103)  to  (1102) 


_  Win 


(1104) 


As  an  example,  consider  the  aural  detection  of  a  10  kc  pulse.  If 
the  sonar  is  designed  to  operate  in  a  stationary  position  against  targets  with  a 
maximum  Doppler  speed  of  30  knots,  the  input  bandwidth,  according  to  ( 1039a)  and 
(1040),  is 

W^n  =  2  x  0.7  x  10  x  30  =  420  cps 

The  output  bandwidth  is  the  critical  bandwidth  of  the  ear,  about  50  cps.  The 
gain  is  therefore 


=  8.4 


or  about  9  db. 


Suppose  that  instead  of  using  the  ear,  we  provide  a  bank  of  output 
filters  and  detect  the  output  of  each  of  these  filters.  The  minimum  bandwidth 
that  can  be  used  is  the  bandwidth  of  the  signal.  It  is  shown  in  standard  books 
on  Fourier  analysis  that  a  "single-frequency"  pulse  of  finite  duration  T  has  a 
spectrum  of  finite  width,  the  bulk  of  the  energy  falling  within  a  band  whose 
width  i3  approximately  l/T  and  which  is  centered  about  the  "single  frequency". 
Therefore  the  minimum  bandwidth  of  each  of  the  output  filters  is  approximately 

w„„+  =  b  (1105) 


and  the  gain  is 


(S/N)0ut;  _  U.  I;, 

WAIT  "  in 


(1106) 


It  is  interesting  to  compare  this  result  with  equation  (927), 
which  was  derived  in  the  discussion  of  statistical  detection  theory  for  the  case 
where  the  3ignal  is  knov.-n  exactly.  In  (927)  S/N  refers  to  the  input  signal-to- 
noise  ratio,  W  is  the  input  bandwidth,  and  the  parameter  d  may  be  considered  to 
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be  the  output  signal-to-noi.se  ratio.  The  theoretical  gain  is  therefore  2W^nT , 
which  is  twice  the  value  obtained  for  the  filtered  CW  pulse.  The  essential  dif¬ 
ference  here  is  that  the  CW  signal  is  not  known  "exactly".  All  that  can  be  de¬ 
tected  at  the  output  of  the  filter  is  the  envelope  of  the  pulse;  all  phase  inform¬ 
ation  is  lost. 

Returning  to  (1106),  we  see  that  the  theoretical  gain  can  be  in¬ 
creased  by  increasing  the  length  of  the  pulse.  There  are  of  course  practical 
limits,  such  as  the  complexity  of  a  very  large  bank  of  extremely  narrow-band 
filters. 

Consider  now  the  problem  of  reverberation.  We  have  seen  that  the 

intensity  of  the  reverberation  is  proportional  to  the  pulse  length.  This,  of 
I  s 

course,  due  to  the  fact  that  the  extent  of  the  insonified  volume  (or  area)  which 
A 

contributes  to  the  reverberation  is  proportional  to  the  pulse  length.  It  will 
be  recalled,  however,  that  the  frequency  content  of  the  reverberation  is  limited 
to  the  bandwidth  of  the  transmitted  pulse,  plus  a  small  amount  of  Doppler  from 
the  scatterers.  Therefore,  if  the  target  has  sufficient  Doppler  to  remove  the 
echo  from  the  bandwidth  of  the  reverberation,  the  two  can  be  separated  by  means 
of  the  bank  of  output  filters.  Consider,  for  example,  a  100  ms  pulse  of  frequency 
10  kc.  The  minimum  output  bandwidth  is  about  10  cps.  According  to  ( 1039a)  the 
minimum  Doppler  resolution  is  about 

10  =  0.7  x  10  vT 

or  Vj  =  1.4  knots 

Although  this  figure  may  be  somewhat  optimistic,  it  gives  an  idea  of  the  dis¬ 
crimination  available. 

Finally,  let  us  consider  the  resolution  capability  in  range  and 
Doppler.  The  importance  of  good  range  resolution  is  obvious  when  one  considers 
the  need  for  accurate  localization  of  targets.  Doppler  resolution  is  also  im¬ 
portant,  in  that  it  provides  information  concerning  one  component  of  the  target 
velocity.  (The  other  component  can  be  estimated  from  the  bearing  rate.)  To 
simplify  the  discussion  we  shall  express  range  in  terms  of  time  and  Doppler  speed 
in  terms  of  the  frequency  shift,  as  expressed  by  (l04l)  and  (1037)  (neglecting 
self -Doppler) .  Without  going  through  a  detailed  analysis,  it  is  intuitively 
evident  that  the  uncertainty  in  time  is  of  the  order  of  the  pulse  length  T  and 
that  the  uncertainty  in  Doppler  is  of  the  order  of  the  bandwidth  l/T.  A  long 


■..■A 


pulse  has  good  Doppler  resolution  but  poor  range  resolution.  Conversely,  a  short 
pulse  has  good  range  resolution  but  poor  Doppler  resolution.  It  is  impossible  to 
achieve  good  performance  in  both  dimensions  with  the  same  CW  pulse.  This  limita¬ 
tion  is  one  of  the  reasons  for  going  to  more  sophisticated  types  of  pulses. 


2.  Linear  FM  Pulse. 

A  linear  PM  (frequency-modulated)  pulse  is  a  pulse  wnose  frequency 
increases  or  decreases  linearly  with  time.  In  the  following  discussion  we  shall 
assume  that  it  increases.  The  equation  for  the  frequency  as  a  function  of  time 
may  be  written  in  the  form 

f  =  f 0  +  mt  (1107) 

where  f0  is  the  initial  frequency  anc.  m  is  the  frequency  slope  in  cyc/sec2. 

The  phase  angle  is  the  integral  of  the  frequency.  More  specifically, 


60  _  l  ^ 

2 IT  2 ir  dt 


(1108) 


Hence  =  2TT  (f0t  +  imt2)  (1109) 

There  are  several  ways  in  which .a  linear  FM  signal  processing 
system  may  be  implemented.  We  shall  consider  a  system. in  which  a  replica  of  the 
transmitted  signal  is  retained  and  compared  with  the  returning  wave  in  the  fol¬ 
lowing  manner.  The  frequency  of  this  reference  pulse  is  reduced  by  a  suitable 
amount.  When  the  returning  wave  is  received,  it  is  beat  with  the  reference,  so 
that  the  frequency  of  the  resultant  is  the  difference  of  the  two.  The  output  is 
then  passed  through  a  bank  of  filters.  For  convenience  of  analysis,  we  shall 
ignore  the  frequency  shift  applied  to  the  reference,  so  that  if  at  any  instant 
of  time  the  frequency  of  the  incoming  wave  exceeds  that  of  the  reference,  the 
difference  frequency  will  be  positive.  If  the  reverse  is  true,  the  difference 
frequency  will  be  negative. 

We  shall  divide  the  incoming  wave  into  intervals  T  seconds  long 
and  shall  process  each  of  these  intervals,  one  at  a  time.  Since  we  do  not  know 
the  range  of  the  target,  we  must  introduce  a  delay  of  £  seconds  into  the  analysis. 
Although  called  a  "delay",  X  may  have  any  value  between  -T/2  and  +T/2.  The 
effect  of  the  target  Doppler  is  to  compress  (up-Doppler)  or  expand  (down-Doppler) 
the  time  by  a  factor  (l+a),  where 
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dVm 

a  =  — - 
c 


(1110) 


If  we  assume  an  ideal  point  target,  the  phase  angle  of  the  returning  echo  is 

4  =  2Tr[(l+a)f0(t-r)  +  |(l+a)2m(t-t)2]  (llll) 

Note  that  the  factor  (l+a)  enters  as  a  square  in  the  second  term  because  the  time 
is  squared.  The  frequency  of  the  echo  is,  from  (1108), 

fE  =  (l+a)f0  +  (l+a)2m(t-T)  (1112) 

Denoting  the  frequency  of  the  reference  (1107)  by  fg  and  performing  the  subtract¬ 
ion,  we  obtain 

fg  -  fp  =  af0  +  (2a+a^)mt  -  (l+a^mt"  (1113) 

Since  a  is  very  small,  a  is  thoroughly  negligible.  Also,  for  the  purpose  of 
the  present  simplified  discussion  we  shall  neglect  a  itself  in  comparison  with 
unity,  yielding  the  following  approximation 

fE  -  fR  =  afG-  m  t+  2amt  (1113a) 

Consider  now  the  case  where  there  is  no  Doppler,  i.e.,  a  =  0. 

Here  there  is  a  constant  difference  frequency  having  the  value  -mr.  The  situa¬ 
tion  is  illustrated  in  the  following  sketch: 


HQ  ffr) 


Since  the  frequency  is  constant,  we  may  pass  the  output  through  a  bank  of  filters 
whose  minimum  bandwidth  is  approximately  l/T.  Thus,  if  there  is  no  Doppler,  the 
time  (and  hence  range)  resolution  of  the  system  is  approximately 

_  1 

»  s 

Suppose  next  that  the  range  is  known  exactly  (t  =  0)  but  the  echo  has  Doppler. 

The  term  2amt  in  (lll3a)  is  fairly  small  and  we  shall  temporarily  neglect  it. 
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With  this  approximation  we  see  that  the  difference  frequency  is  again  constant 
and  has  the  value  af0  (which  is  the  Doppler  shift  of  (l03?) ) .  The  situation 
is  as  shown  below: 


With  the  same  filters  as  before,  the  Doppler  resolution  is 

M af0)  £ 

Actually,  neither  the  range  nor  the  Doppler  is  known,  but  only  the  combination 
afQ  -  mf.  If  we  observe  a  given  value  of  difference  frequency  fg  -  f^,  then  we 
•nay  say  that  we  know  the  value  of  this,  combination  to  within  approximately 

A(af0  -  rar)  “  (1114) 

With  a  linear  PM  pulse  it  is  possible  to  determine  the  Doppler  accurately  if  the 
range  is  known,  and  vice  versa.  If  we  plot  af0  vs.  X  ,  there  is  a  region  of  ambi¬ 
guity  around  the  line 

af0  -  mt'  =  constant 

within  which  the  coordinates  of  the  target  cannot  be  resolved.  The  extent  of  this 
region  is  usually  determined  by  computing  the  correlation  function  of  the  echo  and 
reference  and  drawing  a  contour  for  a  constant  value  of  this  function.  (Some  use 
a  value  of  0.5,  others  0.707.)  Tht.  resulting  plot  is  called  an  ambiguity  diagram. 
The  following  sketch  illustrates  a  typical  ambiguity  diagram  for  a  linear  FM  pulse. 
The  width  of  the  diagram  in  the  frequency  dimension  (constant  V  )  is  of  the  order 
of  l/T,  as  indicated  by  (1114).  The  width  of  the  diagram  in  the  time  dimension 
(constant  Doppler  shift)  is  of  the  order  of 

1_  1 

mT  W 
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where  W  is  the  bandwidth  of  the  signal 


i 


- 1 


4 


V 


W  -  mT  (1115) 


LINEAR  FM  PULSE 


Ambiguity  diagrams  may  also  be  drawn  for  CW  pulses,  as  indicated  below. 


SHORT  CW  PULSE  LONG  CW  PULSE 


We  must  now  consider  the  term  2amt  which  was  ignored  previously. 
This  term  describes  the  change  in  slope  of  the  frequency-time  line  due  to  the  Dop¬ 
pler,  and  its  presence  in  (1113a)  shows  that  the  difference  frequency  fg  -  fg  is 
not  really  constant.  If  this  term  is  sufficiently  large,  fg  -  fg  will  spread  out 
over  more  than  one  filter  and  will  cause  a  degradation  in  the  output.  A  reason¬ 
able  criterion  for  an  upper  limit  on  the  tolerable  error  is  that  fg  -  fg  should 
not  change  more  than  l/l'  during  the  pulse  time  T.  This  leads  to  the  inequality 


or 


a 


< 


l 

2WT 


(1116) 

(1116a) 
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If  Doppler  speeds  in  excess  of  the  maximum  indicated  by  (ill6a)  .are  to  be -encount¬ 
ered,  it  is  necessary  to  generate  additional  references  which  are  artificially 
.Dopplerized. 


Another  problem  occurs;  if  the  target  is  accelerating.  If  the  tar¬ 
get  speed  changes  during  the  time  T,  the  resulting  change  in  afo  will  cause  a 

change  in  the  output  difference  frequency  fg  -  fp.  Let  v-,  be  the  .speed  at  the  be- 

.  ,2(vp-Vn)f0 

ginning  of  the  echo  and  at  the  end-.  Then  the  change  in  fg  -  fg  is - =~= - . 

Using  the  3ame  criterion  as  before,  namely,  that  this  change  should  not  exceed 

l/T,  we  arrive  at  the  inequality 


or 


< 


c 

2f0T2 


where  v  is  the  average  target  acceleration 


v 


(1117) 


(1118) 


The  processing  gain  of  the  linear  PM  system  against  noise  is  sub¬ 
stantially  the  same  as  that  of  a  CW  pulse  of  the  same  duration  because  of  the  same 
output  bandwidth.  On  the  other  hand,  there  is  a  large  difference  in  the  processing 
gain  against  reverberation.  If  we  assume  that  the  scatterers  are  uniformly  dis¬ 
tributed  in  range,  the  reverberation  returned  at  any  given  instant  will  be  spread 
out  uniformly  over  the  bandwidth  W  (lll5) ,  as  indicated  below: 


Since  the  output  fi-ter  has  a  bandwidth  l/T,  only  a  fraction  l/WT  =  l/mT^  of  the 
total  reverberation  appears  in  the  output  We  saw  earlier  that  the  thickness  of 
the  reverberating  shell  (for  volume  reverberation)  and  the  width  of  the  reverbera¬ 
ting  annulus  (for  surface  reverberation)  are  equal  to  -jcT.  The  linear  PM  system 
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effectively  cuts  this  distance  into  VT  pieces  and  rejects  all  but  one  of  them.  As 
regards  reverberation,  this  is  equivalent  to  shortening  the  pulse  from  T  to  l/W 
seconds.  The  FM  pulse  can  be  used  in  cooperation  with  the  CW  pulse,  the  CW  being 
most  useful  against  high-Doppler  targets  and  the  FM  against  low-Doppler  targets. 

3-  Doppler-Invariant  Pulse. 

We  have  seen  that  the  presence  of  Doppler  in  the  echo  of  a  linear 
FM  pulse  causes  a  change  in  the  slope  of  the  frequency-time  curve  and  introduces 
a  residual  "chirp"  in  the  difference  frequency  when  the  echo  is  beat  against  the 
reference.  Because  of  this  effect,  it  is  necessary  to  generate  a  number  of  arti¬ 
ficially  Dopplerized  references  if  the  system  is  to  operate  effectively  over  a 
wide  range  of  Doppler  speeds.  This  difficulty  can  be  overcome  by  transmitting  a 
so-called  Doppler-invariant  pulse,  in  which  the  reciprocal  of  the  frequency  varies 
linearly  with  time,  or 

fH  ■  rrs  <m9) 

where  k  is  a  constant.  The  phase  angle  of  the  reference  has  the  form 

&  «  -  l°ge  (1  -  kt)  (1120) 


The  phase  angle  of  the  echo,  including  Doppler  shift  and  time  delay,  is 


/e  =  ~  2?  ~ 


logg  jl  -  (l+a)k(t-f)J 


'Taking  the  derivative  of  ^g,  we  obtain  for  the  frequency  of  the  echo 

(1  +  a)f0 _ 

fE  ~  1  -  (1  +  a)k(t  -C) 


(1121) 


(1122) 


If  we  neglect  a  in  comparison  with  unity,  as  was  done  for  the  linear  FM  pulse 
in  (1113a),  the  difference  frequency  is 


-  ,  (a  -  kr)f0 

fE  “  fR  ~  (1  -  kt)[l  -  k(t  -t)] 

Whenever  the  Doppler  shift  and  time  delay  are  related  in  such  a  way  that 

a  =  k't 


(1123) 


(1124) 


the  difference  frequency  is  zero  regardless  of  the  actual  value  of  the  Doppler 
Bhift.  It  is  in  this  sense  that  the  pul3e  is  "Doppler- invariant".  It  is  seen 
that  to  take  advantage  of  the  invariant  nature  of  the  pulse  it  is  necessary  to 


t 


search  in  time  delay  until  (1124)  is  satisfied. 

The  Doppler-invariant  pulse  is  sometimes  called  a  linear-period  pulse, 
since  the  period  (l/f)  varies  linearly  with  time.  The  similarity  between  the  two 
pulses  is  evident  when  (1119)  is  expanded  in  a  series 

( 

fR  =  f0(l  +  kt  +  k2t2  +  ..•)  ( 1119a) 


If  we  let 


.  (1125) 


(lli9a)  becomes 

2  2 

fR  =  f0  +  mt  +  1M-  +  •••  (1119b) 

!o 

Comparison  with  (1107)  shows  that  the  two  expressions  differ  only  by  terms  in  t^ 
and  above  ,  which  are  relatively  small  (though  not  negligible). 


4 •  Pseudo-Random  Noise  Pulse 

The  so-called  pseudo-random  noise  pulse,  when  used  in  conjunction 
with  a  correlator,  is  very  attractive  as  a  signal  processing  system  and  is  now  in 
wide  use  in  sonar  systems.  Let  us  temporarily  ignore  the  "pseudo"  and  imagine 
that  a  sample  of  white  Gaussian  noise  of  bandwidth  W  and  duration  T  is  transmitted 
by  a  sonar  projector.  An  exact  replica  of  the  transmitted  pulse  is  stored  in  a 
memory  circuit  and  ts  -correlated  with  the  returning  wave  received  by  the  hydrophone 
array.  Let  xR(t)  represent  the  waveform  of  the  stored  reference  and 
Xg£(l+a)(t-T)J  represent  the  waveform  of  the  echo  which  involves  a  Doppler  shift 
a  (=2v^/c)  and  a  time  delays.  The  output  of  an  ideal  correlator  is 

T 

y(r,a)  =  J  Xft(t)  xE  [(l+a)(t-r)]  dt  (1126) 

o 

Assume  for  the  moment  that  there  is  no  Doppler  shift  (a  =  0).  The  time  delay 
must  be  inserted  into  (1126)  because  the  exact  time  of  arrival  of  the  echo  is  not 
known.  In  order  to  obtain  the  maximum  output  corresponding  to  't  =  0,  a  large 
number  of  correlations  must  be  performed  on  the  incoming  wave  as  it  is  received. 
Since  each  correlation  i3  a  discrete  process,  'f  must  be  varied  in  discrete  steps, 
but  if  the  interval  AC  between  successive  correlations  is  sufficiently  small,  the 
condition  of  exact  time  coincidence  may  be  approximated  to  a  sufficient  degree. 

When  this  has  been  accomplished,  the  correlation  function  (for  zero  Doppler)  is 

T 

y(0,0)  =  J  xR(t)  xE(t)  dt  (1127) 

O 
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Since  the  signal  x^(t)  is  (almost)  exactly  known,  this  is  the-  output  required  by 
(915)  for- an  optimum  receiver,  Case  1.  The  signal  pwoaonr.  operating  with  this 
type  of  pulse  is  therefore,  except  for  hardware  limitations  which  preclude  exact 
implementation  of  (1127),  ah  optimum  receiver  with  a  3ignal  processing  gain  of  2WT. 

It  should  be  pointed-  out  that  the  random  noise  pulse  referred  to 
here  applies  to  Case  1  (signal  known  exactly)  rather  than  to  Case  .2  (white  Gaussian 
noise  signal),  because  the  noise  in  this  case  is  no  longer  a  random  process;,  it  is 
known  by  -virtue  of  the  storage  of  an  exact  replica  of  it. 

The  resolution  capability  of  a  random  noise  pulse  is.  found  by  eval¬ 
uation  of  the  integral  (1126)  as  a  function  of  the  Doppler  shift  and  time  delay, 

a  task  which  is  beyond  the  scope  of  these  notes.  It  is  found  that  the  region  of 
ambiguity,  defined  as  for  the  linear  FM  pulse,  is  enclosed  within  approximately 

the  curve  shown  in  the  sketch  below,  in  which  the  ordinate  is  the  Doppler  shift 

af0  where  f0  refers  to  the  center  frequency  of  the  signal  band  W.  It  is  seen  here 


that  the  noise  pulse  has  a  high  resolution  in  both  range  and  Doppler.* 

As  regards  reverberation  discrimination,  it  is  seen  that  the  ef¬ 
fective  pulse  length  is  reduced  from  T  to  l/W,  representing  a  gain  equivalent  to 
that  predicted  for  the  linear  FM  pulse. 

There  are  a  number  of  practical  problems  associated  with  the  imple¬ 
mentation  of  the  random  noise  pulse  system,  and  these  have  led  to  a  host  of  new 
hardware  developments — a  process  which  is  continuing  at  an  accelerating  pace. 

Allen  and  Westerfield  (NEL)  have  published  a  comprehensive  summary  of  the  field.** 
One  of  the  problems  has  to  do  with  the  difficulty  of  storing  an 

*Because  of  the  high  Doppler  resolution  it  is  necessary  to  generate  a  large 
number  of  Dopplerized  references. 

**¥.  B.  Allen  and  E.  C.  Vesterfield,  J.A.S.A.,  Vol.36,  pp.  121-139,  Jan.  1964. 
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urid'istorted  r.eplica  of  the' transmitted  pulse.'  A  current  solution  tc  this  problem 
is  the  generation  of  a‘  pseudo-random  noise  pulse  by  means,  of  a  shift-register^en- 
coder  (SRE).  This  is  a  device  consisting  of  a  shift  register  with. a  feedback. ar¬ 
rangement.  The;  shift  register  has  been  mentioned  previously  in  connectipn.  with 

transducer  systems  (electrically,  steered  arrays).  In  the  SRE.  the  output  ,pf  .the 

of  m ore. 

last  stage  in  the  shift  register  is  added  to  the  output  of  oneAof  the  earlier 
stages,  using,  binary  arithmetic  (0+0  =  0;  0+1  =  1;  1+0  =  1;  1+i  =  0)  and-  the., 
resultant  is  fed  back  into  the  first  stage.  The  shift  register  has  l's  in= all 
stages  at  ;he  start.  Upon  initiation  of  the  pulse,  the  feedback  process  continues 
step  by  step,  and  the  digits  (l  or  0)  are  passed  along  from  one  stage  tothe  next 
-down  the  shift  register.  The  output  from  the  last  stage  is  fed  through  a  band-, 
pass  filter  and  then  on  into  the  transducer.  The  feedback  process  results  in  a 
random-appearing  code  of  l's  and  O's.  The  code  is  not  really  random,  however, 
but  is  a  completely-  determined,,  repe.  ting  sequence  of  finite  length.  When  properly 
designed,  the  maximum  length  of  the  code  is  2n  -  1  bits,  where  n  is  the  number  of 
stages  in  the  shift  register. 

The  advantage  of  the  pseudo-random  code  of  the  SRE  is  that  it  cir¬ 
cumvents  the  necessity  of  storing  the  pulse  for  long  periods  of  time,  which  is  a 
difficult  thing  to  do.  After  the  pulse  has  been  transmitted,  the  SRE  is  reset  to 
its  initial  configuration.  Then  after  any  desired  delay  time,  the  identical  pulse 
can  be  re-generated  merely  by  reactivating  the  shift  register. 

Although  the  bandpass  filter  introduces  some  smoothing,  the  pseudo¬ 
random  pulse  is  essentially  digital  and  the  correlation  is  usually  done  digitally. 
Both  the  incoming  wave  and  the  reference  are  infinitely  clipped  and  only  the  signs 
are  retained. 

A  second,  problem  is  that  of  the  requirement  for  a  very  large  number 
of  correlations.  Each  correlation  involves  a  piece  of  data  T  seconds  long.  But 
during  this  lime  enough  correlations  must  be  performed  to  provide  the  desired 
resolution  in  't  .  If  this  resolution  is  the  required  number  of  correlations 
is  t/^T'  ,  a  number  which  may  run  into  the  hundreds. 

This  problem  has  been  solved  by  means  of  time  compression.  One  of 
the  first  devices  developed  for  this  purpose  is  the  DELTIC  (DElay-Line  Time  Com¬ 
pressor).  A  DELTIC  is  a  device  containing  a  delay  line  through  which  digits 
(l  or  0)  are  circulated.  Two  DELTICS  are  required  for  a  correlation,  one  for  the 
reference  and  one  for  the  incoming  wave.  The  latter  is  called  the  signal  DELTIC. 


'Jf 
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The  signal  is  sampled  at  a  rate  sufficiently  high  to  retain  a-  high  percentage  of 
the  information  contained  in  the  wave.  Let  N  denote  the  number  of  samples  con¬ 
tained  in  the  transmitted  pulse.  Then’N-1  samples  are  circulated  in  tile  signal 
DELTIC,  making  one  circuit  during  the  interval  of  time  between  the  arrival  of  suc¬ 
cessive  samples.  Because  there  is  one  too  few  samples  in  the  train,  one  sample — 
the  oldest — is  discarded  on  each  circulation  cycle,  and  this  is  replaced  with  the 
next  sample  arriving  from  the  hydrophone.  The  signal  DELTIC  is  thu3  continuously 
■up-dated  as  the  returning  signal  arrives  from  the  water. 

,  In. the  reference  DELTIC  all  H  samples  of  the  reference  are  cir¬ 

culated  continuously.  During  any.  one  circulation  cycle  the  outputs  of  both 
DELTICS  are  cross-correlated.  That  is,  during  the  interval  of  time  between  the 
arrival  of  successive  samples  of  the  signal,  the  correlation  of  the  entire  train 
T  seconds  long  is  performed.  In  this  way  it  is  possible  to  perform  H  correlations 
of  data  T  seconds  long  in  a  time  of  T  seconds.  The  DELTIC  correlator  in  effect 
compresses  time  by  a  factor  of  N  and  provides  a  resolution  inf  of 

=  “5"  (1128) 

The  output  of  the  correlator  is  averaged  by  a  bank  of  bandpass  filters. 

'  The  DELTIC  is  actually  only  the  beginning  of  a  series  of  develop¬ 
ments  of  signal  processing  devices  in  a  field  which  i3  expanding  rapidly. 
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(3)  Infrared.  Can  detect  wakes  by  measuring  temperature  difference 
between  disturbed  water  and  surrounding  water.  Has  some  capability  against 
submerged  submarines. 

b.  Acoustic.  Good  propagation  through  water.  Has  capability  against 
submarines  at  all  depths.  Subject  to  limitations  due  to  thermal  conditiona 
(which  cause  curving  of  sound  rays). 

c.  Magnetic.  Based  on  disturbance  of  earth's  magnetic  field  caused  by 
submarine.  Good  method  for  classification  (distinguish,  submarines  from 
extraneous  objects).  Limited  to  very  short  ranges. 

d.  Other  methods.  Other  methods  being  investigated.  None  shows 
great  promts-. 

While  some  non-acoustic  methods  are  valuable  as  auxiliaries,  primary 
method  for  submarine  detection  is  acoustic. 

3.  Sonar 

a.  Historically,  the  term  sonar  was  applied  only  to  active  systems  which 
measured  the  azimuth  and  range  of  a  target.  In  these  notes  the  word  will  be 
used  in  its  broadest  sense,  including  not  only  both  active  and  passive  systems, 
but  also  sonobuoys  and  explosive  echo  ranging. 

b.  Signal  Detection.  Detection  depends  upon  the  relation  between  a  signal 
and  the  interfering  noise.  A  signal  is  defined  as  an  item  understood  or  recog¬ 
nized  if  we  receive  it.  Whether  any  given  set  of  sounds  is  a  signal  or  not 
depends  upon  the  circumstances.  For  example,  the  noise  generated  by  a  sub  - 
marine  is  a  3ignal  if  we  are  attempting.- to  detect  the  submarine  by  passive 
listening;  it  is  interfering  noise  if  we  are  attempting  to  detect  an  echo  returned 
by  the  submarine. 

c.  Fassive  Sonar.  (Passive  Listening).  Signal  depends  upon,  the  amount  of 
noise  generated  by  the  target  and  upon  the  propagation  loss  involved  in  trans¬ 
mission  of  the  sound  from  target  to  listening  device.  One-way  transmission. 
Interference  consists  of  ambient  noise  of  the  sea  and  self -noise  of  the  listening 
platform. 


